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"Everything is Tetaled with every OIher thing. and this 
relation involves the! emergence of a re lational quality. The 
qllalities cannot be known a prior;, though a good number of 
them can be deduced from certain fundamental characteris
tiCS." 

- JSUlB philosophy 

The! l ama Plil iosophy o( Non·Absohmsm by S. Mookcrjec:. q ..... 
Mahalanobis (1957) 

PREFACE 

Multivariate Analysis deals with observations on more than o ne variable 
where there i. some inherent interdependence between the: variable. 
With several texts already available in this area, one may very well 
enquire of tbe authors as to the need for yet another book. Most of the 
available books fall into two categories, either theoretical Or data analytic. 
The present book not only combines the two approaches but it also 
emphasizes modern developments. The choice of material for the book 
has been guided by the need to give suitable mailer for the. beginner as 
well as illustrating some deeper aspects of the sUbject for the research 
worker. Practical examples are kept to the forefront and. wherever 
feasible. each technique is motivated by such an example . 

The book is aimed a t final year under!,'Taduates and postgraduate 
students in Mathematic /Statistics with sections suitahle lor practitioners 
and research workers. The book assumes a basic knowledge of 
Mathematical Statistics at undergraduate level. An eLementary course on 
Linear Algebra is also assumed. In particular. we assume an exposure to 
Matrix Algebra to the level required to read Appendix A. 

Broadly speaking, Chapters 1-6 and Chapter 12 can be de cribed as 
containing direct extensions of univariate ideas and techniques. The 
remaining chapters concentrate on specifically multivariate problems 
which bave no meaningful analogues in the univariate case . Chaptcr 1 is 
primarily concerned with giving exploratory analyses for multivariate data 
and briefly introduces some 01 the important techniques, tools, and 
diagrammatic representations. Chapter 2 introduces various distributions 
together with some fundamental results, whereas Chapler 3 concentrates 
exclusively on normal distribution theory. Chapters 4-6 deal with prob
lems in inference. Chapter 7 gives an over-view 01 Econometrics, whilst 
Pri ncipal Component Analysis, Factor Analysis, Canonical Correlation 
Analysis. and Discriminant Analysis are discussed from both theoretical 
and practical points of view in Chapters 8-11. Chapter 12 is on Mul
tivariate Analysis of Variance , which can be better understood in terms of 
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the techniques of previous chapters. The later chapters look into the 
presently developing techniques of Ouster Analysis, Multidimensional 
'Scaling, and Directional Data. 

Each chapter concludes with a set of exercises. Solving these will nOI 
only enable the reader to understand the material better but will also 
serve to complement the chapter itself. In general, the questions have 
in-built answers, but. where desirable, hints for the solution of theoretical 
problems are provided. Some of the numerical exercises are designed to 
be run On a computer, but as the main aim is On interpretation, the 
answers are provided. We fo und NAG roulines and GLIM most useful, 
but nowadays any computer centre will have some suitable statistics and 
matrix algebra routines. 

There are three appendices, A. S, and C, which respectively provide a 
sufficient background of matrix algebra, a summary of univariate statis
tics, and some tables of critical values. The aim of Appendix A on Matrix 
Algebra is not only to provide a summary of results, but also to give 
sufficient guidance to master these for students having little previous 
knowledge. Equations from Appendix A are referred to as (A.x.x) to 
distinguiSh them from (I.x.x), etc. Appendix A also includes a summary 
of results in n-dimensional geometry which are used liberally in the book. 
Appendix B gives a summary of important univariate distributions. 

The reference list is by no means exhaustive. Only directly relevant 
articles are quoted and lor a fuller bibliography we refer the reader to 
Anderson. D as Gupta, and Styan (1972) and Subrahmaniam and Subrahma
niam (l1J73). The relerence list also serves as an author index. A suhject 
index is provided. 

The material in the book can be used in several different ways. For 
example, a one-semester elementary cOurse of 40 lectures could cover the 
following topics. Appendix A; Chapter 1 (Sections 1.1-1.7); Chapter 2 
(Sections 2.1-2.5); Chapter 3 (Sections 3.4.1.3.5,3.6.1. assuming results 
from previous sections. Definitions 3.7.1, 3.7.2); Chapter 4 (Section 
4.2.2); Chapler 5 (Sections 5_1, 5.2.1a, 5.2.lb, 5.2.2a. 5.2.2b, 5.3.2b. 
5.5); Chapter 8 (Sections 8.1, 8.2.1. 8.2.2, 8.2.5, 8.2.6, 8.4.3, 8.7); 
Chapter 9 (Sections 9.1-9.3, 9.4 (without details), 9.5, 9.6, 9 .8); Chapler 
JO (Sections 10.1, 10.2); Chapler 11 (Sections 11.1, 11.2.1-11.2.3, 
11.3.1. 11.6.1). Further material which can be introduced is Chapter 12 
(Sections 12.1-12.3, 12.6); Chapter 13 (Sections 13.1, 13.3.1); Chapter 
14 (Sections 14_1. 14.2). This material has been covered in 40 lectures 
spread over two terms in different British universities. Alternatively. a 
one-semester course with more emphasis on foundation rather than 
applications could be based on Appendix A and Chapters 1-5. Two
semester courses could indude all the chapters, excluding Chaplers 7 and 
15 On Econometrics and Directional Data. as well a, the ,,,clions with 
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asterisks. Mathematically orientated studen ts may like to proceed to 
Chapter 2, omitting the data analytic ideas of Chapter 1. 

Various new methods of presentation are utilized in Ihe book. For 
instance the data matrix is emphasized throughout, a density-free ap
proach is given for normal theory_ the union intersection principle is used 
in testing as well as the likelihood ratio principle, and graphical methods 
are used in explanation. In view of the computer packages generally 
available. most 01 the numerical work is laken for granted and therelore, 
except for a few particular cases, emphasis is not placed on numerical 
calculations, The style of preselltation is generally kept descriptive excepl 
where rigour is found to be necessary for theoretical reslllts, whicb are 
then put in the form of theorems. If any details of the proof of a theorem 
are felt tedious but simple, they are then relegated to the exercises. 

Several important topics not usually found in multivariate texts are 
discussed in detail. Examples of such material include the complete 
chapters on Econometrics, Cluster Analysis, Multidimensional Scaling, 
and D irectional Data. Further material is also included in parts of other 
chapters: methods of graphical presentation, measures of multivariate 
skewness and kurtosis, the singular multinonnal distribution, various 
non-normal distributions and families of distributions, a density-free 
approach to normal distribution theory, Bayesian and robust estimators, a 
recent solution to the Fisher-Beluens problem. a test of multinorrnality, a 
non-parametric lest, discarding of variables in regression , principal com
ponent analysis and discrimination analysis, correspondence analysis, 
allometry, the jack-knifing method in discrimination, canonkal analysis of 
qualitative and quantitative variables, and a test of dimensionality in 
MANOV A. It is hoped thaI coverage 01 these developments will be 
helpful for studeots as well as research workers. 

Tbere are various other topics which have oot been tOllched upon 
partly because of lack of space as well as our own preferences. such as 
Control Theory, Multivariate Time Series, Latent Variable Models, Path 
Analysis, Growth Curves, Portfolio Analysis, and various Multivariate 
Designs. 

In addition to various research papers, we have been inlluenced by 
particular texts in this area, especially Anderson (195&), Kendall (1975), 
Kshirsagar (1972). Morrison (1976). Press (1972), and Rao (1973). All 
these are recommended to the reader. 

The authors would be most grateful to readers who draw their attention 
to any errors o~ obscurities in the book, or suggest other improvements. 

January 1979 Kanti Mardia 
John Kent 
John Bibby 
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1 
Introduction 

1.1 Objects and V~bles 
I 

Multivariate analysis deals with data containing observations on two or 
more variables each measured on a set of objects. For example. we may 
have the set of examination marks achieved by certain students, or the 
cork deposit in various d irections of a set of trees. or flower measure
ments for different species of iris (see Tables 1.2.1, 1.4.1, and 1.2.2, 
respectively). Each of these data has a set of "variables" (the examination 
marks, trunk thicknesses, and flower measurements) and a set of "ob
jects" (the students. trees, and flowers). In general, if there are" objects. 
0", .. . 0", and p variables, Xl •. ... Xp • the data contains lip pieces of 
information. These may be conveniently arranged using an (II x p) "data 
matrix". in which each row corresponds to an object and each column 
corresponds to a variable. For instance. three variables on five "objects" 
(students) are shown as a (5 x 3) data matrix in Table 1.1.1. 

Table. 1.1.1 Data matrix with five students as object..~ where X l =age in years 
at entry to university. x, = marks Oul of 100 in an examination al the end of the 
first year, and X.3 = sex 

Variables 

Objects x, x, X3't 

1 18.45 70 1 
2 18.41 6S 0 
3 18.39 71 0 
4 18.70 72 0 
5 18".34 94 1 

t 1 indicates male ~ 0 indicu tes female. 
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Note that the variables need not all be of the same type : in Tahlc 1.1. I. 
Xl is a "'continuous U variable, X2 is a discrete variable, and ,t "l i.o,,; a 
dichotomous variable. Note also that attribute, characteristic. description. 
item, measurement, and response are synonyms for "variable", wherca~ 
individual , observation, plot, reading, and unit caD be used in place of 
"object", 

1.2 Some Multivariate Problems and Techniques 

We may now illustrate various categories of multivariate technique. 

1.2.1 Generalizations of univariate techniques 

Most univariate questions are capable of at least one multivariate 
generalization. For instance, using Table 1.2.1 we may ask, as an exam
ple. " What is the appropriate underlying parent distribution of examina
tion marks on various papers of a set of students?" " What are the 
summary statistics?" "Are the differences between average marks on 
different papers significant?", e tc. These problems are direct generaliza
tions of univariate problems and their motivation is easy to grasp. See for 
example Chapters 2-6 and 12. 

1.2.2 Dependence and regession 

Referring to Table 1.2.1. we may enquire as to the degree of dependence 
between performance on different papers taken by the same students. It 
may be useful. for counselling or other purposes, to have some idea of 
how final degree marks ("dependent" variables) are affected by previous 
examination results or by other variables such as age or sex ("explana
tory" variables). This presents the so-called regression problem. which is 
examined in Chapter 6. 

1.2.3 linear combinations 

Given examination marks on different topics (as in Table 1.2.1), the 
question arises of how to combine or average these marks in a suitable 
way. A straightforward method would use the simple arithmetic mean. 
but this procedure may not always be suitable. For instance, if the marks 
on some papers vary more than others, we may wish to weight them 
differently. This leads us to search for a linear combination (weighted 
sum) which is "optimal'" in some sense. If all the examination papers rail 
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Table 1.2. J Marks in open-book and closed-book examination out of J 00 t 

Mechanics (C) Vectors (C) Algebra (0) Anatysis (0) Statistics (0) 

77 82 67 67 81 
63 78 80 70 81 
75 73 71 66 81 
55 72 63 70 68 
63 63 65 70 63 
53 tit 72 64 73 
51 67 65 65 68 
59 70 68 62 56 
62 60 58 62 70 
64 72 60 62 45 
52 64 60 63 54 
55 67 59 62 44 
50 50 64 55 63 
65 63 58 56 37 
31 55 60 57 73 
60 64 56 54 40 
44 69 53 53 53 
42 69 61 55 45 
62 46 6J 57 45 
31 49 62 63 62 
44 6t 52 62 46 
49 4t 6t 49 64 
12 58 6J 63 67 
49 53 49 62 47 
54 49 56 47 53 
54 53 46 S9 44 
44 56 55 61 ~ 
18 44 50 57 81 
46 52 65 50 35 
32 45 49 57 64 
30 69 50 52 45 
46 49 53 59 37 
40 27 54 61 61 
31 42 48 54 68 
30 59 51 45 51 
56 40 56 54 35 
46 56 57 49 32 
45 42 55 56 40 
42 60 54 49 33 
40 63 53 54 25 
23 55 59 53 44 
4 48 49 51 37 
41 63 49 46 34 
46 52 53 41 40 

t o indicates open-book. C indk:atcs closed book. 
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Table 1.2.1 Conrinued 

Mechanics (C) Vectors (C) 

46 61 
40 57 
49 49 
22 58 
35 60 
48 56 
31 57 
17 53 
49 57 
59 50 
37 56 
40 43 
35 35 
38 44 
43 43 
39 46 
62 44 
48 38 
34 42 
I~ 51 
35 36 
59 53 
41 41 
3 1 52 
17 51 
34 30 
46 40 
10 46 
46 37 
30 34 
13 5 1 
49 50 
18 32 
8 42 

23 38 
30 24 
3 9 
7 51 

15 40 
15 38 

5 30 
12 30 
5 26 
o 40 

Algebra (0) Analysis (0) Statistics (O) 

46 38 41 
51 52 3 1 
45 48 39 
53 56 41 
47 54 33 
49 42 32 
50 54 34 
57 43 51 
47 39 26 
47 15 46 
49 28 45 
4R 21 61 
41 51 50 
54 47 24 
38 34 49 
46 32 43 
36 22 42 
41 44 33 
50 47 29 
40 56 30 
46 48 29 
37 22 19 
43 30 33 
37 n ~ 
52 35 31 
50 47 36 
47 29 17 
36 47 39 
45 15 30 
43 46 18 
50 25 31 
38 23 9 
31 ~ ~ 
4~ 26 40 
36 48 15 
43 33 25 
5L 47 ~ 

43 17 22 
43 23 18 
39 28 17 
44 36 18 
32 35 21 
15 20 W 
21 <) 14 
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in one group then principal compollent aMlysis and factor analysis are 
two tech.niques which can help to answer such questions (see Chapters 8 
and 9). In some situations tbe papers may rail into more tban one 
group--for instance. in Table 1.2.1 some examinations were "open
book" wh.i1e others were "closed-book". In sucb situations we may wish 
to investigate the use of linear combinations within each. group separately. 
This leads to the method known as canonical corTelatiOtt analysis, which is 
discussed in Cbapter 10. 

The idea of taking linear com binations is an important one in mul
tivariate analysis. and we shall return to it in Section 1.5. 

1.2.4 Assignment and dissection 

Table 1.2.2 gives three (50 x 4) data matrices. In each malTix the "ob
jects" are 50 irises of species Iris setosa, Iris versicolollr, and Iris virginica , 
respectively. The "variables" are 

x, =sepaJ lengtb , 

X3 = petal length, 

X 2 = sepal width. 

X4 = petal width. 

If a new iris of unknown species has measurements x,=5.1, x., = 3.2, 
x,= 2.7. x4=0.7 we may ask to which species it belongs. This presents 
the problem of discriminallt analysis, which is discussed in Chapter 11. 
Howe er. if we were presented with the 150 observations of Table 1.2.2 
in an unclassified manner (say, before the three species were established) 
then the aim could have been to dissect the population ioto homogeneous 
groups. This problem is handled by cluster analysis (see Chapter 13). 

1.2.5 Building configurations 

In some cases the data consists not of an (n X p) data matrix, but of 
1n(n- 1) "distances" between aU pairs o( points. To get an intuitive feel 
for tbe structure of such data. a configuration can be constructed of n 
points in a Euclidean space of low dimension (e.g. p = 2 or 3). Hopefully 
the distances between the 11 points of the configuration will closely match 
the original distances. The problems of building and interpreting such 
configurations are studied in Chapter 14, on Inllitidimensional scaling. 

1.2.6 Directional data 

Tbere are various problems which arise when the variables are 
directional-that is, the multivariate observations are constrained to lie 
on a hypersphere. For a discus.ion of these problems see Chapter 15. 



Table 1.2.2 Measurements On three types of iris (after Fisher, 1936) 

Iris selosa Iris versicolour Jris virginica 
, , , , , • Sepal Sepal Petal Petal Sepal Sepal Pe ta l Petal Sepal Sepal Pe ta l Petal 

length width length width length width length width length wid th length wid th 

5. 1 3.5 1.4 0.2 7.0 3.2 4.7 1.4 6.3 3.3 6.0 2.5 
4.9 3.0 1.4 0.2 6.4 3.2 4.5 1.5 5.8 2.7 5. 1 1.9 
4.7 3.2 1.3 0.2 1>.9 3.1 4.9 1.5 7. 1 3.0 5.\1 2 .1 
4.6 3. 1 1.5 0.2 5.5 2.3 4.n 1.3 6.3 2.9 5.6 1.8 
5.0 3.6 1.4 0.2 6.5 2 .8 4.6 1.5 6.5 3.0 5.8 2.2 
5.4 3.9 1.7 0.4 5.7 2.8 4 .5 1.3 7.6 3.0 6.6 2. 1 
4.6 3.4 1.4 0.3 6.3 3.3 4.7 1.6 4.9 2.5 4.5 1.7 
5.0 3.4 1.5 0.2 4.9 2.4 3.3 1.0 7.3 2.9 6.3 1.8 
4.4 2.9 1.4 0.2 6.6 2.9 4.6 1.3 6.7 2.5 5.8 1.8 
4.9 3. 1 1.5 0.1 5.2 2.7 3.9 1.4 7.2 3.6 6.1 2 .5 
5.4 3.7 1.5 0.2 5.0 2.0 3.5 1.0 6.5 3.2 5. 1 2.0 
4 .8 3.4 1.6 0.2 5.9 3.0 4.2 1.5 6.4 2.7 5.3 1.9 
4.8 3.0 1.4 0.1 6.0 2.2 4.0 1.0 6.S 3.0 5.5 2. 1 
4.3 3.0 1. 1 0.1 6.1 2.9 4.7 1.4 5.7 2.5 5.0 2.0 
5.8 4.0 1.2 0.2 5.6 2.9 3.6 1.3 5 .8 2.8 5. 1 2.4 
5.7 4.4 1.5 0.4 6.7 3.1 4.4 1.4 6.4 3.2 5.3 2.3 
5.4 3.9 1.3 0.4 5.6 3.0 4.5 1.5 6.5 3.0 5.5 1.8 
5. 1 3.5 1.4 0.3 5.8 2.7 4. 1 1.0 7.7 3.8 6.7 2.2 
5.7 3.8 1.7 0.3 6.2 2.2 45 1.5 7.7 2 .6 6.9 2 .3 
5. 1 3.8 1.5 0.3 5.6 2.5 3.9 1.1 6.0 2.2 5.0 1.5 
5.4 3.4 1.7 0.2 5.9 3.2 4.6 1.8 6.9 3.2 5.7 2 .3 
5.1 3.7 1.5 0.4 6.1 2.8 4.0 1.3 5.6 2.8 4.9 2.0 

4.6 3.6 1.0 0.2 6.3 2.5 4.9 1.5 7.7 2 .8 6.7 2.0 
5. 1 3.3 1.7 0.5 6. 1 2 .8 4 .7 1.2 6.3 2.7 4.9 1.8 
4.8 3.4 1.9 0.2 6.4 2 .9 4.3 1.3 6.7 3.3 5.7 2. 1 
5.0 3.0 1.6 0.2 6.6 3.0 4.4 1.4 7.2 3.2 6.0 1.8 
5.0 3.4 1.6 0.4 6.8 2.8 4.R 1.4 6.2 2.8 4.8 1.8 
5.2 3.5 1.5 0.2 6.7 3.0 5.0 1.7 6. 1 3.0 4.9 1.8 
5.2 3.4 1.4 0.2 6.0 2 .9 4.5 1.5 6.4 2.8 5.6 2.1 
4 .7 3.2 1.6 0.2 5.7 2.6 3.5 l.0 7.2 3.0 5.8 1.6 
4 .8 3. 1 1.6 0.2 S.S 2.4 3 .8 1.1 7.4 2.8 6. 1 1.9 
5.4 3.4 1.5 0.4 5.5 2.4 3 .7 l.0 7.9 3.8 6.4 2.0 
5.2 4. 1 1.5 0. 1 5.8 2 .7 3.9 1.2 6.4 2.8 5.6 2.2 
5.5 4.2 1.4 0.2 Q,O 2.7 5. 1 1.6 6.3 2.8 5.1 1.5 
4.9 3. 1 1.5 0.2 5.4 3.0 4.5 1.5 6.1 2.6 5.6 1.4 
5.0 3.2 1.2 0.2 6.0 3.4 4.5 1.6 7 .7 3.0 6. 1 2.3 
5.5 3.5 1.3 0.2 6.7 3.1 4.7 1.5 6.3 3.4 5.6 2.4 
4.9 3.6 1.4 0.1 6.3 2.3 4.4 1.3 6.4 3. 1 5.5 1.8 
4.4 3.0 1.3 0.2 5.6 3.0 4. 1 1.3 6.0 3.0 4.8 1.8 
5. 1 3.4 1.5 0.2 5.5 2.5 4.0 1.3 6.9 3.1 5.4 2 .1 
5.0 3.5 1.3 0.3 5.5 2.6 4.4 1.2 6.7 3. 1 5.6 2.4 
4.5 2.3 1.3 0.3 6. 1 3.0 4.6 1.4 6.9 3. 1 5. 1 2 .3 
4.4 3.2 1.3 0.2 5.8 2.6 4.0 1.2 5.8 2.7 5. 1 1.9 
5.0 3.5 1.6 0.6 5.0 2.3 3.3 1.0 6.8 3.2 5.9 2.3 
5. '1 3.8 1.9 0.4 5.6 2.7 4.2 1.3 6.7 3.3 5.7 2.5 
4.8 3.0 1.4 0.3 5.7 3.0 4.2 1.2 6.7 3.0 5.2 2.3 
5. 1 3.8 1.6 0.2 5.7 2.9 4.2 1.3 6.3 2.5 5.0 1.9 
4.6 3.2 1.4 0.2 6.2 2 .9 4.3 1.3 6.5 3.0 5.2 2.0 
5.3 3.7 1.5 0 .2 5. 1 2.5 3.0 1. 1 6.2 3.4 5.4 2.3 
5.0 3.3 1.4 0.2 5.7 2.8 4 .1 1.3 5.9 3.0 5.1 1.8 
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1.3 The Data MatrL"( 

The general (n x p) data matrix with /I objects and p variables can be 
written as follows: 

Variables 

X; 

Objects 0 , Xii X," 

x,,, 

Table l.1.1 showed one such data matrix (5 X3) with five objects and 
three variables. In Table J .2.2 tbere were three data matrices, each 
having 50 rows (objects) and four columns (variables). ote that these 
data matrices can be considered from two alternative points of view. If we 
compare two columns, then we are examining the relationship between 
variables. On the otber hand. a compari.~on of two rows involves examin
ing the relationship between different objects. For example, in Table 
1.l.1 we may compare the first two columns to investigate whether there 
is a relationship between age at entry and marks obtained. Alternatively, 
looking at the first two rows will give a comparison between two students 
("object~") , one male and one female . 

The general (II x p) data matrix will be denoted X or X( .. x p). The 
element in row i and column j is x,;. This denotes the observation of the 
jth variable on the itb object. We may write the matrix X = (x,j)' The 
rows of X will be written x; , x~ .. .. , x~ . Note that x, denote·s the ith rOw 
of .x written as a column. The columns of X will be written witb subscripts 
in parentheses as "cO' "(2) ' ... • ~") : that is, we may write 

[
Xi] 

X = : = [:0:. .. , 

lt' 
" 

.• "cOIl , 
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where 

"-[J (i= 1.. .. , tI ), 

[

XI,] 

"ci) = x"; 
(j = 1. .. . , p). 

Note that on the one hand ", is the p-vector denoting the p observa
tions on the first object. while on the other hand "c n is the tI -vector whose 
elements denote (he observations on the first variable. In multivariate 
anal:,..is, the rows "" . . . . x" usually form a random sample whereas the 
columns X(I) •• •.• "< pI do not. This point is emphasized in the notation by 
the use of parentheses. 

Clearly when /I and p are even moderately large, the resulting tip 
pieces of information may prove too numerous to handle individually. 
Various ways of summarizing multivariate data are discussed in Sections 
1.4. 1.7.1.8. 

1.4 Summary Statistics 

We give here the basic summary statistics and some standard notation. 

1.4.1 The mean vedor and covariance matrix 

An obvious extension of tbe univariate notion of mean and variance leads 
10 the following definitions. The sample mean of the ith variable is 

1 • 
x, = - L x,;, 

n ~ = 1 

and the sample variance of the ith variable is 

1 " 
s,, =- L (x,; - x,)'=si . say, i=I, . .. , p. 

'1 r -- I 

The sample covariance between the jlh and jIb variables is 

( 1.4.1) 

(1.4.2) 

(1.4.3) 
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The vector 01 means, 

(1.4.4) 

is called the sample mean vecror, or simply the "mean vector' , It 
represents the centre 01 gravity of the sample points Xn r = 1" .. . n. The 
p X P matrix 

s= (s,), 0.4.5) 

with elements given by (1.4.2) and (1.4.3), is called the sample covariance 
macrix, Or simply the "covariance matrixH

. 

The above statistics may also be expressed in matrix notation. Corres· 
ponding to (1.4. 1) and (1.4.4), we have 

l '~ 1 
j =- L x, =- X'l , 

It r-=" 1 ~1 

( 1.4.6) 

where 1 is a col umn vector of " ones. Also 

SO that 
1 .. 1 III 

S= - L (x, -i)(x, - x), = - L x,x:- n . 
n , = 1 11 , ,,,, 1 

(1.4.7) 

This may also be written 

S= ! X'X - Xi' =!(X'X-! X'll'X) 
It n n 

using (1.4.6). Writing 

B=I-!1l', 

" 
where B denotes the centring matrix, we find that 

(1.4.R) 

which is a convenient matrix representation of the sample covariance 
matrix , 

11 INTR\:.oucnON 

Since H is a symmetric idempotent matrix (H = H'. H = lf') it follows 
that for any p-vector B , 

1 1 
a'Sa = - a'X'H'BXa = - y/y ~ 0, 

" n 

where y = UXa. Hence the covariance matrix S is positive semi-<lefinite 
(S." 0). For continuous data we usually expect that S is not o nly positive 
semi-definite, but positive definite if .,;;. p + 1. 

As in one-<limensional statistics, it is often convenient to define tbe 
covariance matrix with a divisor of II - I instead of n. Set 

1 'ux n SU=--I X =--I S, 
n- '1-

(1.4.9) 

[f the data forms a random sample from a muHivariate distribution. with 
fini te second moments, then SI> is an tlllbiased estimate of the true 
covariance matrix (see Theorem 2.8.2), 

The matrix 

" 
M = ';- x:r.=X'X L... " (1.4.10) 

,~ I 

is called the maIYix of SW/IS of squares Qlld producls for obvious reasons'. 
The matrix nS can appropria tely be labelled as the matrix of correcled 
sums of squares and products. 

T he sample correla lio" coefficient between the ith and the jth variables 
IS 

r'i = s;,/(s,s,). (1.4.1 1) 

Unlike Si" the correlation coefficient is invariant under both cbanges of 
scale and origin of the ith and jth variables . Clearly Ir;J" I. Tbe matrix 

( 1.4.12) 

with r" = 1 is called the sample correlation malrDc. ote that R ." O. If 
R = I. we say that the variables are uncorrelated. U D = diag (s;), then 

S = DRD. (1.4.13) 

Example 1.4.1 Table 1.4.1 gives a (28x4) data matrix (Rao, 1948) 
related to weights of bark deposits of 2R trees in the four directions north 
(N), east (E), south (S), and west (W), 

I t is fouod that 

i ,= 50.S36, x, = 40.179, i, =49.679, X. =45.179. 
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Tabl. 104.1 Weights of cork deposits (in centign.ms) for 28 trees in the four 
directions (after Rao, 1948) 

N E S W N E S W 

72 66 76 77 91 79 100 75 
60 53 66 63 56 68 47 50 
56 57 64 58 79 65 70 61 
41 29 36 38 81 80 68 58 
32 32 35 36 78 55 67 60 
30 35 34 26 46 38 37 38 
39 39 31 27 39 35 34 37 
42 43 31 25 32 30 30 32 
37 40 31 25 60 50 67 54 
33 29 27 36 35 37 48 39 
32 30 34 28 39 36 39 31 
63 45 74 63 50 34 37 40 
54 46 60 52 43 37 39 50 
47 51 52 43 48 54 57 43 

These means suggest prima-facie differences with more deposits in the 
N-8 directions than in tbe E-W directions . The covariance and correla-
tion matrices are 

N E S W rom' 215.761 278.136 "'.'''] 212.075 220.879 165.254 
s = S 337.504 250.272 ' 

W 217.932 

N E S W 

N[' 
0.885 0.905 0883] 

R = 1 1 0.826 0 .769 
0 .923 . 

1 

Since tbese matrices are symmetric, only tbe upper half need be printed. 
Comparing the diagonal terms of S, we note that the sample variance is 

largest in the soutb direction . Furthermore, the matrix R does not seem 
to have a "circular" pattern, e.g. the correlation between Nand S is 
relatively high while the correlation between the other pair of opposite 
cardinal points Wand E is lowest. 
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1.4.2 Measures of multivariate scatter 

The matrix S is one possible multivariate generalization of the univariate 
notion of variance. measuring scalier about the mean. However, some
times it is convenient to have a single number 10 measure multivariate 
scalter. Two common such measUJ'es are 

(I) the generalized variance. lSI; and 
(2) the roral variarion. If S. 

A motivation for these measUJ'es is given in Section 1.5.3 . . For both 
measures, large values indicate a high degree of scatter about x and low 
values represent concentration about i. However. each measUJ'e reflects 
differen t aspects of the variability in the data. The generalized variance 
plays an important role in maxim um likelihood estimation (Chapter 5) 
and the total variation L~ a useful concept in principal componen t analysis 
(Chapter 8). 

Example 1.4.2 (M. Gnanadesikan and Gupta, 1970) An experimental 
subject spoke 10 different words seven times each, and five speecb 
measurements were taken On each ullerance. For each word we have five 
variables and seven observation5. The (5 X 5) covariance matrix was 
calculated for each word, aDd the generalized variances were as follows : 

2.9, ) .3, 641.6, 26828.8. 262404.3. 

169.2. 3106.8, 6 t 7671.2, 6.7. 3.0. 

Ordering these generalized variances. we find that fOr this speaker the 
,econd word has the least variation and the eighth word has most 
variation. A general point of interest for identification is to find which 
word has least variation for a panicular speaker. 

1.5 Linear Comhinations 

Taking linear combinations of the variables is one of the most important 
tools of multivariate analysis. A few suitably chosen combinations may 
provide more information than a multiplicity of the original variables, 
often because the dimension of tbe data is reduced. linear transforma
tions can also sLmplify the structure of the covariance matrix, making 
interpretation of the data more straightforward. 

Consider a linear combination 

y, = a,x" + .. + a"x",. r = I ... ., n. 0.5.1) 
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where a, . .. . . a" are given. From (1.4.6) the mean y of the v, i~ !!iven by 

1 n 

y=-a' L x,. = s 'i, 
tl • I 

( 1.5.2) 

and the variance is given hy 

2 _1~ _ ,_ I~, - _ , _ , 
S ,-- L. (y, - y) - - L. a(x, - x)(x, -x)a - aSa, 

n r~ l ",--t 
( 1.5.3) 

where we have used (1.4.7 ). 
In general we may he interested in a q-dimensional linear transforma

tion 

y,. = AX, Tb. r = l ..... n, ( 1.5.4) 

which may be written Y = XA' + 1b'. where A is a (q x p) matrix and b is a 
q-vector. Usually q'" p. 

The mean vector and covariance matrix of the new object~ y, are given 
by 

j = AX + b. 

I n 

S, = - L (y,-y}(y,-yl' = ASA' . 
n, I 

If A is non-singular (so. in particular, q = p) . tben 

S=A 'S,(A') ' . 

( 1.5 .5) 

( 1.5.6) 

( 1.5.7) 

Here are several important examples of linear transformations which 
are used later in the book. For simplicity all of the transformations are 
centred 10 have mean O. 

1.5.1 The scaling transformation 

LeI Y, = D '(x, -x). r = 1 •. .. • II . where D =diag (sr). This transformation 
scales each variable to have unit variance and thus eliminates the arbitrar
iness in the choice of scale. For example. if "' " measures lengths. then y,., 
will be the same whether X'll is measured in inches Or metres. Note that 
S, =R. 

1.5.2 Mahalanobis transformation 

If S > 0 then S- ' has a unique symmetric positive definite square root S 112 

(sec equation (A.6.15». The Mahalanobis transformation is defined by 

r = I. ... . 11 . ( 1..'i .II) 
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Then S. = I, so that this. ·transformation eliminates the correlation be
tween the variables and standardizes the variance of each variable. 

1.5.3 Principal component transformation 

By the spectral decomposition theorem, the covariance matrix S may be 
written in the form 

S=GLG', ( 1.5.9) 

where G is an orthogonal matrix and L is a diagonal matrix of the 
eigeovalues of S, I, "" 12 "" .•. "" ~ "" O. The principal componeot transfor
mation is defined by the rolanOIl 

W,=G'(x,-i). r=l, . ... I .. (1.5.10) 

Since Sw =G'SG=L is diagonal, the columns of W. called principal 
components. represent (",carre/a ,ed linear combinations of the variables. 
In practice one hopes to summarize most of the variability in the data 
using only the principal components with the higbest variances. thus 
reducing the dimension. 

Since the principal components are uncorrelated with variances 
I , .. . . . I., it seemS narural to define the "overaU" spread of the data by 
some symmetric monotonically increasing function of I" .... '", such as 
n If or L 4. From Section A.6, lSI = ILl = n I, and tr S = tr L = L I,. Thus the 
rotation to principal components provides a motivation for the measures 
of multivariate scatter discu.~ in Section 1.4.2. 

Note that alternative versions of the tranSfornlations in Sections 
1.5.1-1.5.3 can be defined using Su instead of S. 

Example 1.5.1 A crans/ormation of Ihe cork dala If in the cork data of 
Table 1.4.1. the aim is to investigate whether the bark deposits are 
uniformly spread, our interest would be in linear combinations such as 

Y, =N+S-E-W. Y2=N-S. y,=E-W. 

Here 

A= [: 
() 

-1 

-~J 
o - I 

o - I 

From Example 1.4.1 and (1.5.5). we find that the mean vector of tbe 
transformed variables is 

f = (!U!57 . 0.857.1.000) 
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and the covariance matrix is 

-20.27 -25.96J 
61.27 26.96. 

99.50 

Obviously. the mean of y, is higher than that of Y2. and h indicating 
possibly more cork deposit along the north~uth axi< than along the 
east-west axis. However. V(y,) is larger. If we standardize the variables 
so that the sum of squares of the coefficients is unity. by letting 

z, =(N+S-E-W)/2, z) = (E-W)/.J2. 

the variances are more similar. 

V(z,)=31.03. V(Z2)= 30.63. V{z,)=49.75. 

1.6 Geometrical Ideas 

In Section 1.3 we mentioned the two alternative perspectives whicb can 
be used to view the data matrix. On the ODe hand, we may be interested 
in comparing columns of the data matrix. that is the variables. This leads 
to the techniques known as R -techltiques. so-called because the correla
tion matrix R plays an important role in this approach. R -Iechniques are 
important in principal component analysis. factor analysis. and canonical 
correlation analysis. 

Alternatively. we may compare the rows of the data matrix, that is, the 
different objects. This leads to techniques sucb as discriminant analysis, 
cluster analysis. and multidimensional scaling, which are known as Q 
techniques. 

These two approaches correspond to different geometric ways of rep
resenting the. (n x p) data matrix. First. the columns can be viewed as p 
points in an It -dimensional space which we shall call R -space or ob/eet 
space. For example. the correlation matrix bas a natural interpretation in 
the object space of the centred matrix Y = HX. The correlation ri • is just 
the cosine of the angle 8;; subtended at the origin between the two 
corresponding columns, 

Note that the correlation coefficients are a mea.'ure of Similarity hct.:au..e 
their values are large when variables are close to One anolher. 
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Second. the 11 rows may be taken as n points in p-dimensional Q-space 
or variable space. A natu.ral way to compare two rows x, and x, is to look 
at the Euclidean distance between them: 

1Ix, -x.II'= (x, -x,),(x, -x,). 

An altemalive procedure is 10 transform the data by one of the 
transformations of Section 1.5.1 or Section 1.5.2. and then look at the 
Euclidean distance between the transformed rows. Such distances playa 
role in cluster analysis. The most important of these distances is the 
Mahalal10bis disrana D" given by 

D~ = liz, -z,1I2 = (x, - x, ),S-'(x, - x.). ( 1.6.1) 

The Mahalanobis distance underlies Hotelling's r" test and the theory of 
discriminant analysis. Note that the Mahalanobis distance can alterna
lively be defined using S" instead of S. 

1.7 Graphical Rep£esentations 

1.7,1 Univariate scatters 

For p = I and p = 2. we can draw and interpret scatter plots fnr the 
data, but for p = 3 the difficulties of drawing such plots can be ap
preciated. For p> 3. the ta.~k becomes hopeless. al though computer 
facilities exist which allow one to examine Ihe projection of a multivariate 
scatter onto any given plane. However. the need for graphical representa
tions when p > 3 is greater tban for the. univariale case since the relation
.hips cannot be understood by looking at a data matrix. A simple starting 
point is to look into univariate plots for the p variables side by side . For 
the cork data of Table 1.4.1. such a representation is given in Figure 
1.7.1. which indicates that the distributions are somewhat skew. tn this 
case . Ihe variables are mea ured in the same units, and therefore a direct 

N , __ -'-__ "-__ .L .... I ... _ ..... _ ... _t-. -----1 . ____ •• _--'1 .... _--''-_-'-_ 

!----'--' --'---:a ....... _ ..... _ .... .-L-... H.,.J''-_ _ ---'----'--.L.-

f---'-, --..L.., - .-.Lw.--_.1 ._ ._._ ...... _ ... ....l. __ -'-__ ,., __ -'-_ 

N - -:':I;--::':'o-: __ .--U.- . - I .•• - ...... ' •• -!':o----!=, --.,.0,1 :--,Lt c-
.0 20 30 40 50 60 70 60 90 tOO 110 

Figure. 1.7.1 Uniuarjate reprf;!Setitmion of 'he C{)ri< data of Table 104.1. 
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comparison of the plots is possible . In general, we should standardize the 
variables before using a plot. 

Figure 1.7.1 does not give any idea of relationships between the 
variables. However, one way to exhibit the interrelationships is to plot all 
the observations consecutively along an axis. representing different vari
ables by different symbols. For the cork data, a plot of tbis type is given in 
Figure 1.7.2. It shows the very noticeable tTee differences as weU as 
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Figure 1.7.2 COIISecI4tive uniVlniate representation (after Pearson. J 956) . \l =- I 

0= E.!!3 =S, ~ =W. 

19 INTROOUcnON 

differences in pattern which are associated with the given ordering of the 
lrees. (Thai is, the experimenters appear to bave chosen groups of 
smaU-trunked and large-lrunked trees al ternately.) We also observe that 
Ihe 15th tree may be an outlier. These fea tures due to ordering would 
remain if the Mahalanobis residuals defined by (1.5.8) were plotted. Of 
course, the Mabalanobis transformation removes the main effect and 
adjusts every variance to unity and every covariance to zero. 

1.7,2 Bivariate scatters 

Anolher way of understanding the interrelationships is to look into all 
p(p - 1 )/2 bivariate scatter diagrams of the data. For the cork data, with 
four variables. there are six such diagrams. 

A method of grapbing 4 variables in two dimensions is as follows. 
First, draw a scatter plot for two variables, say (N, E). Then indicate the 
"alues of Sand W of a point hy plOtt ing the values in two directions from 

E 

loo.ot 

90.0 

90.0 

"0.0 

60.0 

50.0 

40.0 

30.0 

20.0 

,o.0 

L-~~~n-~~~~~--<f=-~~~ __ ~~~~~N 
10.0 20.0 30.0 40.0 50.. 6C.:"' 7C.O 80.0 90.0 100.0 

Figure 1.7.3 A glyph "prese"I<i1'o" of rhe CfJrk dara of Table lA.1. 
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the point (N, E). Figure 1.7'.3 gives such a plot where W is plotted along 
the negative x axis and S is plotted along the negative y axis using each 
point (N. E) as the origin. The markedly linear scatter of the points shows 
a strong dependence between Nand E. A similar dependence between S 
and W is shown by the similar lengths of the two "Ieg.' · of each point. 
Dependence between Nand S is reflected by the S legs being longer for 
large N and a similar pattern is observed between Nand W. E and W, 
and E and S. This method of glyphs E. Anderson, 1960 can be extended 
to several variables. but it does not help in understanding the multivariate 
complex as a whole. A related method due to Chernoff (t973) uses 
similar ideas to represent the observations on each object by a human 
face . 

1.7.3 Harmonic CIln'es 

Consider the rth data point X;= (x" • ...• x",). r = I. .... n. A recent 
promising method (Andrews. 1972; Ball and Hall . 1970) involves plotting 
the curve 

fL(I)= x,,/./2+X,2 sin I+X., cos I""X,~ sin 21 ... X" cos 21+. .. (1.7. 1) 

for each data point x" r = 1. ...• n. over the interval - 'IT';; I';; 'IT. Thus 
there will be n hannonic curves drawn in two dimensions. Two data 
points are compared by visually studying the curves over [-7T. 7T]. Note 
that the square of the L, distance 

[ r f.(I) - fy(I)f dl. 

between two curves f.(I) and 'y(I) simplifies to 

7T11x - yIF. 
which is proportional to the square of the Euclidean distance between 1< 

and y. 
An example of the use of harmonic curves applied to cluster analysis is 

given in Chapler 13, where clusters appear as curves bunched together 
for all values of I . Some practical hints for the plotting of harmonic curves 
with a large number of objects are given in Gnanadesikan (I 977). Notice 
that harmonic curves depend all the order in which the variables are 
written down. Thus. their interpretation requires some care. 

*1.8 Measures of Multivariate Skewness and Kurtosis 

In Section 1.4 we have given a few basic swnmary stal;,,'tics based on the 
first- and the second-order moments. In general a kth-order central 
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moment for the variables i" . . .• ~ is 

. 1 " f M?, ..... ,.)=- ~ n ( r . -r.)', 
1 . .... .1. i..J ---ro. • ..",. 

n r - 1 , - 1 

where j, + ... + j. = k, j," O. r = 1. ... ,s. As with mean and variance, we 
would like extensions to the multivariate case of summary measures like 
b, = mils· and b. =m./s', the univariate measures of skewness and 
kurtosis. Using the invariant functions 

g". = (x. - il'S" '(x, -x). 

Mardia (1970a) has defined multivariate measures of skewness and 
kurtosis by 

(1.8.1) 

and 

1 " 
b • .• = - L g~ 

n , _ I 
( 1.8.2) 

The foUowing properties are worth noting: 

(1) bl.. depends only on the moments up to third order, whereas b •.• 
depends only on the moment~ up to fourth order excluding the 
third-order moment~. 

(2) These moments are invariant under affine transfonnations 

y=Ax+b. 

(Similar properties hold for b, and bz under changes of scale and origin.) 

(3) For p = 1. b, .• = b, and bz .• = bz. 
(4) Let D. be the Mahalanobis distance between x. and i and 

let cos an =(:1. - i ),S- '(x. - i)/D)), denote the coo;ioe of the 
Mahalanobis angle between (x. - i) and (It. - x). Then equations 
(1.8.1) aDd (1.8.2) reduce to 

1 " " 
h, .• =, L L (D)), cos a,., )' 

'1 ,"' I~ = I 
( 1.8.3) 

and 

( 1.8.4) 
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Although b, .• cannot be negative, we note from (1.8.3) that if the data 
points are unifonnly distributed on a p-dimensional hypersphere. then 
bl.. =0 since L cos an =0 and D, and D, are approximately equal. We 
should expect " ... »0 if there is a departure from spherical symmetry. 

The statistic b2 .p will pick up extreme behaviour in the MahalaDobis 
distances of objects from the sample mean. The use of bl.p and b2 " to 
detect departure from multivariate normality is described in Chapter 5. 

Exercises and Complements 

1.4.1 Under the transformation 

y, = AI, + b. r=I ..... ... 

show that 

(i) y=Ai+ b. (ii) S, = ASxA', 

where i. S. are the mean vector and the covariance matrix for the :It~ 

1.4.2 Let 

1 " 
S(8)=- L (:It. -a)(x,-a)' 

n ~, 

be tbe covariance matrix about x = a . Show that 

S(8) = S+ (j( -a)(j( -a)'. 

(i) Using(A.2.3k)or otherwise. show that 

IS(a)1 = 1S!{1 + (i" - a)'S-'\x- a)}. 

and consequently 

min IS(a)1 = lSI. 
a 

(ii) Show tbat min. tTS(a) = trS. 
>(iii) Note that ISI=Oli and trS=I1i are monotonically increasing 

symmetric functions o( the eigenvalues ', ....• 1,. of S. Use this 
observation in constructing other measures of multivariate 
scatter. 

(iv) Using the ineqUality g.;; a. where a and g are the arithmetic and 
geometric means of a set of positive numbers. show that lSI.;; 
(n -' ITS)". 

1.4.3 (a) Fisher (1947) gives data relating to the body weight in kilograms 
(x,) and the beart weight in grams (x,) of 144 cats. For the 47 female cats 
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the Sums and sums of sq uares and products are given by 

I = and X'X = X 1 [
110.9] [265.13 1029.62] 

'432.5 " 1029.62 41164.71 . 

Show that the me3!l vector and covariance matrix are i a nd S given in 
Example 4.2.3 . 

(h) For the 97 male cats from Fisher's data. the statistics are 

X'l - [281.3] n , _ [ 836.75 
2 - 1098.3 a d X2X1 - 3275.55 

3275.55] 
13056. 17 . 

Find the meall vector and covariance matrix for the sample of male cats. 
(c) Regarding the 144 male and female cats as a single sample. 

calculate the mean vector and covariance matrix. 
(d) Calculate the correlation coefficient for each of (a), (h). and (e). 

I.S.1 Let M = XX. where X is a data matrix. Show that 

1.5.2 Show that the scaling transformation in Section 1.5. I can be 
wri tten as 

Y = HXD- '. 
Use the fact that 

Y' l = O. 

to show that 
y = O. S. = R. 

1.5.3 Show that the Mahalanobis transformation in Section 1.5.2 can be 
written as 

Z'=(z , . .. . , z" ). 

Hence. following the method of Exercise 1.5.2. show that z = O. S, = I . 

1.5.4 For the mark data in Table 1.1.1 show that 

" = (18.458. 74.400, 0,4(0). 

l

o.0I59 -0.4352 -0.0252 J 
S = 101.8400 3.0400 

0.2400 

S-I = 
l76.7016 0.14U5 6.2742 J 

0.0160 -0. 1885 
7.2132 

l 8.7405 U.02U5 U.5521 J 
0. lOt3 -0.0732 . 

2.6274 

- 17: = 



MULTIVARJATE ANALYSIS 

1.6.1 If 

we may write 

where 

Writing 

g., = (x, - i )'S- '(x, - i ), 

we see that 

Therefore 

D~ = g.,. + g., - 2g.,. 

(i) Show that 

L g., =0 and L g.,. = L trS- '(lI, - i )(lI, - i )'= n tr I. = np. 

(ii) Therefore show that 

and 

L D~= np +lIg., o r 

• 

1" , 
&u=- L"Dr, -p 

n , 

L D~=21!2p. 
r.s* I 

1.8.1 (Mardia.1970a) Let u..=M,..Is~s~, where 

1 " 
M .. =- L (x,,-x, )P(x,.,- x,)". 

n , _ I 

Show that 

bl.2 = (1- ,2)-3[U~+ 1I~3 + 3(1 + 2,2)( U ~2 + u~,) -2,3U""UOJ 

24 

+ 6'{u",("'12 - 11,, ) + U"'("'2' - U'2)- (2 + ,')u"u2,)) 

and 
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Hence, fo r s, =s~= I, r =O. show that 

b, :J. = Mio ~ M;,J + 3Mi2 + 3~, 

and 

b2.2 = M.o + M .. + 2M2" 

Thus b, .2 accumulates the effects of M'h M '2, MoJ, M30 while bz.z 
accumulates the effects of M n , M ... and M . o• 



2 
Basic Properties of 
Random Vectors 

2.1 Cumulative Distribution Functions and Probability 
Density Functions 

Let x = (x, . . . .. x.)' be a random vector. By analogy with univariate 
theory, the cumulative distriburion lunclion (c.dJ.) associated with. is the 
function F defined by 

(2.1.1) 

Two important cases are absolutely continuous and discrete distributions. 
A random vector x is absolutely continuous if there exists a probabiliry 

density funcrion (p.dJ.). 1(11.) , such that 

F(x) = r~f(u) du. 

Here du = du , ... du" represents the product of p differential elements 
and the integral sign denotes p· fold integration. Note that for any 
measurable set D ~ R", 

P(xeD) = L {(u)du (2.1.2) 

and 

[{(u) du = 1. (2.1.3) 

In this book we do not d istinguish notalionally between a random vector 
and its realizatio n. 

For a discrele random vector 1<. t he total probability is concentrated on 
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a countable (or finite) set of points {x,; j = 1. 2, .. . }. Discrete random 
vectors can be handled in the above framework if we call the probabili ty 
tunction 

((x,) = P(x = x,). i = 1,2, ... , } 

((x)=O. otherwise. 
(2.1.4) 

the (discrere) p.d./. o( x and replace the integration in (2.1.2) by the 
summation 

P(xeD) = L I(x,). (2.1.5) 
, . .... eD 

However. most of the emphasis in this book is directed towards abso
lutely continuous random vectors. 

The support S of " is defined as the set 

S = {xe R" :{(x» OJ. (2.1.6) 

Tn examples the p.d.f. is usually defined only on S with the value zero 
elsewhere being assumed. 

Marginal and conditional dislributions Consider the partitioned vector 
" = (x,. x;,), where "1 and "> have k and (p - k) elements. respectively 
Ik<p) . The function 

P(x,,,; ,,~) = F(x~, .... x~. "' •. . .. 00) 

" called the marginal cumulative distribueion {ullclio" (margina! c.d.£.) of 
',. In contras! F(x) may then be described as the ioinl c. d.f. and {(x) may 
be called tbe joint p.d.f. 

Let " have joint p.d.L ((x) . Then tbe marginal p.d.f. of l( , is given by 
the integral of f(x) over X2~ that is. 

,,(x,) = f~ {(x ,. x,) d1l.2 · (2.1.7) 

I he marginal p.d.f. of x" f,(x,). is defined similarly. 
For a given value of Xl. say, XI =x~. the condifiona l p.d.f. of X2 is 

rroporlional to {(x~, x,), where the constant of proportionality can be 
calculated from the fact that this p.d.f. must integrate to one. In other 
words, tbe conditional p.d.f. of X2 given ", = x~ is 

I - 0) f(x~. xoJ 
{(X2 x, - " 1 f,("~)' (2. 1.8) 

(/t is assumed that (, (X~) is non-zero .) The conditional p.d.!. of x , given 
x, = x~ can be defi ned similarly. 
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In general , two random variables can each have Ole same marginal 
distribution, even when their joint distributions are different. For in
Slance, the marginal p.dJ.s of the following joint p.d.f.s, 

fIx"~ x~)= L 

and (Morgenstern, 1956) 

(2.1.9) 

{(XI' X2) = 1 +a(2x,-I)(2x,-1), 0<.>:" -'2<1, - I~a~l. 
(2.LlO) 

are both uniform, although the two joint distributions are different. 

Independence When the conditional p.dJ. f(x, 1 x, = ll~) is tbe same for 
all values of x~, then we say that x, and "2 are statisrically independent of 
each other. In such situations, r(x2 1 '" = .x~) must be f, {x2). Hence, the 
joint density must equal the product of the marginals, as stated in the 
following theorem. 

Theorem 2.Ll I! "I and " are staristically indepelldent then 

fI x) = f,(x')!2(x,). 

ote that the variables X , and X, arc independent for tbe p.d.!. given 
by (2.1.9), whereas the variables io (2 . I. LO) are dependent. 

2.2 Population Moments 

In this section we give the population analogues of the sample moments 
which were discussed in Section 1.4. 

2.2.1 Expectation and correlation 

If " is a random vector with p.dJ. ((x) then the expee/alioll or mean of a 
scalar-valued function g(x) is defined as 

Erg(x» = [ g(x)!(x) dx . (2.2.0 

We assume that all necessary integrals converge, so thaI the expectations 
are finite. Expectations have the following properties: 

(J) Linearity. 

E[a , g,(x)+a2 g,(x)]= a ,E [g,(x)]+ a2E [g2(")]. (2.2.2) 

(2) Partition, x'=(xj , x~) . The expectation of a function of x, may be 
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written in terms of the marginal distribution of x, as follows: 

E{g(x ,)} = J~ g(" I)!(x) dx = r g(x,){,(x,) dx" (2.2.3) 

When fl is known, the second expression is useful for computation. 

(3) 11 X I aDd X2 are independent and g.(xtl is a function of x, only 
(i = 1, 2) , then 

(2.2.4) 

More generally, the expectation of a matrix-valued (or vector-valued) 
function of X, G (x) = (g.j(x» is defined to be the matrix 

E[G(x)] = (E [g.,(x)]). 

2.2.2 l'opnlation mean vector and covariance matrix 

The vector E(x) = J.l is called the popu!atioll meall vector of x. Thus. 

"'" = [ xl(x) dx, i = 1, . .. l p. 

The population mean possesses the linearity property 

E(Ax+b)= AE(x) + b. 

where A(q Xp) and b(q x I) are constant. 
The matrix 

E{(x-I1)(x- I1)'}= 1:= Vex) 

(2.2.5) 

(2.2.6) 

IS called the covariance matrix of" also known as the variance
<:ovariance or dispenjon matrix). For conciseness, write 

(2.2.7) 

10 describe a random vector with mean vector 11 and covariance matrix 1':. 
More generally we can define the covariance between two vectors, 

,,(p x 1) and y{q x 1), by the (p x q ) matrix 

C(x, y) = E{(x- 11)(Y -vy}, (2.2.8) 

where 11 = E(,,), v = E(y). Notice the following simple properties of 
covariances. Let Vex) = 1:=(u,j). 

(1) U'; = C(X;, X;), i'" j; u" = V(X; ) = ut, say. 

(2) 1:=E(xx')- ...... ' . (2.2.9) 

(3) V{a'x) = a'V(x)a = L a,a;u". (2.2.10) 
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for all constant vectors a. Since the left-hand side of (2 .2.10) is 
always non-negative. we get tbe following result: 

(4) l>O. 

(5) V(Ax-.-b)=AV(x)A', (2.2.11) 

(6) C(x. x) = VIs). (2,2.12) 

(7) C(x. y) = C(y. x)" 

(8) C(XI +X2. y)= ('(XI' y)+ C(X2. y). (2.2.13) 

(9) If p=q. 

V(~+y)= V(~) + C(x. Y) + C(y. x) + V(y). (2.2.14) 

(lU) C(Ax. By) =AC(,q)B'. (2.2.15) 

(11) if x and yare independent then C(x.y)=O. 
However the converse is nor true. See Exercise 2.2.2. 

Example 2.2.1 Let 

f( ) - {XI + X2 , 
XJ' Xz ~ n. 

Then 

O~xL,~~l~ 

otherwise. 
(2.2.16) 

= rE(X,)]= [7112] 
I'- l.E(x,) 7112 ' 

I= [0'11 a12]=[ 111144 -11144]. 
0',. 0'22 -11144 11/144 

Correlation malT;x The population correlation matrix is defined in a 
manner similar to its sample counterpart. Let us denote the correlation 
ooeflicient between the ith and jth variables by Pi,. so that 

p" = a,1 <T .ai' i "" j. 

The matrix 

P= (p,,) (2.2.17) 

with p" = 1 is called the populatioll correlation matrix. Taking .1 = 
diag(O',). we bave 

l' =.1- l lA-'_ 

The matrix 1';;.0 because );;;.0, and .1 is symmetric. 

Generalized variance By analogy with Section 1.4.2. we may also define 
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the population generalized uariance and IOtal variation as Il:! and tr I. 
respectively. 

1.2.3 Mahaianobis space 

We now turn to the population analogue of the Mahalanobis distance 
given by (1.6.1). if x and yare two points in space. then the Mahalallobis 
distance between X and y, with metric 1:. is the square root of 

£Ii(x. y) = (X_y)'~I(lI- y). (2.2.18) 

(The SUbscript I may be omitted when there is no risk of confusion.) The 
matrix .1: is usually selected to be some convenient covariance malTix. 
Some examples are as follows. 

(J) Let x-{iJ.,,);) and let y-(I'-2, .1:}. Then £1( .. " 1'-2} is a Mahalanobis 
distance between the parameters. ]t is invariant under transforma
tions of tbe form 

x---> Ax+b. y---> Ay+b. .1:--- AIA', 

where A is a non-singular matrix. 

(2) Let x-(I'-.l:). The Mahalanobis distance between x and 1'-, L1(x.I'-). 
is here a random variable . 

(3) Let :<-(1'-1.1:). y-(p."I). The Mahalanobis distance between x 
and y is .1(x, y). 

2.2.4 Higher moments 

Following Section 1.8. a kth-order central moment for the variables 

' .. , . ... "'. is 

{ . } II, 1. '_ E _ f, IJ.". "" ,. - II (x,. lJ.,l , .-1 
where i. + ... + j, = k, j, "" 0, r = 1. .... s, Further. suitable population 
counterparts of the measures of multivariate skewness and kurtosis for 
random vector x-( .. , 1:) are. respectively, 

{31 .• = E{(x - 1'-)'.1:- 1 (y -I'-W. 
{32 .• = E{(l1- .. )'rI(X- I'-W, 

(2.2.19) 

(2.2.20) 

where x and yare identically and independently distributed (see Mardia. 
I <)70a). It can be seen that thcse measures are invariant under linear 
transformations. 
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Example ~.2.2 Consider the p.d.f. given by (2.1.10) which has unitorrn 
marginals on (0. 1). We have 

where 

fL, = T'- '{l + (- I )')/(r + 1), 

which is the rth central moment for the uniform distribution on (0, 1). Let 
')In = I-YU~(]'2. Then 

Consequently, using these in the population analogue of Exercise 1.8.1, 
we have 

Ilu =0, IlL2 = 4(7 - 13p')/{S(1- p')'}. 

2.2.5 Conditional moments 

Moments of x , 2 are ,-ailed conditional moments. 1n particular. 
E( ,I "') and Vex, I "') are the conditional mean vector and the condi
tional variance-covariance matrix of x , given "X2' The regressioll curve of 
x, On "2 is defined by the conditional expectation function 

E (x , I x, ), 

defined on the support of x, . If this function is linear in X2, then the 
regression is called linear. The conditional variance function 

defines the scedosric curve of x, on " 2 ' The regression of '" on x, is called 
/tomoscedasric if V(x, I x,) is a constant matrix. 

Example 2.2.3 Consider the p.d.!. given by (2.2.16). The marginal 
density of x., is 

{,(x.,)= r (x, + x,) dx, = x.,+!, 

Hence the regression curve of x, on x., is 

I, I I' x,(X,+X2) E (x, l x,)= x,f(x, x,Jdx,= , dx, 
I , X2 T l 

O<x,< 1. 

(3x2 + 2) 

3(1 +2x,,)' 
O<x,< 1. 
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This IS a decreasing function ot x." so the regression is not linear. 
Similarly, 

so that 

Vex , I x,) = (I +6x,+6xW{18 (1 + 2x,) '}, O<x, < I. 

Hence the regression is not homoscedastic. • 

In general, if aU the specified expectations exist. then 

E(x,) = E{E(x, b(2») ' (2.2 .21) 

However, note that the conditional expectations £ ('" 1 xJ may all be 
finite, even when E(,,) is infinite (see Exercise 2.2.6). 

2.3 Characterutic Functions 

Let :r be a random p-vector. Then the characteristic function (c.f.) of x is 
defined as the function 

<I>.(t) = E(e"')= J e"'f(,,) d", teR· . (2.3.1) 

As in the univariate case, we have the following properties . 

(1) The characteristic function always exists, <1>.(0)= 1. and 1<I>.(t)lo;;; l. 

(2) (Uniqueness theorem.) Two random vectors have the same c.!. if 
and only if they have the same distribution. 

(3) (Inversion theorem.) If the c.f. <I>.(t) is absolutely integrable, then x 
has a p .d.f. given by 

f(x ) = (2~). [ e- 'h<l>.(t) dt. (2.3.2) 

(4) Partition, '" = (r" ,,~) . The random vectors ". and "2 are indepen
dent if and only if their joint c.!. factorizes into the product of 
their respective marginal c.f.s; tbat is if 

(2.3.3) 
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where t' = (I;, I;). 

(5) . 1 {C"-'+" } E(x',' ... x~) = ., + .+, a j a 1 <1>.(1) 
I 1 .. t ,I . .. Ip 

1=0 

when this moment exists. (For a proof, differentiate both sides of 
(2 .3.1) and put 1=0.) 

(6) The d. of the marginal distribution of x, is simply <P.(t,. 0). 

(7) IT " and yare independent random p-vectoIS then the d. of the 
sum X + y is the product of the c.Ls of x and y. 

(To prove this. notice that independence implies E(e,n.-y,) = 
E(e,r')E(e"').) 

Example 2-3.1 Let a lx,. x,) be a continuous positive function on an 
open set S £ R2. Let 

(Xl> X2) = a(x" x,)q(O,. 0,) exp {x, 0, + x,o,l, xE S, 

be a density defined fo r (0" O,)E{(O,. 8,): l/q(O" 8,)<00) where 

l/q(8,.I1,,= J a(x" x,)exp {x,II, + x,lIz} dx, dx, 

is a normalization constant. Since this integral converges absolutely and 
uniformly over compact sets of (0" 0,). q can be extended by analytic 
continuation to give 

<P<, . .,( t, . I,) = J e"'<'+" ' '''{(x,. x2 ) dx, dx, = q(8,. 8,)/q(8, + ill' 92+ il,). • 

We end this section with an important result. 

Theorem 2.3.7 (Cramer-Wold) The dislributioll of a random p-veclo, X 

is complelely determilled by the sel of all one-dimellSional distribulimlS of 
Ii'lear combinations t'x. where t E R P ranges tllTough all fixed p-vectors. 

Proof Let Y = t'x and let the c.f. of y be 

d>,ls) = E[e""j= E[eb
"']. 

Ciearly for s = 1, <1>, (1) = E[ e'h], wbich. regarded as a function of I, is tht: 
d. of E. • 

The Cramer-Wold theorem implies that a mUltivariate probability 
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distribution can be defined completely by specifying tbe distribution of all 
its linear combinations. 

2.4 Transformations 

Suppose that fIx) is the p.dl. of x. and let x = u(y) be a tTansformation 
from y to x which is one-to-one except possibly on sets of Lebesgue 
measure 0 in the suppmL~ of x and y. Then the p.d.L of y is 

f[u(y)}]. (2.4.1) 

where J is the Jacobian of the transformation from y to x. It is defined by 

) = absolute value of II I. J=(Cx,) . 
dY, 

(2.4.2) 

and we suppose that J is never zero or infinite except possibly on a set of 
Lebesgue measure O. For some problems, it is easier to compute J from 

- I ny I J '= absolute valu" of iI~ (2.4-3) 

using the inverse transformation y = u-'(,,). and then substitute fOT x in 
ternlS of y. 

(1) Unear tran.~formalion. Let 

)' ~Ax b. (2.4.4) 

where A is a non-singular matrix. Clearly, x = A-J(y - b) . TI,ere
fore ox,/iJy, = £tOo. aDd the Jacobian of the transformation y to " is 

(2.4.5) 

(2) Polar trailSformation. A generalization of the two-dimensional 
polar transformation 

x = r cos 8, 

to p dimensions is 

y = rsin /I, r>O. 0,.,0<211, 

,.='0(9). 9 =(6, ..... 6p _,)' . (2.4.6) 

where 
.-, 

u, (9) = cos 8, n sin 6,. sin 60 =005 lip = I. 
r " 

and 

j=l. .. p-2. ,>0. 
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Table 2.4.1 Jacobians of some transformations 

Transfonnation 
Y to X 

X = y- I 
X = AY + B 

X = AYB 

X=AYA' 

X=Y¥ 

Res triction 

1'( p X p) aod non-singular 
(aU elements random) 

V symmetric and non-singular 
Y(p x p). A(pxp) non-singular. 

B(p xp) 
Y(p Xq), A(p x p), and B(qxq) 

non-singular 
Y(p X p) symmetric, A (p x p) 

non-siogular 

Y lower triangular 

J~hian 

(absolute value) 

I -~ 
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The Jacobian of the transformation from (r,9) to x is 
0 - 1 

J = , p - 1 IT sin P - I 8
i
-

1
. (2.4.7) 

Note that the transformation is one to one except when r = 0 or 
0, = 0 Or -rr, for any j = I. ... • p-2. 

(3) Rosenbla tt's transfomwtion (Rosenblatt, 1952). Suppose that x 
has p.d.L fix) and denote the conditional c.d.f. of x, given 
x l _ .. ,X, - l by F(x, I x, , ... , x, - ,), j = 1. 2, .... p. 'lbe Jacobian of 
the trartsformation x to y, where 

y, = F(x, I x," .. ,x,-,). i=l, ... ,p~ (2.4.!!) 

is given by {(x" . . . . x,,). Hence, looking at the transfonnation y to 
x, we see that y" ..• , y. are independent identically distributed 
uniform variables on (0. 1). 

Some other Jacobians useful in multivariate analysis are listed in Table 
2.4.1. For their proof, see Deemer and Olkin (1951). 

2.5 The Multinormal Distribution 

2.5..1 Definition 

In this section we introduce tbe most important multivariate probability 
distribution. namely the multivariate normal di.tribution . U we write the 
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p.d.f. of N(,.,..0'2), the univariate normal with mean ,.,. and variance 
~2>O, as 

{(X) = {21f<T2}-Jn exp {-1{x - ,.,.)t.r}- '(x - ,.,.)}, 

then a plausible extension to p variates is 

f(x) = 12-rrII- 1I2 exp t -1{x- ,,)'I- 1 (x-,,)}, (2.5 .1) 

where .1:> O. (Observe that the cortstant can be also written 
l<2-rr)p/2III'I2}- '.) Obviously, (2.5.1) is positive. It will be shown below in 
Theorem 2.5 .1 that the total integral is unity, but first we give a fonnal 
definition. 

Definition 2.5.1 The random vector x is said to have a p-variate normal 
(or p-dimensional multinormal or multivariate IIOnnal) distribution with 
mean vector" and covariallce matrix .I if its p.d.f. is given by (2.5.1). We 
write,. - Np (". I ). 

The quadratic form in 2.5.1 is equivalent to 
o 0 

L L 0'''(", - ",)(..,. - 1-';), 
1_ 1 i -I 

The p.d.f. may also be written in terms of correlations rather than 
covariances . 

Theorem 2.5.1 LeI x have the p.d.f. givell by (2.5 .1), and let 

y = L 1J2(lt-,,), (2.5.2) 

where LIn is lhe symmetric posilive-de/inik squar~ root of I - '. Then 
Yl" .. , Y. are independent N(O, 1) variables. 

Proof From (2.5.2), we have 

(x-jl.j'L'(x- jl.)=Y'y. (2.5 .3) 

From (2.4.5) Ihe Jacobian of the transformation y 10 x is III'n. Hence, 
using (2.5.1), the p.d.f. of y is 

(y) _ 1 -x"n. 
g -(2-rr)p/2e ' . 

Note that since g(y) integrates to 1, (2.5 .1) is a density. 

CoroUary 2.5.L.l If:r has the p.d.f. given by (2.5.1) then 

E(x) =,., Vex) = J:. 

Prool We have 

E(y) = 0. V(y)=I. 

(2.5.4) 

(2.5.5) 
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From (2.5.2). 
,,= 'I' !2y + IL 

Using Theorem 2.2.1, the result follows. • 

3H 

12.5.6) 

For p = 2, it is usual to write P'2 as P. -1 < P < 1. In this case the p.d.I. 
becomes 

I 
{(x" x,) = 2 (1 2)'12 x 

1rU.U2 -p 

exp [ 
] l(x'-IL,)2 

2( 1_,.» a~ 

2.5.2 Geometry 

We now look at Orne of the above ideas geometncally. The multivariate 
normal distribution in p dimensions has constant density on ellipses Or 
ellipsoids of the form 

(2.5.7) 

c being a constant. These ellipsoids are called the COlltOl<rS o[ the 
distribution or the "ellipsoids of equal concentrations" . For ", = O. these 
contours are centred at x = O. and when 'I = I the contours are circles or in 
higher dimensions spheres Or byperspheres. Figure 2.5.1 shows a family 
of such contours for selected values of c for the bivariate case. and Figure 
2.5.2 shows various types of contour lor differing", and I. 

The principal component transformation facilitates interpretation of the 
ellipsoids of equal concentration . Using the spectral decomposition 
theorem (Theorem A .6.4). writel:= rAr'. where A = diag (A, •...• Ap) is 
the matrix of eigenvalues of I . and r is an orthogonal matrix whose 
columns are the corresponding eigenvectors. As in Section 1.5.3, define 
the principal componenl Iralls{on/lutio/l by y = ["(x -11-). In terms of y. 
(2.5.7) becomes 

so that the components of y represent axes of the ellipsOid. TIus property 
is illustrated in Figure 2.5.1, where y, and y, represent the major and 
minor semi-axes of the ellipse. respectively. 

2.5.3 PropeJ1ies 

If x - No("" I). the following results may be derived. 
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'. 
6 

4 

2 

OL-----~----~2~----~----~4------~----~6t_-+" 

Figure 2.5.' Ellipses of eq14al conce,llfation for lhe hiL'ariare normal dislribUlion. 
.thow;"g 'he principal compot1cms )'1 and Y2. where tAo' = (3.3), (TIl = 3. (Tu = l~ 
"22 = 3. 

Theorem 2.5.2 

(2.5.8) 

Proof From (2.5.3) the left-hand side is L y;. where the y,' are indepen
dent N(O, 1) by Theorem 2.5.1. Hence the result follows. • 

Using this theorem IVe can calculate the probability . of a point x 
falling within an ellipsoid (2.5.7). from chi-square tables, SIDce It amounts 
to calculating Pr (U '" c'). 

Theorem 2.5.3 The c.f. of x is 

4>,(t) = exp (it'", - ~t'l:t) . (2.5.9) 

Proof Using (2.5.6). we find that 

4>,(t) = E(e"') = e'''~ E(c'··'). (2.5.10) 
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-I -I o 

(0) (b) 

o 

(el (d l 

Figure 2.5.2 Ellipses of equal concePl:ration for the bivariate normal disrriburion 
with c=l. 

(a) ... = (1. I). l: = (~ ~). (b) jI. ' = (0. O). l: = (~ ~). 

(e) v.·= (o.O),l:=C: -~) . (d) v.' =(O,O), l:=e ~). 
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where 

0 ' = t'I. t il. (2.5.11) 

Since the y, are independent N(O,I ) from Theorem 2.5.1 , 
p p 

E(e''''') = n <pyJ", ) = n e--:12 = e- o
•
o12

• (2.5. 12) 
I - I i- I 

Substituting (2.5.12) and (2.5.11) in (2.5.10), we obtain the required 
result. • 

As an example of the use of c.f.s we prove the following result. 

Theorem 2.5.4 All IIOII - Irivial Iillear combinations of the elements of x 
are univariate normal. 

Proof Let s >'O be a p-vector. The c.f. of y =s'" is 

<p,(t ) = <I>.(IS) = exp {its'jL -ir2a':Ea}. 

whicb is the c.f. of a nonnal random variable with mean a'v. and variance 
a'Ia>O . • 

Theorem 2.5.5 (3 , .• =0, (32.., = p(p +2). 

Proof Let V = (X- jL)'X-'(Y-jL), where I< and yare i.i.d. N.c.., l:.) . Then, 
from (2.2 .19), (3l.. =E(V'). However , the distribution of V is symmetric 
about V =O, and therefore E(V')=O. From (2.2.20) and (2.5.8), 

(32 .• = E{(x;), )= p(p+2) . • 

The multinormal distnoution is explored in greater detail in Chapter 3 
lL,ing a density-free approach. 

·2.5.4 Singular moltinormal distribution 

['he p.d.f. of N,c.., l:.) involves X- '. However, if rank (l:.) = k < p, we can 
define the (singular) density of I< as 

(271) -1(12 {'( )' ( )} 
(A, ... A.) 1/2 el<p - , X- Il X- x-Il , (2.5.13) 

where 

(1) " lies on the hyperplane N'(x- l1) = 0, where N is a pX(p-k) 
matrix such tbat 

N'l:= O, N'N=I._k' (2.5.14) 
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(2) 1:- is a g-inverse of 1: (see Section A.S) and A". ", >'. are the 
noD-zero eigenvalues of 1:. 

There is a close connection between the singular density (2.5.13) and 
the non-singular multinormal d;stribution in k dimensions. 

Theorem 2.5.6 Let y-N. (O. A,), where A, = diag(A , ....• Ad. Then 
there exists a (p x k) column orrhononnal marrix 8 (that is, 8'8 = I .) such 
that 

I = 8Y + 11 (2.5.15) 

has the p.d./. (2.5.13) . 

Proof The change of variables formula (2.4.1) has a generalization 
applicable to hypersurfaces. If x=4>(y), YER '. IERP, is a parametriza
tion of a k-dimensional hypersurface in R P(k"'p), and g(y) is a p.d.!. on 
R', then" has a p .d.!' on the hypersurface given by 

[(I) = g(4) - '(x» 10 '0 1-112
, (2.5 .16) 

where 

D =l>(x) = (CleMY») I 
c3y, '- "' • . (s) 

is a (p x k) matrix evaluated at y = 4>-'("), and we suppose 10'01 is never 
zero. 

By the spectral decomposition theorem we can write 1: = r Ar', where 
A=diag(>. " .... A., O . ... , O) and f=(B:N) is an orthonormal matrix 
partitioned so that 8 is a (p x k ) matrix. Then 1: = 8A,8', 8'8 = I., 
B'N = 0, and N'N = 1,, -•. Notice that N can be taken to be the same as in 
(2.5.14). 

The transformation" = 8y+", parametrizes the hyperplaneN'(I-IL) = O. 
The p.d.l. of y is given by 

(2.".)-1<12 (1 ~ Y~ exp -~ l...-
(A, ... A.)' 12 A, ' 

Now r Y?/A,=y'A;'y=(x- ",)'8A~'B'(X-I1) and BA-;-' 8' is a g-inverse 
of 1:. Also, for this transformation, D = B and IB'8I'I2= 11.1'12= 1. Thus, 
Lhe p.d.f. of ((x) takes the form given in (2.5.13). • 

Using Theorem 2.5.6, it is easy to show that many properties (or the 
non-singular multinormal carry over LO the singular case. 

Corollary 2.5.6.1 E(x)= ",. V(x) = 1:. • 

Corollary 2_5.6.2 c/>.(t)=exp{it'I1- WU}. • (2.5.17) 
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CoroUary 2.5.6_3 If a is a p-t:eclOr and a'l:a > O, then s 'x has a uni
!'onate nomlat disrribunon. • 

2.5.5 The matrix normal distribution 

Let X(n x p) be a matrix whose " rows. x~, . .. ,x:., are independenUy 
dIStributed as N p ()l.. 1:). Then X has the matrix nonnal disrrib,llion and 
represents a random sample from N,,(I1.1:). Using (2.5.1), we find that the 
p.d.f. of X is 

n 

f(X) =12.".l:I nl2 exp {-i r (X,- l1yr-'(X, - I1)} ,., 

2.6 SQme Multivariate Generalizations of Univariate 
Distributions 

We j!lVe below three COm mOn techniques which are used to generalize 
univariate distnbuLions to higher dimensions. However, caution must be 
e.\ercised because in some cases there is more than one plausible way to 
carry out the generalization. 

2.6.1 Direct generaIizations 

Often a property used to denve a univariate distribution ha, a plausible 
(though not necessarily unique) extension to higher dimensions. 

(1) The simplest example IS the multivariate normal where the squared 
tenn (x - ,...)2/0'2 in the exponent of the one-dimensional p.d.f. is 
generalized to the quadratic form (x-I1)'1:-'{X-IL). 

(Z) U x-N.()I.,1:) and l~ =exp(x,). i= I .... . p, then 0 is said to bave 
a multivariate log-normal distributioll with parameters 11, 1:. 

(3) Lei x-Np ()I., 1:) and )'-X; be independent. and set U, =xj(Y/V)ll2. 
i = I, .. " p. Then 0 has a multivariate Student 's t-disrribution with 
parameters 1L,1:, and., (Corni..h. 1954; Dunnett and Sobel. 1954). 
The case II = 1 is termed the multivariate eauch)' disrributioll. See 
Exercise 2.6.5. 

(4) The Wishan distributioll defined in Charrer 3 is a matrix generali
zation of the X2 distribution. The p.dJ. is given in (3.8.1). 
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(5) The multivariate Pareto distribution (Mardia. 1962. 1964a) has 
p.d.L 

( . )-I[ • x,] -<.'Ol 
f(x)=a(a+I) . .. (a+p-l) .I1 bi I-p+'~1 b. . 

Xi >b" i = 1, . ..• 17, (2.6.1) 

with parameters bi > 0, i = 1. . .. ,17, and a> O. It generalizes the 
univariate Pareto distribution because its p.d.f. is given by a linear 
function of" raised to some power. See Exercise 2.6.4. 

(6) The Dirichler disrribtlcion is a generalization to p dimensions of the 
beta distribution (see Appendix B) with density 

f(x" . . . ,x.,) 
r(t ~) ( . ) .. _ 1 0 

'_0 1" n . - 1 
p - L xt x,', 
n r(a,) .- 1 ,- I 

i .. O 

• 
x,>O, i=I •...• p. L ","'1 . (2.6.2) 

, - I 

where ai > O. i = O. I •.... p. are parameters. 

(7) The mulrinomial distribution is a discrete generalization to p dimen
sions of the binomial distribution. For parameters a I, ...• ap (a i > O. 
i = I • ...• p. I~- I a, = I) and n (a positive integer), tbe probabilities 
are given by 

(2.6.3) 
o 

II, '" O. i = 1, ...• P. L " i = '" 
'=1 

otherwise. 

The mean and covariance matrix of this clistribution are given in 
Exercise 2.6.6 and its limiting behaviour for large n is given in 
Example 2.9.1. 

2.6.2 Common components 

Let ffi be some family of distributions in one dimension and let 
" 0. II ... . ..... denote independent members of ffi. Set 

i = t •...• p. 
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rhen the distribution of " is one possible generalization of ~. This 
approach has been used to construct a multivariate Poisson distribution 
(see Exercise 2.6.2) and a multivariate gamma distribution (Ramabhan
dran. 1951). 

2.6.3 Stochastic generalizations 

Sometimes a probabilistic argument used to construct a distribution in 
,)ne dimension can be generalized to higher dimensions. The simplest 
example is the use of the multivariate central limit theorem (Section 2.9) 
to justify the multivariate normal distribution. As another example. 
consider a multivariate exponential distribution (Weinman. 1966; Jobn
'on and Kotz, 1972). A system has p identical components witb times to 
failure Xl •••.• x.,. Initially. each component has an independent failure 
rate ,1,0> 0. (If the failure rate were constant for aU time. the life time of 
eacb component would have an exponential distribution. 

fix. Au)= Ao' exp (- X/Ao). x>O.) 

Ilowever. once a component fails . the failure rate of the remammg 
,"mponents changes. More specifically. conditional on exactly k compo
.Icnts having failed by time I> 0, each of the remaining p - k components 
has a fail ure rate A. > 0 (until the (k + l}th component fails). It can be 
, hown that the joint p.d.f. is given by 

n .I. ,' exp - L (p-i) (X(I_ll -
x"Jl . (0-

1 ) { O-I } 
j ... n 1-0 A, Xi>O' i=l , .. . p, (2.6.4) 

where x (O) = 0 and x(1) ~ X(2 ) ~ ••• :s:;; x (p) are the order statistics. 
A different multivariate exponential distribution has been described by 

Marshall and Olkin (1967). using a different underlying probability model 
("''' Exercise 2.6.3). 

2.7 Families of Distributions 

2.7.1 lbe exponential family 

rhe random vector J: belongs to the general exponential family if its p .d.!. 
" of Ihe form 

f(J:;6) =exp [aC\(6)+b"(J:)+ ,~ a.(6)bl (J:)], xeS. (2.7.1) 

where 6'=(6 .. . ... 6,) is th" vcClOr 01 parameters. exp[ao(9)] is the 
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normalizing constant. and S is the support. If r=ll and a.(9)=8,\ljoO). 
we say that x belongs to the simple exponential family (se~ (2.7.4)). The 
general exponential family (2.7.1) includes most of the important UnI

variate distributions as special cases, for instanoe the normal, Poisson, 
negative binomial , and gamma distributions (Rao. 1973, p. 195). 

Example 2.7.1 Putting 

(b" ...• b.) =(x" .. . , x", xi, ... , x!. XIX" x,x" ... , x,,-lx,,) 

in (2.7.1). it is seen that N.(p. , 1:). whose p.d.!. is given by (2.5.1), belongs 
to the general exponential family. 

Example 2.7.2 A discrete example is the logir model (Cox. 1972) 
defined by 

log P(x l .. ..• x,,) = a,,+ I a,x, + I Q,;X,X, + I ll,J'x,-'jX, + .. . , 
12.7 .2) 

for X, = ± I. i = 1, .. . , p. If a" =(), a". = 0, ... , the vadables are ,"depen
dent. The logit model plays an important role in contingency tables where 
the variables Zi = ~(x, ~ I), taking values 0 or I. are of interest. The 
interpretation of parameters in (2.7.2) is indicated by 

i log {P(x, = I I X, .. ... x" )/P(x , = - I I "2.' .. , x,,)} 

= a l +a I2x,+ ... - u,.x,,+a'23x2xJ+' " (2.7. 3) 

sinoe a23, etc., do not appear in this expression. 

Properties of expol1ential families 

(l) For the simple exponential family , 

[(x; 9) = exp r a,,(9) + bo(xl+ t 8i b, (x) l XES, (2.7.4) 

the vector (b ,(x), . ... bq( x» is a sufficient and complete statistic 
for 6. 

(2) Consider the set of all p.d.!.s g(x) with support S satisfying the 
constraints 

E{b, (xl) = c" i=I ..... q, (2.7.5) 

wbere the c, are fixed. Then the entropy E{ -log g(x)\ is maximized 
by the density f(x; 6) in (2.7.4), provided there exists II for which 
the constraints (2.7.5) are satisfied. If such a II exis!;;, the maximum 
is unique (see Kagan el aI. , 1973, p. 409; Mardia, 1975a). 
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The above maximum entropy property is very powerful. For example, 
if we fix the expectations of "" . ..• x", x~ •... , x;, "lX" ... , x"-lx,,, 
"E R" then the maximum entropy distribution is tbe multinormal dis· 
tribution . 

Extended exponential family Let us assume that a randnm vector y is 
paired with an observable vector x. Then an extended family can be 
defined (Dempster, 1971, 1972) as 

(2.7.6) 

where at) depends on X, and the parameters 8". If (x'. y')' has a multioor
mal distribution, then the conditional distribution of y I x is of the form 
(2.7.6). Obviously, the conditional distribution (2.7.3) for the logit model 
i~ also a particular case. 

2.7.2 The spberical family 

If the p.dl. of x can be written as 

[(x) = g(E'x) (2.7.7) 

then the di~tribulion of" is said to belong to the spherical family sinoe it 
IS spherically symmetric. 

Note that r = (x'x) ,,2 denotes the Euclidean distance from X 10 the 
""gin. Hence for all vectors x with the same value of r the p.d.f. given by 
12.7.7) bas tbe same value. In other words. the equiprobability contours 
are byperspheres. 

Example 2,7.3 [f x- Nr(O, 0'21). then the p.d.f. of x is 

(21TO")-c>12 exp (-ir 2/0") . 

Hence, Nr (O,0'21) is spherically symmetric. 

Example 2.7,4 The multivariate Cauchy distribution with parameters 6 
and I bas p.d.!. 

[(x) = ",-'" 1)12 r{Mp + 1 n(l +x'x)-',-I)IZ, 

.H1d belongs to the spherical family (see Exercise 2.6.5). 

The following is an important property of spherically symmetric dis
I ributions. 

Theorem 2.7.] The value of r = (x'x)11Z is srarisrically independenr of any 
,cale-invariam [u"ction of l<. 
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Proof Using the polar transformation (2.4.6) and the Jacohian (2.4.7). 
we see that the joint density of (r, 9), 

[--' ] r-- 'g(r' )dr IT sin P -'8, _, dO, .. . d9p _ " 

, -2 

factorizes; hence rand 9 are statistically independent. ote that 9 is 
"'Iifomlly distributed on a p-dirnensional hypersphere . 

A function hex) is scale-invariant if hex) = h(ax) for aU a> O. Setting 
a = Ilr, we see that h(x)= II{ru(9)}=/I{u(8») depends only on 9. Thus, 
h (x) is independent of r. • 

This theorem can also be proved i.n a more general setting, which will 
be useful later. 

Theorem 2.7.2 Let X(n )< p) I", a random matrix which when thought of 
as an np-vector XV is spherically symmetric. If heX) is any col .. mn-scale
invariant [ .. nclion of X. then heX) is indepetldelll of (r, • . ..• ro). where 

j = L ... . p. 

Proof Write R 2 = I ri- Then the density of X can be written as g(R2
) X 

n dx" . Transforming each column to polar coordinates, we get 

Thus (r, •. .. . ro) i~ independent of 9 = (9,, ). 
A function heX) is column -scale -invariant if h(XD) = heX) for a ll 

diagonal matrices D >O. Setting D =diag(r, ' , . . .. r; ') , we see tbat 

h(X) = lI(r,u,(8,1) •... , r.II.(9,.,» 
= h(o ,(9(1) " .. , uo (8,. ,» 

depends only on 8. where each u/(8m) is the function of the jth column of 
8 defined as in (2.4.6). Thus, h (X) is statistically independent of 

( r io' . .• ro)' • 

The above discussion can be extended to elliptically symmetric dis
tributions, 

[(x) = g«x -j.L)':I'"" , (x -"'», 
by noting that y =2"2(X-"') is spherically symmetric. 

Often results proved for the multinormal distribution Nr(O. O"() are 
true for all spherically symmetric distributions. For example. if the vector 
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• x" . . . . x",+n ) is spberically symmetric, then 

(2.7.8) 

where F .... n is the F-variable (see Dempster, 1969; Kelker, 1972). 

2..7.3 Stable distriblltions 

.\ univariate random variable x witb c.d.!. F(x) is called stable if. (or all 
Il, > 0. b2 > 0. there exists b>O and c real such that 

F(x/ b,)*F(x/b,) = F((x-c)/b), 

where * denotes convolution. This concept has been generalized to 
higher dimensions by Levy (1937). A ralldom ""ctor " is srable if every 
hnear combination of its components is univariate stable. Calix symmetric 
"hout a if x-a and - (x - a) have the same distribution. Then a useful 
,ubclass of the symmetric stable laws is the set of random vectors whose 
"f. is of the fonn 

,. 
log <I>.(t) = ia't - ! L (rn jt)an . (2.7.9) 

, -, 
where II < a ,,;2. m"" 1. and 0 , is a (p X p) positive semi-definite matrix of 
m nstants for i = I, . . . , m. Equation (2.7.9) gives the c.f. of a non
,mgular multivariate stable distribution if E O, > 0 (Press, 1972, p. 155). 

The Cauchy distribution and the multinormal distribution are the two 
",nst important stable distributions. For further details and applications in 
,.able portfolio analysis see Press (1972). Chapter 12 . . 

2.8 Random Samples 

(" Section 2.5.5. we met the idea of a random sample from the N. {j.l.:I) 
oIi\ tribution. We now consider a more general situation. 

"uppose that "" .... Xn is a random sample from a population with 
p d. f. fix; 9), where 9 is a parameter vector: that is, X,' . •• ' Xn are 
",dependently and identically distributed (Li.d.) where the p.d.!. of x, 
" I (¥, ; 6 ), i = 1, . . . , II. (The function f is the same for each value of i.) 

We obtain now the moments of X, S and the Mahalaoobis distances, 
""der the assumption of random sampling from a popUlation with mean '" 
11,,1 covariance matrix :I. No assumption of normality is made in this 
·.t·.:tion_ 
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Theorem 2.8.1 E(i ) = ... a" d Vei l = (1/,,)1:. 

Proof Since E (Xi) = .... we have 

_ 1 " E(x)=- L.. E{x.)= .... 

" 
Because V{Xi)= 1: and C(Xi' '';) = 0 . i"j, 

Vei l = 12 r t vex,) + I C(l<;, Xi)] = ~1:, • 
n ~ - l j,,"; 11 

Theorem 2.8.2 E (S) = {(n - J)/n}1:. 

Proof Since 

S =~ f x,r,-ii' 
n i - \ 

=.!. f (x,- ... )(x,-",), -(i-",)(i- ",), 
n i - I 

and E{\\<, - ",)(x; - ",>1 = 0 for i,. j, we see that 

E (S) = n('!'- \)1: = n -l l:. • 
It n 11 

Note that 

II 
E(Su) =-1 E(S) = 1:. 

11-

so thaI Su is an unbiased estimate of 1:. 

50 

(2.8.1) 

(2.8.2) 

Theorem 2.8.3 Let G ={g.,.), wl1£r. g.,. = (x,- i )'S- '(x .• -i). Then 

where 

np 
E(G)=-H , 

II -1 

Proof We have t he identities (see Exercise 1.6.1) 

I g.,. = 0 and L g" = "p. 

(2.8.3) 
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Under random sampling, the variables g" are identically distributed, as 
are the variables g~(r " s). Let their expectations be a and b. respectively. 
From the above identities we see that (n - J)b+a =() and nO =np. 
Inerefore a = p and b = - p/(n - 1), as stated in the theorem. • 

Note that D ! = g" + g., - 2g.,.. Therefore, under the assumption of ran
dom sampling, 

E(D!) = a + a -2b = 2pn/(" - I), (2.8.4) 

El<llIIIpJe 2.8.1 Using the student data from Table 1.1.1. where n = 5 
and p = 3, we see that, under the assumption of random sampling, 
EI O~) = 2pn/(Il - J) = 7.5. In other words, each On should be around 
2.74. Calculations sbow the matrix of Mahalanobis distances On to he. 

I).no 2.55 2.92 3.13 3.07 

0.00 0.75 2.83 2.96 

O.()O 2.09 2.50 

0.(10 3.15 

(I.OIl 

II can be seen thaI most of the observed values of D" are indeed near 
, N. although 02J is substantially lower. 

Z.9 Limit Theorems 

\1thougb a random sample may come from a non·normal pOpulation. the 
",,,,pIe mean vector i will often be approximately normaJly distributed for 
I .• r~c sample size II. 

l'beorem 2.9.1 (Central Limit Theorem) Let:l" :12 " • be an i"fi"ite 
·"'Iamee of indepelldellt identically disrri(,ured ra,tdom vectors from a 
I,.,'rinatioll wirh mean '" Gild variance 1:. Theil 

,, -1/2 f (x, - "') = '1'12(;: - "') ~ N.(O. 1:) as /1 __ 00. 

,~. 

,,/,,'re ~ denotes "convergence i" discriburioll". By an abuse of noration 
.". also wrice. asymplOclCa((y. 
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The following theorem shows that a transformation of an asymptoti
cally normal random vector with small variance is also asymptotically 
normal . 

Theorem 2.9.2 If t is asymprotically normal with mean 11 alld covariallce 
matrix VIII, alld if f=(j, •... ,f.)' are real-valued [uncriolls which are 
differenriable at 11, then f(t) is asymptotically normal with mean f<lll alld 
covariance matrix D'VDln. where d;, = a[/a~ evaluored at t=",. 

PToof FltSt we need the following notation. Given a sequence of ran
dom variables {g.,} and a sequence of positive numbers {b.l, we say that 
g., = O.(b.) as tI ~ 00 if 

lim sup P(lb;;;'g.,.I>c)-+O as c -+ co; (2.9.1) 
"_GCI "';'It 

that is if. for all n large enough.lb;'g.,1 will with large probability not be 
too big. Similarly, say that g. =o.(b.) if 

lim sup P(lb;;;'g.,.I>c)= 0 (or all c>O; (2.9.2\ 
" __ m""," 

that is. if g.,lb • ....!'.... 0 as II -> 00. Note that 0.(·) and 0.(') are prob
abilistic versions of the 0(·) and 0(') notation used for sequences of 
constants. Since each fi is differentiable at '" we can write 

fIt) -1(",) = D'(t- ",) +lIx-l'llO(x -",), 

where 11x- I'lF=I(x,-I-';Y. and where &(x-.. )-O as X--I1. 
The assumptions about t imply that ",n I~-I'll = 0 .(1) and that 

1I&(t - ",)11 = o. (l) as n - 00. Thus. 

n 1/
2[I(t) -I<Il)] = tI t/2D'(t- ",)+0.(l)~ N.(O. D'VD). • 

More general theorems of this type can be found in Rao (1973, p. 387). 

Example 2.9.1 Lei x be multinomially distributed with parameters n 
and a , where a,>O. i = 1, ...• p, and set z=(lIn)x. Let b= 
(a: 12

, .. . . a~(2)' and w= (z:n, . .. ,z!12)' . From Exercise 2.6.6, x can be 
written as a sum of n i.i.d. random variables with mean a and variance 
matrix diag (a)-aa'. Thus, by the centrallirnit theorem. 

z - N.( a.;; [diag (a) -aa']) 
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asymptotically. Consider the transformation given by 

Then 

t;(z)= z,'l2. i = I. .... p. 

ar.1 {ibi'. 
aZj 1:-. = D. 

i =- j , 

i'" ;. 
so that. asymptotically, 

where 

}; =k diag (b, 'Hdiag (a) -aa'} diag (b,')= MI -bb']. 

Note that since I b~= I, l:b = 0 and hence }; is singular. 

Exercises and Complements 

2.1.1 Consider the bivariate p.d.f. 

f(xl> x2) =2, O<x, <x,< 1. 

Calculate flex,) and [2(x,,) to show that x, and Xl are dependent. 

l.L2 As an extension of (2.2.16), let 

[(x" x,) = {y(X~ + x~). 
O. 

O<x,. X2< 1, 

otherwise. 

where <»0. (3)0. Show that y must equal [1/(<>+1)+1/«(3+1)]-' for 
I ( .) to integrate to one. Calculate the corresponding c.dJ. and the 
probability of the followin,g events: 

(i) O<x" X2<~' (ii) O<x, <!<x2<1. 

(iii) 4<x, .x,, <1. (iv) O<x,,<!<x,<l. 

2.2.1 (Mardia 1962, 1970b. p.91) Consider the bivariate Pareto dis
tribution defined by 

fix. y) = c(x + Y -1) . -2. x,y>l, 

where p > O. Show that c must equal p(p+ I). Calculate the joint and 
margmal c.d.f.s of x and y. If tl > I ~how that x and y each have mean 
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1'/(1' -1). and if I' > 2 show that the covariance matrv< 'S g,ven oy 

{(P-l)'(p-2WI[~ ~]. 

What happens to the expectations if 0 < 1'''';: I? If I' > 2 show thaI 
corr(x, y) = 111'. and that the generalized variance and total variation are 

(1'+ 1)/{(p-I)'\/1-2)'} and 2p/{(r-I)'(p-2)). 

Calculate the Tegression and scedastic curves of x on y. 

2.2.2 For the random variables x and y with p.d.L 

-o:::<x. y<ox. 

sbow that p = O. Hence conclude that l' = 0 does not imply independence. 

2.2.3 If 1';' 2 and 1:( l' )( pI i~ the ef/uicorrelarion matrix. 1:= 
(1-a)l~all'. show tbat'l:;'O if and only if -(1'-1)-' ''';:0';;:1 If 
-(,,-1) 1 <a < I, show that 

r' =(1-0) '[I -all +(p-l)a} '11']. 

If .... i = (8. 0 ') and jI., = 0 show that the Mabalanobis distance between 
them is given bv 

[ 
1+(p-2)a ]112 

4(jI., . ....,) =1\ (I-a){l+(p - l)aj 

2.2.4 (Frechet ineq ualities: Frechet, 195 1; Mardia. 1970c) Let x and y 
be random variable.< with c.d.!. H (x. y) and marginal c.d.!.s F(x) and 
G( y). Show that 

max (F - G - 1,0)",;: H,;;: min (F. G). 

'2.2..5 (Mardia. 19<>7c. Mardia and Thompson, 1972) Let x and y be 
randolU variables with c.d.f. H(x, y) and corresponding marginal c.d.f.s 
F(x) and G(}'). Show that 

C(x'. y')= rs L~ 1: ,,'-'v' '(H(II.II) -F(I<)G(I1)} du d., 

for r. s>O. Hence show that 

C(x. y)= r [[H(U, v)-F(u)G(v)}dl' duo 
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2.2.6 (Enis, 1973) Let x and y be random variables such that the p.d .f. 
of y is 

1 g(y) = .J2 y-llZe-,IZ. y >U. 

and the conditional p.d.L of x given y is 

{ (x I y)= (27T )-II'y "' e-,,·/2. 

Show that E[x I y] = 0 and henoe that EJE[x I y]] = O. but that neverthe
less the unconditional mean of x does not exist. 

2.5.1 Consider the bivariate distribution of x and y defined as follows: 
let II and u be independent N (O, I) random variables. Set x = u if uu ;. 0 
while x = - u if I<U < 0, and set y = u. Show that 

(i) x and yare each N(O. I). but their joint distribution is nOt bivariate 
normal; 

(ii) x' anef y' are statistically independent. but x and yare no\. 

2.6.1. Mixture of normals (Mardia. 1974) leI </>(x; .... , 1:) be the p.d.f. 
of N.(I1, 1:). Consider the mixture given by the p.d.f. g, (x) = 
A<I>(x ; .... , .1:)+A' </> (" ; 112,1:). where O<A< 1 and '\'=1 - '\. Find a non
singular linear transformation, y = Ax + h. for which the p.d.f. of y is 
given by 

• 
g,(y)=(A</>(y,-/1)+>.'<I>(y,ll n </>(y, ), -oc < y <co. 

, 2 

where cb(· ) is the p.d.1. of N(O , I ), and 

/1 ' = ( .... , -"") '1:"'(11] -....,). 

Hence show that the joint cum ul ant generating function log E{exp (t'}')} 
for y is 

p 

~ L 1~+ log (A'+ Ae.d ,,). 

1_1 

where the second term is the c.g.f. for the binomial distribution. Using the 
cumulant fun ction or otherwise. show that the mult ivariate measures of 
skewness and kurtosis given hy (2.2.19) and (2.2 .20) for y (and hence also 
for xl are 
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and 

(32 .• = {,u'(1-6,u');14}/(t + ,u ';12f+p( p + 2) . 

2.6.2 A multivariate Poisson distribution (Krlshnamoorthy. 1951: Hol-
gate, 1964) Let uo, u" ... ,..., be independent Poisson variables with 
parameters Ao, A, - Ao, . .. , A. - Ao. respectively. Write down the joint 
distribution of x. = u() + U;, i = 1 •... , P. and show that the marginal dis
tributions of x, .... , x" are all Poisson. For p =2, show that the (discrete) 
p .d.f. is given by 

a.£b'JI ~ x(l' ) y<" A I' 
f(x y)=exp (-A -A +,1. )- L - . _ . ...2 

I 1 2 0 x!y! .--0 a' b' r! ' 

where s=min(x,y), a=A,-Ao, b=A2-Ao, A,> Ao>O. A2>Ao>0, and 
x(')= x(x -I) .. . (x -, + 1). Furthennore, 

E(y I x)= b + (Ao/A ,)x. var (y I x)= b + {aAo/A rlx. 
2.6.3 A multivariate exponential distn'bution (Marshall and Olkin , 
1967) In a system of p components there are 2· -1 types of shocks. 
each of which is fatal to one of the subsets (i, ... . , i, ) of the p compo
nents. A component dies when one of the subsets containing it receives a 
shock. The different types of shock have independent timing, and the 
shock which is falalto the subset (i" . . .• i,) has an exponential distribu
tion with parameter A~' .... representing the expected value of the dis
tribution. Show that the lifetimes x, .... , x" of the components are 
distributed as 

- log p es:> a) = f A,a, 
i - I 

+ L A"I, max (a",ai,)+ ... + A, .2. .... max (a , . . . . ,0.). 
1, <1) 

2.6.4 A mnlti .. ariate Pareto dt.tn'bution (Mardi.. 1962, 1964a) 
Consider the p.d.f. 

f(lI)=a(a+l) ... (a+p- t) n b, L b;-'x.-p+L , (• )-'(. )-< ••• ) 
- l 1- \ 

X; > bl' i = I, .. . . p, 

wbere a>O. bi>O. 

(i) Show tbat any subset of the components of s: has the same type of 
distribution . 
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(ii) Show that 

( " )-P(x> c) = _L b, 'CO -p + 1 • ,-, 
(iii) Let:l .. r = L. ... • n. be a random sample from this population. Show 

that 0 = min (11,) has the above distribution with the parameter a 
replaced by na. 

2.6.5 Mulmariate Student's r and Cauchy distribution (Cornish. 1954; 
Dunnell and Sobel. 1954) A random vector has a multivariate r dis
tribution if its p.d.L is of the form 

where 

Cp 1:£1 ,n 

retv + p)/2) 

('lTV )""n v/2) 

and II is known as the number of degrees of freedom of the distribution. 

(i) Let x,= y/(SIJv). j=I. .. . , P. where y - Nr(O,l). S2_ X~ . and y 
and S are independent. Show that x has the p.d.!. g.(x; O. O. 

(ii) For II = 1. the distribution is known as a mulrivariate Callchy 
distribution. Show that its c.f. is 

exp {i,,'t - (I'It)' ''). 

2.6.6 Let e; denote the unit vectOr with 1 in the ith place and 0 
elsewhere. Let y,. j = 1.2, . . . , be a sequence of independent identically 
distributed random vectors such that P(y = e ,l = 11;, i = I, ... ,p, where 
11;>0. Ia, =l. 

(i) Show that E(y) = a, V(y) = diag (a)- aa'. 
(ii) Let Y =I~- LY i' Show tbat II has the multinomial distribution given 

in (2.6.3). 
(iii) Show that E(x) = lIa, Vex) =n[diag (a) - aa']. 
(iv) Verify that [diag(a)-as']1 = 0, and hence deduce that V(lI) is 

singular. 

2.7.1 Show that the only spherical distribution for which the components 
of II are independent is the spherical multinormal distribution. 

2.8.1 In the terminology of Section 2.8. suppose E(g~) = c. E(g~ = d, 
r;e s. Using (1.8.2) and nc = L:' , £( ~~). show that c= B(b2 •• ) . Further. 
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using 

lI(n-l )d {I·" } 
lie + 2 E ,_,.~, g~=n. 

:show that 

2 
d =-{I - E(b2 .p )}. 

PI -1 

2.8.2 (Mardia.1964b) Let U =(u , • . ... u.)' be an (II Xp) data matrix 
from a p.d .!. fl o ) and set 

Xi = min (Un). Yi = max (Un) . 
, -1.. .... " r ~ 1.. " 

(i) Show that the joint p.d.!. of (x. y) is 

(-I)" 0'· { J.' {(u) dU}" ax, ... ax,. ny, . . OJ, , 

(ti) Let R. = y,- X, denote the range of the ith variable. 
Show that the joint p.d.!. of R , ..... R. IS 

f· f(-I}· ii" fl'(U)dU}"] dx. 
~ ax, . .. ax,. ay, ... ayp , _ ... 

2.9.3 Karl Pearsoo-type inequality Let ",(x) be a non-negative func
tion. Show that 

In particular. 

prIx - Il)'l;- '(X-Il) < E2l ~ 1-(h./E'. 

where (3 2./> is the measure of kurtosis for x. 

3 
Normal Distribution 
Theory 

3.1 Characterization and Properties 

3.1.1 The cenlral role of multh'llriate normal theory 

There h." been a tendency in multivariate analysis to assume that all 
random vcctors come from tbe multivariate normal or "multinorma]'" 
fa mily of distributions. Among the rCaSOns for its preponderance in the 
multivariate context are the following: 

(1) The multinormal dist[ihulinn i, an ea.y generalization of its uni
variate counterpart , and the multivariate analysis runs almost paral
lel to the corresponding analysis based on univariate normaliry. The 
same cannot be said of other mullivariate generalizations: different 
authors have given different extensions of the gamma, Poisson , and 
exponential distributions. and attempts to derive entirely suilable 
definitions have not yet proved entirely successful (see Section 2.6). 

(2) The multivariate normal distribution is entirely defined by its first 
and second moments--a total of only ip(p + 3) parameters in all. 
Tnis compares with 2· - 1 for the multivariate binary or logit 
distribution (2.7.2). This economy of parameters simplifies the 
problems of estimation. 

(3) In the case of normal variables zero correlation implies indepen
dence. and pairwise independence impl ies total independence. 
Again. other distributions do not necessarily have these properties 
(see Exercise 2.2.2). 

(4) Uncar functions of a multinormal vector are themselves univariate 
normal. This opens the door to an extremely simple derivation of 
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multioormal theory. as developed here. Again, other distributions 
may not have this property, e.g. linear fuoctions of multivariate 
binary variables aTe nO! tbemselves binary. 

(5) Even when the original data is oot multinormal, one can often 
appeal to central limit theorems which prove that certain functions 
such as the sample mean are normal for large samples (Section 2.9) . 

(6) The equiprobability contours of the multinormal distribution are 
simple ellipses, which by a suitable change of coordinates can be 
made into circles (or, in the general case, hyperspheres). This 
geometric simplicity. together with the associated invariance prop
erties. allows us to derive many crucial prOperties through intui
tively appealing arguments. 

In this chapter. unlike Section 2.5. we shall use a denSIty-free ap
proach. and try to emphasize the interrelationships between different 
distributions without using their actual p.dJ.s. 

3.1.2 A definition by characterization 

In this chapter we· shall define the multi normal distribution with the help 
of the Cramer-Wold theorem (Theorem 2.3.7). This states that the 
multivariate distribution of aoy random p-vector x is completely deter
mined by the univariate distributions of linear functions sucb as a'x. 
where a may be any non-random p-vector. 

Definition 3.1.1 We my tflat x 'las a p-variate normal distribution if and 
only if a'" is univariate nomtal for all fixed p-vectors s . • 

To allow for the case a = O. we regard constants as degenerate forms of 
the normal distribution. 

The above definition of multinormality has a useful geometric in
terpretation. 1f x is visualized as a random point in p-dimensional space, 
then linear combmations such as a'x can be regarded as projections of x 
ooto a one-<limensional subspace. Definition 3.1.1 therefore implies that 
the projection of x onto all one-dime(lsiooal subspaces has a univariate 
normal distribution. This geometric interpretation makes it clear that 
even after x is transformed by any arbitrary shift, rotation, or projection, 
it will still have the property of normality. In coordinate-dependent 
terms, this may be stated mOre precisely as fnllows. (In this theorem and 
others that follow we will assume that matrices and vectors such a~ A, b, 
and care oon-random unless otberwise stated.) 
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Theorem 3.1.1 If" has a p-variare normal distribution, and if y = 
Al<+c, where A is any (qxp) matrix and c is any q-vector, then y has a 
q-varillfe nurmal distribution. • 

Proof Let b be any fixed q-vector. Then b'y=s'x + b'c, wbere a=A'b. 
Since x is multinormal, s'x is univariate normal by Definition 3.1.1. 
Therefore b'y is also univariate normal for all fixed vectors b, and 
therefore y is multinormal by virtue of Definition 3.1.1. • 

Corollary 3.1_1.1 AllY subset of elements of a multinormal vector itself 
has a multinormal distrib.uion. In particular the individual eleme'llS each 
have lm ;variate normal distri/)wions. • 

Note that the above theorem and corollary need not assume that the 
covariance matrix I is of full rank. Therefore these results apply also to 
the smgular multinormal distribution (Section 2.5.4). Also, the proofs do 
not use any intrinsic property of normality. Therefore similar results bold 
m principle for any other multivariate distribution defined in a sinlilar 
way. That is, if we ' were to say tbat x bas a p-variate "M" distribution 
wheoever a'x is univariate "M" for all fixed a ("M" could be "Cauchy") 
then results analogous to Theorem 3.1.1 and Corollary 3.1.1.1 could be 
derived. 

However. before proceeding further, we must prove the existence of 
the multinormal distribution. This is done by showing tbat Definition 
3.1.1 leads to the c.f. which bas already been referred to m (2.5.9) and 
(2.5.17). 

Theorem 3.1.2 If x is mu/tinorma/ with mea'l vector" a'ld covariance 
matrix 1:(1: ;;. 0), then irs c.f- is given by 

(3.1.1) 

Proof We follow the lines of the Cramer-Wold theorem (Theorem 
2.3.7), and note that if y = t' x then y has mean t'" and variance t'It. Since 
y is unh'ariate normal, y - N(t'", t'It). Therefore from the d. of tbe 
univariate nonnal distribution, the d. of y is 

q,. (s) = E (exp isy)= exp (ist',,-ts't'It). 

Hence the c.f. of " must be given by 

<i>.(t)= E(exp it'x) = E(exp iy) = <i>.(l) = exp (it'j.l-~It). 

From Section 2.5, we see that (3.1.1) is indeed the C.r. of a multivariate 
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distribution. Hence the multinormal distribution wIth m~an .. and 
covariance matrix X exisL~ and its c.f. has the stated form. • 

As in Section 2.5. we may summarize the statement. ", is p-variate 
normal with mean .. and covariance matrix r·. by writing x - N.(v..X). 
When the dimension is clear we may omit the subscript p. We can obtain 
the p.d.f. when X>O using the inver.;ion fonnula (2.3.2l. and it is given 
by (2.5.1). 

Theorem 3.1.3 <al Two jointly lIIultinonnal vectors are ",dependent if 
a"d only if rhey are uncorrelated 

(bl For IwO jointly mullino,mal vectors. pair-wise independence of rheir 
components implies complete independence. • 

Proof The c.f. given in Theorem 3.1.2 factorizes as required only wben 
the corresponding submatrix of X is zero. This happens only when the 
vector.; are uncorrelated. • 

3.2 Linear Fonns 

Theorem 3.1.1 proved that if x - N.(v.. l:l and y = A.x+c. where A is any 
(q x p) matrix. then y bas a q-variate normal distributIon . Now from 
Section 2.2.2 we know that the moments of yare Aj4 + c and Al:A·. 
Hence we deduce immediately the following results. 

Theorem 3.2.1 If .r ·-N,,( I1.l:l and y = Ax + c. rh"" y-
N.(Aj4+t.Al:A') . • 

CoroUary 3.2.1.1 If x - N.(v.. X)and X>O. rhen y = X-"2(X - .. )

N.(O.I) and (x- .. )'r'<S- ,,)=LY~-X~ .• 
Corollary 3.2.1.2 If x - N.(IJ.. 0'21) attd G(q x p) is any row-()rr/lOlI()n1wl 
malTix. i.e. sali$fying GG' = I •. then Gr - N.(G ... ,,' I) . • 

CoroUary 3.2.1.3 If x - N.(O. n and a is any nOll-zero p- veCfOf. rhel. 

a'~R8 has til<! srandard univariare normal dislTiburiOlI. • 

Corollary 3.2. 1. 1 shows that any normal vector can easily be convened 
into standard form. It also gives an important quadratic expression which 
has a cbi-squared distribution. From Corollary 3.2.1.2 we note thaI the 
standard multinormal distribution has a certain invariance under or
thogonal transformations. Note that Cor'JUary 3.2.1.3 also applies if. is a 
random vector independent of x (see Exercise 3.2.4). A funher direct 
result of Theorem 3.1.3 is the following. 
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Theorem 3.2.2 If" - N.( ... X). then Ax and Bs are independenr if and 
only if Al:B' = O. • 

CoroUary 3.2.2.1 If" - Nr ( ... 0"1) and G iI any ,ow·orthonormal mar· 
rix. then G" is independent of (I-G'G)". • 

If x is partitioned into two subvector.;. with, and s elements, respec· 
lively. then by noting two particular matrices which satisfy the conditions 
of Theorem 3.2.2. we may prove the followin)! 

Theorem 3.2.3 If" = (x~. xi)' - N.c.., Il. rhen " atld Xu = x, - l:"Xi,' x, 
have the (ollowing distributions and are statistically independent: 

X, ,- N,(v.,.,. l:" ,) 

where 

(3.2.1 \ 

Proof We may write '" = Ax where A = [I. OJ. and :r" = Hx where 
B =[-X,.l:,:,J]. Therefore. by Theorem 3.2.1. ", and x, , are normal. 
Their moments are Aj4. Al:A'. BI1. and BXB'. which SImplify to the given 
expre"lons. To prove independence nOle that Al:B' = O. and use Theorem 
3.2.2 . • 

Similar r~ults hold (using g-mverses, for the case of singular dislTibu
bans. The above theorem can now be used to find the condilional 
distnbutlon of X2: when XI 15 known. 

Theorem 3.2.4 Using the assumptions and IIorlltioll of Theorem 3.2.3. tIle 
condirional distribution of x, for a given vlll",e of '" is 

Proof Since ~2 .J Lt\ independent of XI' its conditional distrihution for a 
!!iven value of x, is the same as its marginal disfribution. which was Slated 
in Theorem 3.2.3. Now X2 is simply x,; plus X"I"' ,,,. and this term is 
constant when x, is given. Therefore the conditional distribution o( "21 x, 
IS normal. and iL~ conditional mean is 

(3.2.2) 

The conditional covariance matrix of x~ is the same as that of X2 t. namely 
l:" ,. • 
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H the assumption of normality is dropped from Theorem 3.2.3. then '" 
and x,., still have the means and covariances stated. Instead of being 
independent of each other, however, all that can be said in general is that 
'" and x, ., are uncorrelated. 

When p = 2 and X, and X, are both scalars. then the expressions given 
above simplify. Putting ui, ui, and pUt U2 in place of l:, " l:,2, and 1:\2 we 
find that 

:I.,2 J =lT~(1_p2). (3.2.3) 

so that the conditional distribution of X2 given X, is 

Example 3.2.1 If 1: is the equicorrelation matrix 1:= (l-p)l +pU', then 
the conditional distributions take a special form. Note that 1:11 and l:" 
are equicorrelation matrices of order (r x r ) and (s x s). respectively. 
Also 1:'2 = pl,l: and l:" = pl. l:. Furthermore. we know from (A.3.2b) 
that 

1:"t = (l-ptt[l -uU'], 
p 

1 +(r-l}p 

Therefore. l:,tl:l,t =pU'1:,; = p(l_p)'l(l_ "r\U' = QU'. Substituting 
in (3.2.2\ we find that the conditional mean is 

and the conditional covariance matrix is 

l:" .1 =(1- p)1 +pt.t;-pa1.~l,.l: =(I-p)1-p(l-ro)11' . 

ote tbat the conditional mean is just the original mean,., with each 
element altered by the same amount. Moreover. this amount is propor
tional to l'(xt -11,), the sum of the deviations of the elements of ", from 
their respective means. If r = 1, then the conditional mean is 

3.3 Transformations of Normal Data Matrices 

Let Xl, . .. , Xn be a random sample from N{JL.1:) . We caU X = 
(Xl> ... , x .. Y a data matrix from N(I1. 1:). or simply a "normal data 
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matrix" . In this section we shall consider linear functions such as Y = 

AXB, where A(m x II ) and B(p x q) are fixed matrices of real numbers. 
The most important linear function is the sample mean i' = lI 'tl'X, 
where A=n- '1' and B=Ip. The following result is immediate from 
Theorem 2.8.1. 

Theorem 3.3,1 If X(" x p) is a dala matrix from Np (I1,1:), muI if 
ni=X'I, Ihet! j has lhe N.(J1, ,, " 1:) distributiort . • 

We may ask under what conditions Y = AXB is itself a normal data 
matrix. Since y,) = I..6 a~x...pbol' clearly each element of Y i~ univariate 
normal. However, for Y to be a normal data matrix we also require (a) 
that the rows of Y should be independent of each other and (b) that each 
row should have the same distribution. The following theorem gives 
necessary and sufficient conditions on A and B. 

Theorem 3.3.2 If X (n x p) is a normal data matrix from Np (J1, I.) and if 
Y(m x q) = AXB. lhen Y is a normal dara matrix if at!d only if 

(a) A1=al for some scalar a. or B'j.I.=O, and 
(b) AN = III for some scalar II, or B'U =0. 

Whe,. boll. lhese conditiot!s are salis/ied then Y is a nomlQl data matrix 
from N.(aB'I1.IIB'1:B). • 

Proof See Exercise 3.3.4. • 

To understand this theorem. note that post-multiplication of X involves 
adding weighted variables. while pre-mUltiplication of X adds weighted 
objects. Since the original objects (rows of X) are independent, the 
transformed objects (rows of Y) are also independent unless the pre
multiplication by A has introduced some interdependence. This clearly 
cannot happen when A is kl, since then a = k and (3 = k', and both 
conditions of the theorem are satisfied. Similarly. all permutation matrices 
satisfy the conditions required on A . 

We may also investigate the correlation structure between two linear 
transformations of X . Conditions for independence are stated in the 
following theorem. 

Theorem 3.3.3 if X is a data marrix from N(J1, :1:). and if Y = AXB at!d 
Z = CXD, lhen the elements of Yare ilJdepe"dellt of the elemePlts of Z if 
and only if eil/ter (a) B'I.D = 0 or (b) AC' = O. • 

Proof See Exercise 3.3.5. • 



MULTNARIATE ANALYSIS 66 

This result is also valid in the situation where the rows of X do not 
bave the same mean; see Exercise 3.4.20. 

Corollary 3.3.3.1 Under the collditions of the theorem. if X = (X .. X2) 
then X, is independent of X2 1 = X2 - X,k.,'"I'2' Also X, is a dala matrix 
from N(,..,. "III) arid X2 , is a data matrix from Nu...." "I,2'). where 1'2, 
and "I,21 are defined ill 13.2.1). • 

Proof We have X,=XB where 8'=(1,0). and X2.,= XD where 
D'= (- "I,,"I .... ,'. I). Since B'ro= 0 the result follows from part (a) of the 
theorem . • 

Corollary 3.3.3.2 Under the conditions of the theorem. i = n- 1X'1 is 
independent of HX, and therefore i is independent of s= ,, - 'X'HX. • 

Proof Put A =n-'I' and C=H = J-n 'll' in the theorem. Since AC'= 
O. the result follows. • 

3.4. The WIShart Distribution 

3.4.1 lotroduction 

We now turn from linear functions to consider matrix-valued quadratic 
functions of the form X'CX. where C is a symmetric matrix. Among such 
functions the most important special case is the sample covariance 
matrix S obtained by putting C = II 'H, where H is the centring matrix. 
(However, other quadratic functions can also be used. for instance, in per
muting the rows of X, Or in finding within-group and between group 
covariance matrices in regression analysis). These quadratic forms often 
lead to the Wishart dIStribution, which constitutes a matrix generalization 
of the univariate chi squared distribution, and has many similar properties. 

Definiooo 3.4.1 If M(p x p) can be w,ittell M = X'X. where X(m x p) is a 
data matrix f,om Np(O. "I). tlten M is said to have a Wishart distribution 
with scale matrix "I and deg,ees of freedom parameter m. We wrile 
M- Wpf"I. m). When "I = I., Ihe distribution is said 10 be in standard 
form . • 

Note when p= 1 that the W,(O'2 • m) distribution is given by x'x. where 
the elements of .(m x 1) are Li.d. N1(O. ,,2) variables; that is the 
W,(O'2• m) distribution is the same as the O'2x;, distribution. 

The scale matrix "I plays the same role in the Wishart distribution as 0'2 

does in the O'2x;, distribution. We shall usually suppose "I> O. 

Note that the first moment of l\f is given by 

E[ M ]= f E[ .,.:l=ml: ,-, 
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3.4.2 Properties of Wishart malrice5 

Theorem 3.4.1 If M - W.("I. m) and 8 is a (p x q) matrIX, then B'MB 
W.(B'"!.B. mI .• 

Proof The theorem foUows directly from Definition 3.4.1, since B'MB = 
B'X'XB = Y'Y where Y = XB and the rows of X are Li.d. Np(O. "I) . From 
Theorem 3.3.2. the rows of Y are i.i.d. N.(O, B'"IB). Therefore. using 
Definition 3.4.1 again. Y'Y has the stated distribution. • 

Corollary 3.4.1.1 Diagollal submatrices of M tllemselves have a Wisllan 
distributioll. • 

Corollary 3.4.1.2 "I "'M"!.-II1 _ Wpll. mI. • 

Corollary 3.4.1.3 If M- W.(1. m) and 8 (pXq) satisfies B·8 = 1 • . then 
8'MB W"II. mI. • 

The corollaries follow hy inserting particular values of B in the 
theorem. Note from Corollary 3.4.1.1 thaI each diagonal element of M 
has a O'~ X;, distribution. The following theorem generalizes and em
phasizes this important relation.ship between the chi-squared and Wishart 
distributions. 

Theorem 3.4.2 If M - Well:. m). al\d a 1$ allY fixed p-vector .<ucla rlwr 
a'"!.a! n. tllen 

a'Ma/8 1:& - x: •. 
Proof From Theorem 3.4.1 we see that a'Ma- W,(a'"!.a. m), which is 
equivalent to the stated result. • 

Note that the converse of Theorem 3.4.2 is untrue-see Exercise 3..1.4. 

Corollary 3.4.2.1 m" -O'.'x~ . • 

Theorem 3.4.1 showed that the class of Wishart matrices is closed 
under the Iransformation M -> 8'MB. The Wishart family is also closed 
under addition . 

Theorem 3.4.3 If M,- Wl~:. m,) and M,- Wp("I. m2). and if M , alld 
M, are indepelldenr, then M, + M2 - W,,("I. m, + III.). • 

Proof We may write M, as X:X" where X, bas m. independent rows 
taken from Np(O. "I). i = 1.2. But 

M,+M, X;X , -X~X2=X'X. 
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Now X, and X2 may be chosen so as to be independent. in which case aU 
the (ml + m,) rows of X are i.i.d. N. (O, X) variables. The result then 
follows from Definition 3.4.1. • 

So far we have taken a normal data matrix X with zero mean, and 
derived a Wisbart distribution based on X'X. However, it is possible that 
other functions of X apart from X'X also have a Wishart distribution. 
Clearly any matrix containing the sums of squares and cross-products 
from a subset of the rows of X also has a Wishart distribution. Such a 
matrix equals X'CX, where G. = 1 whenever the ith row of X is in the 
subset, and all other elements of C are zero. This matrix is symmetric and 
idempotent, whicb suggests tbe following theorem. 

Theorem 3.4.4 (Cochran. 1934) If X(1l x p) is a data matrix from 
N.(O, X). and if C(II x II) is a symmetric marrix, thell 

(a) "",CX has the same distribution as a weighted sum of illdependem 
W.(X, 1) matrices. where the weigllts are eigenvalues of C; 

(b) X'CX has a Wishart distribu.tion if and only if C is idempOtent. in 
which case X'CX - W.(X, r) where r = tr C = rank C ; 

(c) If S=n- 'X'HX is Ihe sample covariance matrix, then nS 
W.<l:. n -1). • 

Proof Using tbe spectral decomposition theorem (Tbeorem A.6.4). write 

" 
C = L A1'Y(I)'Y(1) where 'Y(o'Ym = 8iJ (3.4.1) 

1-' 

and A; and Ym are the ith eigenvalue and eigenvector of C, respectively. 
Using (3.4.1) we see that 

(3 .4.2) 

Writing Y = f'X where r is orthogooal, it is easily seen from Theorem 
3.3.2 that Y is a data matrix from N.IO, 1:). Therefore y,y\, . . . , y"y~ in 
(3.4.2) are a set of independent Wishart matrices each having rank one. 
This proves part (a) of the theorem. For part (b) oote that if C is 
idempotent and of rank r, theo exactly r of the Ai are non-zero. and each 
noo-zero A, equals 1. Also r = tr C. Heoce X'CX - Wo(I, r) as required . 

To prove (c) we note that H is idempotent and of rank (n - I). 
FOI the proof in (b) that idem potence of C is in fact a necessary 
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condition for X'CX to have a Wishart distribution we refer the reader to 
Andersoo (1958, p. 164). • 

The above theorem is also valid when IL" ° if C is a symmetric 
idempotent matrix whose row sums are 0 ; see Exercise 3.4.5. For an 
extension to the case where the rows of X do oot have the same mean , 
see Exercise 3.4.20. 

Using Exercise 3.4.5, and also results from Theorem 3.3.1 and Corol
lary 3.3.3.2, we emphasize the following important results concerning the 
sample mean and covariance matrix of a random sample I" .. . ,:l,. from 
N.(IL.X) 

nS- W.(1:, n -1), i and S are independent. 

(3.4.3) 

For an alternative proof of (3.4.3). see Exercise 3.4.12. 
We turn now to consider pairs of functions such as X'CX and X'OX. 

and investigate the conditions under which they are independent. 

Theorem 3.4.5 (Craig. 1943; Lancaster, 1969, p. 23) If the rOWS of X 
are i.i.d. N.b. , 1:), and if C" . .. , C. are symmetric matrices. thell 
X'C,X, ...• X'C.X are joilltly illdependent if C,c. = 0 for all rf s. • 

Proof First consider the case k = 2 and let C, = C, C, =0. As in (3.4.2) 
we can write 

X'CX = I A,Y,-Y:, X'OX = I t/ljZ,zj , 

where y, =X'Ym and Zj =X'Ii(j)o "('0 and 1iCf) being eigenvectors of C and 
O. r.espectively. with '\', and t/lj the corresponding eigenvalues. From 
Theorem 3.3.3 we note tbat y, and z, are independent if aod ouly if 
y(;)lim = O. Thus. the np -dimensional normal random vectors 
( ' \/2y' , l12y ')' and (.,. "'Z' .1, 110Z')' witl be independent if 1\1 I • ..•• 1\" " ""1 1, ··· ,'1/-" " 
'Yil)li~, =0 whenever '\',t/I, is non-zero; that is. if 

for aU i. j . (3.4.4) 

But 

If CO=O, then pre-mUltiplying by "fl. , and post-multiplying by Ii(v, 
gives A.t/I. "flw)li(v) = O. This holds for all II and v. and therefore (3.4.4) 
holds. Thus, since X'CX and X'OX are functions of independent normal 
np-vectors, they are independent. 
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To deal with the case k > 2 notice that normal lip-vectors which are 
pairwise independent are also jointly independent. (This may be easily 
proved in the Same way as Theorem 3.1.3(b).) Hence. the matrices 
X'C,X. , = I •.... k. are jointly independent. • 

The converse of the theorem also holds. For a proof. the reader is 
referred to Ogawa (1949). A similar theorem gives the oondition for 
X'CX to be independenl of a linear function like AXB (see Exercise 
3.4.7). This theorem is also valid when the rows of X have different 
means; see Exercise 3.4.20. 

Note that Cralg's theorem does not require the C, to be idempotent. 
although if they are. and if 14 = O. then hy Cochran's theorem the 
Quadratic forms to which they lead are not only independent but also 
each have the Wishart di.tribution. An important decomposition of X'X 
wben 14 = 0 (a nd of X'UX for general j1.) into a sum of independent 
Wishart matrices is described in Exercise 3.4.6. This decomposition forms 
tbe basis for the multivariate analysis of vanance (see Chapter 12.) 

Tbese theorems can be easily extended to cover (II x II) matrices such 
as XCX' (in contrast to (p x p) matrices sucb as X'CX). This is done by 
noting that if the rows 01 X are i.i.d Np ( j1., X} . then in general the rows of 
X' (that is the columns uf X) are not i.i.d. However, when jI. = 0 and 
I = I", the rows of X' are i.i.d. N. (0 . 1) vecton.. since in this case all the lip 
e lements of X are i.i.d. Hence we can get the necessary extensions for tbe 
standard case (see Exercise 3.4.9), and Can thereby derive the relevant 
propenies for general X (Exercise 3.4.111). The special case where n = I 
leads to quadratic forms proper and is discussed in Exercise 3.4.11 

-3.4.3 Partitioned Wishart matrices 

If M - W.fl:, 1M), it is often useful to partition Minto submatriccs in the 
usual way. For instance. we may want to divide the p original variables 
into two subgro ups, consisting of .ay a and b variables, respectively, 
where a +b = p. Suppose then that MIJ is (a x a), and Mn is (b x b), 
where a "T' b = p. 

We baye already nOled (Corollary 3.4.1.1) that Mil and Mn have 
Wishart distributions, although tbese distr,butrons are not in general 
independent. However, M II is independent of 

(3.4.5) 

Here M22 .1 is in fact just m times the sample analogue 01 I" I defined in 
(3.2. 1). 
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Note tbat when p equals 2. the matrix M may be written as 

(3.4.6) 

The matrix M'2 I simplifies in this context to 

Mzz , = msi(l - r') (3.4.7) 

Various properties concerning the joint distribution of M il' M 12, and 
Mu , are proved in the following theore m. 

Theorem 3,4.6 Let M - Wp(l:, m ), Ill> a. TI,en 

(a) M'21 lias ,lie Wh(l:., .. m - a) distribwion and is /IIdependent of 
(M lI , M 12), and 

(b) If l:,,= O, then Mzz - M12 , = M" M ,,' M 12 has tl,e W.(I" . a ) dis · 
triburiO'I, and M" M II' M", M", and M 22., are jointly independent. 

Proof Write M = X'X. where the rows of X(III Xp) are i.i.d . N..(O. l:) 
random vectors. Then M", may be written 

(3.4.8) 

where P is the symmetric, idempotent matrix defined by P = 1- X ,M1,' X~ . 
Note that P bas rank (m -a) and is a function of X , alone. Since X ,P = 0 
we see that X;PX, = X;.,PX", where X, , = X, - X, X,,'X12 • By Corollary 
3.3.3.1. X,., I X, is distributed as a data matrix from Np(O, l:" ,). There
fore. using Theorem 3.4.4(b), for a ny given value of X" tbe conditional 
distribution of M", I X, is W.(I" " 1M - a}. But this conditional distribu
tion is free of X ,. Therefo re it is the unconditional (marginal) distribution, 
and moreover M'21 is independent of X" 

Since P (I - P)=O. we see from Theorem 3.3.3 that, given X" the 
matrices PX,., and (I - P)X2,,= X IM, ,'M,,-X,l:,,' X12 are independent. 
Hence, given X" the matrices M", =(PX,,)'(PX2.') and (I - P)X" are 
independent. But from the above paragraph, M " I is independent of X,. 
Hence MH , is independent of (X" (1- P iX,,). Since M " and M I2 can be 
expressed in terms of X, and (I-P)X". we see that Mn , is independent 
of (M, ,, Md. Thus, the proof of part (a) of the theorem is completed. 

For part (b) note that 

Mu - M".1 = X,(I - P )X, 

= X,.,(I- P)X, , + 1:", l:,,' M12 + M"l:I:XI2 -1:",X,:MIIl:,~l:12 
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(see Exercise 3.3.2). Now when :I12 is zero, the last three terms of this 
expression disappear. leavmg just Xi.,(I-P)X2 ., . Because (I - P) is sym
metric, idempotent , and has rank G, the distribution of M22 - M,2.J 
conditional upon a given value of X, is W.(l:22, a) . Moreover, Craig's 
theorem (Theorem 3.4.5) implies that M2 2. , and M" - M, , ., are indepen
dent for any given value of Xl> since P(I - P) = O. As. tbe conditional 
distributions of M u ., and Mn-M" ., do not involve X" we see that M22. ' 

and M22 - M2 , . , are (unconditionally) independent, and further. 
(Mn " M" - M" J) is independent of X, (and hence independent of M,,). 
Therefore in their unconditional joint distribution. the three matrices 
MlI,M"." and M'2-M22. ' are 'independent of one another . • 

Recall from (A.2.4g) that M22=~-d. ,. Hence parts (a) and (b) of the 
tbeorem may also be written as follows . 

CoroDary 3.4.6.1 (a) (Mn )- , _ Wb«l:2'r '. m -a) and is independent of 
(M" , M 12)· 

(b) If:I I2 =O then M22 -(M22r'- w.(:I" , G), GndM21-(M22)- ', M H , 

alld (M"2r ' are joilltly independent. • 

Hence, when :I12 = 0, tbe Wishart matrix M22 can be decomposed into 
the sum (M" - M" .J + (M22.J) , where the two components of the sum 
have independent Wishart distributions. Moreover, the degrees of free
dom are additive in a similar manner. 

U tbe population correlation coefficient is zero then, for the bivariate 
case, part (b) of Theorem 3.4.6 leads to the following results with the help 
of (3.4.6) and (3.4.7): 

m22 . ~ = ms ~(1- , 2) - lT~X!- - l ' 

Pn22 -U1 22. 1 =msi ,2- u~xi · 

Moreover, these three chi-squared variables are jointly statistically inde
pendent. 

Theorem 3.4.7 If M - w. (:I, "'), m > p, then 

(a) the ratio a'l:- lala'M- 'a Itas tlte X~-p -, distribution for any fixed 
d · . / "Iii 2"1 p-vector a an In partlcu a" u nt -.. X",, - p + 1 Jar 1= J • • •• P; 

(b) mil i.t independent of all the elements of M except "",. 

Proof From Corollary 3.4.6.1, putting b= 1 and a =p-l , we get 

(m ... t' - (uppr l x;' _p. ,· (3.4.9) 

This proves part (a) for the special case where a = (0, , .. . O. I)' . 
For general 8, let A be a non-singular matrix whose last column equals 
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a, and set N= A- 1M(A- ' ), . Then N - Wp(A-':I(A- l)" m). Since N- l = 
A'WI A. we see from (3.4.9) that 

(noo )- 1 = (a'~'ar' - [ (A 'r'A) .. ]- lX;'_p_, 

= (a':I- la)- 'X;'_p_, ' 

For part (b), note that (M"')- ' in Theorem 3.4.6 is independent of 
(M il' M n ). Hence for this particular case, m"" is independent of aU the 
elements of M except "'po. By a suitable permutation of the rows and 
columns a similar result can be proved for all i. • 

For a generalization of this theorem, see Exercise 3.4.19. 
The following theorem describes the distribution of IMI. 

Theorem 3.4.8 If M - W.(:I. lit) and m "" p, then IMI is 11:1 limes 
p independent chi-squared random variables with degrees of freedom m. 
m- l , . .. , m - p+ 1. 

'Proof We proceed by induction On p. Clearly the theorem is true 
if p = 1. For p > 1 partition M with a = p - land b = 1. Suppose by the 
induction hypothesis that IM"I can be written as Il: 11 I times p - I in
dependent chi-squared random variables with degrees of freedom m, 
m - 1, . .. , m - p T 2. By Theorem 3.4.6, MIJ is independent of the scalar 
M" .• - :Izz. , X~ -.+'· Since IMI = IM"IIM22.,1 and I:II = 1:I,,11:1:,2.,1 (see 
equation (A.203j)). the theorem follows . • 

Coronary 3.4_8.1 If M- w,;(1:, m ), :I > O, alld m>p, then M>O witlt 
probability One. 

Proof Since a Chi-squared variate is strictly positive with probability one 
and I:II>O, it follows that IMJ > O. Hence, since by construction Mis 
p.s.d ., all of the eigenvalues of M are strictly positive with probability 
one .• 

3.5 The Hotelling T 2 Distribution 

We now tum to functions sucb as d'M" ld, where d is normal, M is 
WIShart, and d and M are independent . For instance , d may be the 
sample mean, and M proportional to the sample covariance matrix (see 
equation (3.4.3» . This inlportant special case is examined in Corollary 
3.5.1.1. 

We sball nOw derive the general distribution of quadratic forms such as 
the above. This work. was initiated by Hotelling (1931). 
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Definition 3.5.1 If '" can be written as md'M- 'd where d and M are 
i"depe"dently distributed us Np(O,1) and Wp(l. m), respectively, then we 
say tl1at '" has the Hotel1ing 1"'- distribution with parameters p and m. We 
write a - 1"'-(P. m). 

Theorem 3.5.1 If x and M are independently distrib«ted as Np(IJo, l:) and 
W.(l:. Ill). respectively. then 

(3.5.1) 

'Proof If d~='I-1I2(I-P.) and M*=~II2Mr"If2 . we see that d* and M* 
satisfy the requirements of Definition 3.5 .1. Therefore '" - T2(p, m) 
where 

a = md*'M*- 'd*= m("-IL)'~I("-IL). 

Hence the theorem is proved . • 

Corollary 3.5.1.1 If j and S <Ire the mean Deetar and covariance matrix 
of a sample of size n from N.(IL, 'I). atld S. = (n/(n -1»S, thell 

Proof Substituting M=nS, m=II - I . and X-jIo for n' l'2 (i-IJo) in the 
tbeorem. the result follows immediately. • 

Corollary 3.5.1.2. The T 2 staCistic is invariallt ullder any lion ·singular 
linear transformation x ..... Ax + b. • 

Of course the univariate r statistic also bas this property of invariance 
mentioned above. Indeed tbe square of the univariate r,. variable has the 
T2(l , m) distribution (see Exercise 3.5.1). In other words, the F, .~ 
distribution and the 1"'(1. nt) distribution are the same. The foUowing 
theorem extends the result. 

Tbeorem 3.5.2 

r(p. m) = {mp/(m-p + I)}Fp.m_p+I' (3.5.3) 

Proof We use the cbaracterization '" = md'~'d given an Definition 
3.5. L Write 

a = m(d'M- 'd/d'd)d'd. 

Since M is independent of d we see from Theorem 3.4.7(a) that the 
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conditional distribution of /3 =d'd/d'M- 'd given d is X;'- p. l' Since this 
conditional distribution does not depend on d, it is also the marginal 
distribution of /3. and furthermore /3 is independent of d. By Theorem 
2.5.2. d'd -X ~ . so we call express a as a ratio of independent X' variables: 

a = mX;/X!. - P, J = {mp/(m - p+ J)}Fp.rn - p.' · • 

Coronary 3.5.2.1 If i and S are the mean and covariance of a sample of 
size n from N.("..l:). tlleu 

{en - p l/p}(x -11)'S- J(i -11) - F"." _p o (3.5.4) 

Proof The result follows immediately from (3.5.2). • 

Coronary 3.5.2.2 iMi/iM+dd'i- B(~(m-p + I), 4p) wllere B(-'·) is a beta 
variable. 

Proof From equation (A.2.3n) the given ratio equals m/(m + ",). Using 
the F distribution of "'. and lhe univariate relationship between F and 
beta distributions. the resul1 follows . (See also Exercise 3.5.2 .) • 

Since d'd and ~ are independent cbi·squared statistics, as shown in the 
proof of Theorem 3.5.2, their ratio is independent of their sum. which 
also has a chi ·squared distribution . (See Theorem B. 4.1.\ The sum is 

d'd+/3=d'd(l+ ,1 , ) . 
dM d 

Hence we have the following: 

Theorem 3.5.3 If d and M are independently distributed as Np (0, I) a,1d 
W,,(l. /11). respectively. tl1ell 

and IS dIstributed Independently of d'M- 1d. • 

Theorem 3.5.3 is one extension of the univariate result that if d
N(O.!) and u'-X', then d 2 +u 2 is independent of d 2/u 2

• Another 
generalization of the same result is given in Theorem 3.5.4, which 
requires the following lemma. 

Lemma Let W be a square symmetric (p x p) ralldom matrix and let :I be 
a random p-vector. If x is i"dependent of (g;Wg" . . . ,g;,Wg,.) for all 
non·random orrhogo/IQI matrices G = (g, • . ..• g,,)' , then " is independent 
of W. 
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Proof Using the joint characteristic function of Wand x it is seen tha t if 
tr A Wis independent of x for every square symmetric matrix A, then W 
is independent of x. Now A may be written in canonical form as L A,ll;gl 

say, where G = (g" .. . , g.,)' is orthogonal. Then 

tr AW =tr (L Aigig: )w= L A,gfWg,. 

If the conditions of the lemma are satisfied, then all of the terms in the 
summation, and the summation ilseU, are independent of L Thus. tr AW 
is independent of j[ for all A. and therefore W is independent of x. • 

Theorem 3.5.4 If d and M are independently distributed as N. (O, I) and 
W.(l. m). respectively. tllen d'M-'d is independellt of M + dd'. 

Proof Let G =(g .. . .. . g.,J' be an orthogonal matrix and consider the 
quadratic fo rms q, = g/(M + dd')g" j = 1 • . .. , p. Write 

'. 
M = X;X, = Lx,x! and d = s m_" 

,~ , 

where X =(Xj . xm. ,), is a data matrix from N. (O.I). Set Y = XG' so that 
Y, = X ,G' and Ym.' = Gxm• , . Then 

","I ." .... 
q, = g/(M + dd'jg, = L (gfx.)'= L y~. 

Now Y is also a data matrix from N.(O. I). so. thought of as a p(m + 1)
vector y v. it has the N.'m.lI(O, I) distribution, and hence is spherically 
symmetric. Therefore. by Theorem 2.7.2, (q, .. .. . q.) is statistically inde
pendent of any column-scale-invariant function of Y. In particular. 
(q" . .. ,q.) is independent of 

Since this result holds for all orthogonal matrices G . we see from the 
above lemma that the theorem is proved. • 

3.6 MahalaDobis Distance 

3.6.1 The fwD-sample HoteUing T Z statistic 

The so-called Mahalanobis distance between IWO populations with means 
1-' , and J-Lz, and common covariance matrix :I has already been defined in 
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Section 2.2.3. It is given by .1, where 

.1 Z = (I-', - jLz)'r ' ~,- J-Lz). (3.6.1) 

Of course, only rarely are the population parameters known. and it is 
usual for them to be estimated by the corresponding sample values. 
Suppose we have two samples of size n, and,." where ", + /I,"= n. Then 
the sample Mahalanobis distance. D , can be defined by 

(3 .6.2) 

where 5u = (II ,S , + ' 0,52)/(11 - 2) is an unbiased estimate of :I. (The sample 
mean and covariance matrix for sample i, i = 1, 2, are denoted Xi and 5 ,.) 
The statL~tical distribution of D Z under one particular set of assumptions 
is given by the following theorem. 

Theorem 3.6.1 If X, and Xz are independent data matrices. and if the n. 
rows of X i are i.i.d. N.(I1;,Ii ), i = 1, 2. then when 1-' , = J-Lz and I, = x,. 
(n,,";,,)DZ is a 1"'(P. n -2) variable. • 

Proof Since Xi - N.{p" 11, '1:,), i = 1.2. the general distribution of d = 
i,-x2 is normal with mean I-',- J-Lz, and covariance matrix n,':I, + n;-'1:,. 
When 1-', = J-Lz and I, =1:,=I. d - N.(O. cl:). where c= II/n ,,.,. 

U Mi= ",S, then M,- W.(1:,.n,-l). Thus. when :I,=1:, = I . 

M =(n -2)Su =M, +M2 - W p(I , n -2). 

So cM - W.(cI, /1 - 2). Moreover, M is independent of d since X, is 
independent of 5 i for i = 1. 2. and the two samples are independent of 
one another. Therefore 

Simplifying the left-hand side gives the required result. • 

The quantity 

(3.6.3) 

(3.6.4) 

is known as HOle/li"g 's two-sample 1'" slaristic. Using the relationship 
(Theorem 3.5.2) between 1'" and F statistics, we may also deduce that. 
under !be stated conditions. 

1I , ,,,i ll - p - l) 2 

( 2) 
D - F •• ,,_,. 

n n - p , 
(3.6.5) 
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*3.6.2 A deromposition o( MahaJanobis distance 

The Mahalanobis distance of ... from 0 is 

d;= J.L'~-l ..... (3.6 .6) 

Partition ... ' = ( ... , . 11-2). wbere ... , contains tbe first k variables. Then, using 
(A.2.40 and (A.2.4g) to partition :l:". we can wri te 

(3 .6.7) 

where 1'-2., = 1'-2- :'£"k, ,' ... , and :'£,2., = :£,;, - :'£,,:£-;-; I I2' Note that <I i = 
... \:l:l,' ... , represents the Mahalannbis distance based on the first k vari· 
ables, sn the condition 1'-2., = 0 is eq uivalent to <I~= <I~. 

Similarly, if o - N.( .... I) and M- Wp(I , m) then the sample 
Mahalanobis distance 

(3 .6.8) 

can be partitioned as 

(3.6.9) 

where Di=mu~M'llluJI M 22.1= M 22- M 2I M IJIMI2, and 

(3.6. 10) 

(see Exercise 3.6.1). 
The following theorem gives the distribution of D~-D~ when ..... , = 0. 

Theorem 3.6.2 If D ; and D i are as defined abooe alld 1'-2., =0. then 

D~- Di: p - k 
m + D~ -- m - p 1 FP_k.",_p+l~ 

alld is independenr of D~. 

Prool Suppose M = X'X, where X is a data matrix from N. (O.:£) in
dependent of o . 

By Theorem 3.4.6, Mu ., - Wp ., (l:.,..2.h m - k ) and is independent of 
(M2,. M,,). By hypothesis 0 is independent of M . Thus. M 22. " (M". Mu ), 
and 0 are jointly independent and hence 

M22.l is independent of (M2 1> Mil ' uJ. (3.6.11) 

Let us exami ne the distribution of z in (3.6.10) conditional on 0 , and 
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(3.6. 12) 

where II,., = u,- :'£"I,lu, is normally distributed with mean 1'-2., = 0 and 
covariance matrix :'£,2.,. By Theorem 3.2.3, 0 2.1 is independent of (0 " X) 
and hence 

(3.6.13) 

T he second term in (3.6.1 2), :'£"I'I'o" is a constanr given u" X, . 
To study M2IM'1I' U 1 fu 1.x l , write 

where X2., is a data matrix from Np. d O. :'£" .,) independent of (X" 0 ,). 
Then 

where b = X ,M,,'o , and ~,~"' X, b = :'£,,I,,'o, are constants 
given (X " 0 ,). Given (D •• X ,). X, ,b is a linea r combinatioo of the (statisti
cally independent) rows of X2. , SO that X

"

b I 0" X , is normally distri
buted with mean 0 and covariance matrix (b'b):'£" ., = (o' MI,' o, ):'£" .,. 

From (3.6.13), O2., ,u" X, is independent of X>. l b . Thus. add ing the 
two te rms of z together. we see that 

z I 0 " X , - Np_dO. ( I + uIM,,' u ,r~: 22-')' 

Let y = (1 +D~In )· 'nz. Since Di= ", u,M,,'o , is a function of 0, and 
X, only. 

As thi~ conditional distribution does not depend On (u " X,) it is also the 
marginal distribution. Furthermore. y is independent of (u, . X,) and 
hence independent of D~. 

Now y and Di; are functions of (M ". M ". oJ. so. by (3.6.11). M22." y, 
and Di; are jointly independent. Thus. from Theorem 3.5.1, 

D 2_ D2 
p k_(m_k) 'T'(p-k.m-k) 

m + D~ 

and furthe r, this quantity is imlependent of D~. • 
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3.7 Statistics Based on tbe Wishart Distribution 

In univariate analysis many tests are based on statistics having indepen· 
dent chi-squared distributions. A particular hypothesis may imply. say. 
that a - <T2X~ and b - 1T2X~, where a and b are statistics based on the 
data . If a and b are independent then, as is welllmown. alb is alf3 times 
an Fa .• variable, and al(a + b) has a beta distribution with parameters ~a 
and ! f3. Neither of these functions involves the parameter CT. which in 
general is unknown. 

In the multivariate case many statistics are based on independent 
Wishart distributions. Let A - W. (I, III) be independent of B - w.cr. /I) 
where m "" p. Since /II "" p. A - , exists. and the non -zero eigenValues o( the 
matrix A - 'B are the quantities of interest. Note that since A- 'B i~ similar 
to the p.s.d . matrix A - ,aBA- ''', all of the non-zero eigenvalues will be 
positive. Also, with probabitity 1, the number of non-zero eigenvalues 
equals min (/I, pl. Further, the scale matrix 1: has no effect on the 
distribution of these ejgenvalues. so without loss of generality we may 
suppose 1: = I (see Exerci.e 3.7. n. 

For convenience denote the joint distribution of the min (n. p) non -zero 
roots of A - 'B hy I/'(p. m. n). Then the following theorem gives an 
important relationship between the I/' distributions for different values of 
the parameters. See also Exercise 3.7.3 . 

Theorem 3.7.1 For 1/1 "" P and n, p "" 1. the I/'(p. Ill, 11) distribuiion is 
identical tn the 1/'(/1, 1/1 + 11 - p. p) distribution. • 

Proof First, note that the number of non-zero eigenvalUes is the same 
for each distribution. Note also tbat m "" p implies m + n - p "" n so the 
latter distribution makes sense. 

Suppose /I "" p. The I/'(p, m, 11) distribution is the joint distribution of 
tbe non-zero e igenval Ues of A - ' B, where A - W.(I, 1/1) independently of 
B - W. (J, n). Write B = X'X, where X (n x p) is a data matrix £rom 
N.(O.I) independent of A. Because 11 ""'p. XX' is a noo-<ingular (n x n) 
matrix (and so XX'>O) with probabiUty I. Define 

G = (XX') ''''X. (3. 7. 0 

Then G is a row orthonormal matri.x (GG' = 1,,) and also XG'G = X . Thus. 

which has tbe same eigenvalues as 

(GA- 'G')(GX'XG') = C'O. say. (3 .7.2) 
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We shall now show that C- W. (I, m-Il - p) independently of 0 -
W.(J, pl. The theorem will then follow. 

Since G is a function of X. and A is independent of X we find (see 
Exercise 3.4.19) that 

(GA - 'G') ' I X= C I X - W.(I, 111 + /1 - pl. 

Since this distribution does not depend On X, it is also the unconditional 
distribution, and C is independent of X. Hence C is also independent of 
D = GX'XG'. Finally, since all 1117 elements of X are independent (0 .1) 
random variables. X'(p XII ) can be considered as a data matrix from 
N. (O.I). so that 

O = GX'XG'= XX'- W. (J. pl. 
Thus the result i. proved when 1I .s p. If ,, > p. then start with the 

I/'(n. m + /1 - p. p) distribution "instead of the "'(p. Ill. n) di~tribution in the 
above discussion . • 

The following result describes tbe dislribuuon of a generalizatIon of the 
F statistic. 

Theorem 3.7.2 If A - W,, (~. m) and 8 - Wr(1:. ,, ) are independent and if 
In "" P and n "" p. then 

</> = IA 1 BI='8 111 (3.7.3) 

II proportional to the product of p independent F uaria/)/",. of wltkh tile ith 
lias degrees of freedom (n - i ... 1) and (111- i-I). • 

Proof From Theorem 3.4.R, IA I and IBI are each \1:1 times the product of 
p independent chi-squared variables. Therefore '" is the product of (' 
ra tios of independent chi-squared statistics. The ith ratio is x~ -I-+ llx?" -I- 1 
i.e. (/I - i T 1 )/(", - i + l) times an F. _._" ... , ,statistic. Allowing i to varY 
from I to p tbe result follows. • 

The multivariate extension of the beta variable will nOw be defined. 

Definition 3.7.1 Whell A - W.,(1. /!I ) a/ld B - Wp (I . II) are independel1t. 
m "" p. we say that 

1\ = IA IIIA + BI =\1+ A 'BI '- t\ (p. m. /I ) (3.7.4 ) 

lias a Wilks' lambda distrihution with para""'"" P.!rI. and n. • 

The A family of distributions oCcurs frequently in the context of 
likelihood ratio tests. The pa rameter '" usually represents the "c.Tfor" 
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degrees of freedom and " the "hypothesis" degrees of freedom . Thus 
ttl -II represents the "lOtar ' degrees of freedom. Unfortunately the 
notation for this stati tic L< far from standard. Like the 1" statistic. W ilks' 
lambda distribution is invariant under changes of the scale parameters of 
A and B (see Exercise 3.7.4). The dL<tribut ion of /\ is given in the 
following theorem. 

Theorem 3.7.3 We have 

.. 
A(p. m. n) - n "i. 13.7.5) ,., 

where Ur, ... . u" are /l illdependelll variables GIld ", - B (!<m ~; - p) . 4p). 
i = I. .... n. • 

Prt)C)f Write B = X'X. where the II rows of X are i.i.d. Np(O, 1) variables. 
Let X, be the li x p) matrix e<>nsisting of the first i rows of X . and let 

M, = A + X:X •. i = I. ... ... . 

ote that ~~= A. M .. = A + B . and M, = Ml ,-+ xjx;. ow write 

IAI IM"I IM.,IIM,I IM._,I 
/\(p. m· Il)=IA+BI =IM.I=IM,IIM,I··· 1M .. I . 

Tb.is producl may be written as U l l~2'" Un. where 

1M. ,I 
u. = IM.I ' i = 1. .... II . 

oW M. = M._ t + x.x: , and therefore. by CoroUary 3.5.2.2. with M; , 
corresponding to M and Xi corresponding to d. 

II, - Bti(m + i - p).1pl. i = 1. .. . . 11. 

It remains to be shown that the U, ~re statistically independent. From 
Theorem 3.5.4. M, is independen t of 

Since I~ is independent of ' " I ' ., . • x, •• and 

, 
M .. ,= M.+ I 'Xi ox:.,. 

k = 1 
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it follows that u; is also inde pendent of M. ~ " M i _, •••• • M •. and he nce 
independent of I~ + , •...• u •. The result follows. • 

Theorem 3.7.4 The A (p. "" II ) and A(n, ,,, + n-p. p) distributions are 
Ihe same. 

Proof Let A,;;' ... ;;. A. denote the eigenValUes of A - 'B in Definitio n 
3.7 .1 and le t k = min ( II, p) denote the number of non·zero such eigen· 
values. Then, using Sectio n A.6, we can write 

" . 
A (p, 111 , ,,)=II +A- 'BI-'= n (1+ A.r '= n (1+ ,1. ,)- ' . (3 .7.6) 

Thus A is a function of the non·zero e igenval ues of A - 'B. so the result 
follows from Theorem 3.7.1 • 

Special cases o f these result< are as fo llows: 

(a) T he statistics 11.( p, 111, I) and A(1, ", + J - p, p) are equivalent. and 
each corresponds to a single B{Hm - p + I), ~p} sta tistic. 

(b) A(p. m. 2) and" (2. 111 + 2- p. p) are equivalent, and correspo nd to 
tbe prod uct of a BH( I11 - p+l). ! p} statistic with an indepe ndent 
BH(1I1 - p+2), !p} statistic. 

From the rel atio nship between (3 and F variables, functions of 
A (p. 111, 1) and A (p. 111.2) statistics can also be expressed in terms o f the F 
distrihution as follows: 

1- A (p, m.l) 
Al p, 111, 1) 

P F' 
." .... - p-I· lII - p + 1 

I -A(1, m, ,, ) /I 

A(l ) 
- - F. .. ,. , 

, m. '1 m 

1-,)11. (p, III, 2) 

,) I\(P. m, 2) 

1- ,)A (2, til , ,,) " 

')A (2 ) - --I F, ... 2(m _ ',' 
. m , tl 111-

(3.7 .7) 

(3.7.8) 

(3 .7.9) 

(3.7.10) 

Formulae (3.7 .7) and (3.7.8) are easy 10 verify (see Exercise 3.7.5), b ut 
(3.7 .9) and (3.7, 10) arc more complicated (see Anderson. 1958. pp. 
195- 196). 
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For other values of nand p. provided m is large. we may use Bartletr's 
approximation: 

-(m -i(p -Il + l)l log A(p. m. 11) - X;. (3.7.11) 

asymptotically as m ...... "'. Pearson and Hartley (1972. p. 333) tabulate 
values of a constant factor C(P. II. m - p+ I) which improves the approxi
mation. 

An approximation which uses the F distribution with non-integer 
degrees of freedom is discussed in Mardia and Zemroch (1978). Another 
approximation based on Theorem 3.7.3 i. given in Exercise 3.7.6. 

The A statistic arises naturally io likelihood ratio tests. and this 
property explains the limiting X2 distribution in (3.7. 11 ). Another impor
taot statistic in hypothesis testing is the greatest Toot statistic defined 
below: 

Definition 3.7.2 Let A- W.(I. m) he ,"dependent of B - W.(I. II). wltere 
III '" p. Tllell the largest eige"ualue II of (A + B) 'B is culled the greatest 
loot statistic and irs distributioll is denoted lI(p. m. II). 

Note that lI(p. 'II. II) can also be defined as the largest Toot of the 
dete[minental equation 

IB -II(A+ B)I=O. 

If A is an eigenvalue of A - ' B. then ,\/(1 +.1.) is an eigenvalue of 
(A + 8 )- 'B (Exercise 3.7.8). Since this is a monotone [unction of A, II is 
given by 

(3 .7.l2) 

where A, denotes the largest eigenvalue of A - ' B. Since .I. , > 0 we see that 
0< 6 < I. 

Using Theorem 3.7.1 aDd (3.7.6) we easily get the following properties: 

(1) /I(P. m. II) and I/(n. It! + n - P. p) have the same distribution: 
(3.7.\3) 

(2) 0(1. III, II) i-A(l.m.n} " (3.7.14) 
A(l. m, n) 

F ..... m~ 
1- 00. m. lI) '" 

(3) 6(p. m. l) I-A(p, m. J) p 
(3.7.15) 

A(p.m.ll 
t FfI .... t,tl ' 1- lI(p, m. I) m-p+ 

For p '" 2. critical values of the 0 statistic must be fmuld from tables. 
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Table C.4 in Appendix C gives upper percentage points for p = 2. 
Pean;on and Hartley (1972. pp. 98-104. 336-350) give critical values for 
general values of p. Of coun;e the relation (3.7.13) can be used to extend 
the tables. 

As above. note that p = dimension, m = "error" degTees of freedom. 
and II = " hypothesis" degrees of freedom. 

J.8 Otber Distributions Related to the MultioorDIal 

Wishart distribution 
The Wishart distribution W.(I. III) has already been described. For refer
ence. it~ p.d.f. (when 1.:> 0 and m '" p) is given by 

t(M! 0.8.1 ) 

with respect to Lebesgue measure n.~. d"~. in R·'r <"'2. restricted to the 
set where M > 0 (see Anderson. 1958. p. 154.) 

{liverted Wishart di .• rriburioll 
(See Siskind. 1972.) If M- W.(1.: . mJ where I>O and m "'p. then 
U = M"" ' is said to have an inverted Wishart distribution W; 'CI. III). 
Using the Jacobian from Table 2.5.1 we see thal its p.d.f. is 

(3.8.2) 

The expected value of U is given (see Exercise 3.4.13) by 

E(U) = 2" /(m-p-I). (3 .83) 

Complex "",Itillormal distribution 
(See Wooding. 1956; Goodman. 1963: Khatri. 1965.) Let z = (x'. y')' -

2.«1-l ;. I-l~)'. I ) where I ' 2(P X p) is a skew-symmetric matrix (I '2 = - :t,,). 
Then the distribution of w =x + i y is known as complex mutinormal. 

Nmr-central Wishart distribution 
(See James. 1964.) Let X be a data matrix from N.(I1.l:).l1iO . Then 
M = X'X has a non-central Wishart distribution. 
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Matrix T distribution 
(See Kshirsagar, 1960 ; Dickey. 1967.) Let X(n x p ) be a data matrix from 
N.W, Q) wbich is independent of M - W.(P, v) . Then T = X'M"" /2 has the 
matrix T distribution . 

Matrix bela type 1 distributioll 
(See Kshir.;agar. 1961 ; Mitra , 1969; Khatri and Pillai , 1965.) Let M, 
W.(l:. v,), i = 1, 2. Then (M , + M2)- 1I2M I(M , + M2)- 1/2 has the matrix beta 
type J distribution. 

Mat,i" beta type If distribution 
(See Kshirsagar. 1960: Khatri and Pill ai. 1965.) Let M, - W. <l:, v,), 
i = I. 2. Then M,'f2M I Mi ' f2 has the matrix beta type 11 distribution . 

Exercises and Complements 

3.2.1 U the rows of X are i.i.d. N.(O, n. then using Theorem 2.7.1 show 
that tr XX is independent of any scale -invariant fu nctio n of X . 

3.2_2 [f x- Np(".. l:). show that x and Gx have the same distribution for 
all orthogonal matrices G if and o nly if ,... = 0 and l: = u 21. How does this 
relate tn the property of spherica l symmetry? 

3.2.3 If x - N (O. ( 21). show that Ax a nd (1- A- A) •• where A- is a 
generalized inverse satisfyin g AA - A - A. are independent a nd each has a 
normal distribution. 

3_2.4 (a) If x- .(11. 1:) and a is any fixed vector. show that 

f 
a'(x - ,...) 
Ja'l:a N(O. l ). 

(b) 11 a is now a random vector independent of x for which 
P(a'1:a = 0) = 0, show tbat f - N(O. 1) and is indepe nde nt of a . 

(c) Hence show that if x - N,(O, I) then 

".0"+ '" log Ix,l 
[.'" + (log Ix,I>'],/2 (0. J). 

3.2.5 (a) The ordinary least squares coefficient for a line passing 
through the origin is given by b = L x,yiL x: = x'Y/x'x. If Y - ,,(0. I) and if 
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x is statistically independent of y then show that 

a = x'y/(~'x )'n - (0. J) 

and is independent of x. 
(b) Suppose x - "(0 . I). Since b = a/(x'x)'" where a - N(O. I) and is 

Independent of x. and since x'''' -x~ we deduce that n ''' b - t •. This is the 
null distribution of the ordinary least squares coefficient (or the bivariate 
normal model. 

3 .2.6 U~ing the covariance matrix 

,how thaI the conditiunal distribution 0; (x ,. x,) given x, ha' me"n vector 
[ IL l - P'(X,- IL,). 1L,1 and covariance matrix 

3.2.7 If X,. X2 . X3 are i.i.d . ,, (J1. l:) random variables. and if y , = X , +X2' 

)'2= "" + " , y,= XJ + X" then obtain tbe conditional dislribution of y, 
I:ive n y" and of Y. given Y2 and y, 

3.3.1 If '" - p(Il. l:) a nd Ql:Q'(q x q) i, non-singular. then. given 
that Qx = q. show that the conditional distribution or " is normal with 
mean ". + l:Q'(Ql:Q')-I(q - QIl) and ( ingula r) covariance matrix 
1: -l:Q '(Ql:Q')- IQ1:. 

3.3.2 If X' I is as defined in Corollary 3.3.3.1. and if Q = X.(X;X ,) ' X; • 
• how that 

(i) QX, .I = QX, - X 1l:,,'1:,2. ( ii) (1- Q)X11 = (I - Q )X, . 
Hence prove lha t 

(iii) Xi ,(I - Q)X"= X;(I - Q )X, . 
(i v) Xi .IQX2.. = XiQX, - 1:, ,1:, ,' M Il- M" l:,I' l:12 + 1:" I II' M II l: , I l:". 

where Mij :::;. X~XI ' 

ISee a lso E xercise 3.4. 15.) 
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3.3.3 Suppose that x - (IL. I) and a is a fixed vector. [f r. IS the correlation 
between X, and a·x. show that r = (cD)-'12Xs where {' = a'Xs and D = 
Diag (:I). When does r = Xs" 

3.3.4 (Proof of Theorem 3.3.2) (a) Let XV be the tip-vector obtained 
by stacking the columns of X On top of one another (Section A.2.5). Then 
X(n x p) L. a random data matrix £rom N.{JL.:I) if and only if 

wbere ® denotes Kronecker multiplication (see Section A.2.S). 
(b) Using the fact that 

we deduce that (AXB)v is multivariate nnrmal with mean 

ami with covariance matTix 

(B'®A)(:I®J)(B'®A), = B"IB®AA'. 

(c) Therefore AXB is a normal data matTLs if and only if 

(i) A1=a 1 for some scalar a or B' ... = 0. and 
(ii) AA' = JH for some scalar (3 or B'IB = O. 

(d) If both the above conditions are satisfied then UB is a random 
data matrix from N.(aD' .... (3B·IB). 

3.3.5 (Proof of Theorem 3.3.3) Suppose that X(n x p) is a data matrLs 
(rom N.( .... I ). and that Y=AXB and Z=CXD. Then. using (*) from 
Exercise 3 .3.4. show that 

y"ZV' = (B'® A)XVXv'(D'®C)'. 

But using Exercise 3.3.4 (a) we know that V(Xv) = I®I. Therefore 

qyY, ZY']= (B'®A)(I®J)(O®C') = B·:W®AC'. 

The elements of Y and Z are uncorrelated if and only if the above matrix 
is tbe zero matrLs. I.e. if and only if either B':IO=O or AC' =0. 

3.4.1 If M - W.(I. m) and a is any random p.vector which satisfies 
a'Xs i 0 with probability one, and is independeO! of M. then a'Ma/a'Xs 
has the x!. distributioll. and is independent of a . 

89 r-;ORMAL DISlJUBUTION THEORY 

3.4.2 [f M - W.(I , m). show that b'Mb and d'Md are statistically inde
pendent if b'Id= O. (Hint: use Theorem 3.3.3.) Hence show tbat m" and 
III;, are independent if CT,; = O. aud that wben I = I, tr M has the x~ •• 
distribution. Give an alternative proof of this result which follows directly 
from the representation of M as X'X. 

3.4.3 (Mitra. 1969) Show tbat the following conditions taken togetber 
are necessary (and sufficient) for M to have the W.(I , m) distribution: 

(a) M is symmetric, and if a':Ia=O tben a'Ma = O witb probability one; 
(b) for every (q x p) matrix L which satisfies LXL' = I. tbe diagonal 

elements of LML' are independent x!, variables . 

3.4.4 (MitT8. 1969) The converse of Theorem 3.4.2 does not hold. 
Tbat is. if a'Ta/a'l:a - x~ for all a. then T does not necessarily have a 
Wishart distribution. 

(a) eonslmelion Consider T = aM where M - Wp(I. n). 
ex - B(!!, le n - f)). and a and M are independent. From Theorem 3.4.2. 
a'Ta/a'Xa is the product of independent B (Jf, len - m and x! variables . 
Hence. using the bint. show that a'Ta/a'Xs - xf. Thus T=aM satisfies tbe 
required property. (Hint: If X, • .•• • x" are Ll.d . N(O, 1) variables tben. 
using the fact tbat x'x is independent of any scale-invariant function. see 
Exercise 3.2. 1. note that 

are independent variables with B Gf.1(n - f)) and X! distributions. respec
tively. Hence tbe product of the above variables is L:!. , xf. which has a X1 
distribution .) 

(b) COItlradiction But T cannot have a Wisbart distribution. For if it 
does. it must have f degrees of freedom. In that case ri , = ~;/(~,l •• )' /2 would 
have the distribution of a sample correlation coefficient based on a 
normal sample of size (f+ I). But r,; is also m"/(III,,IIIII)'I2. whicb has the 
distributiOn of a sample correlation coefficient based on a normal sample 
of size (II + 1). Hence we bave a contradiction. and T cannot bave a 
Wisbart distribution. 

3.4.5 (a) If the rows of X are i.Ld . N.( ... , X), and Y=X - l ... '. then the 
rows of 'V are i.i.d. N.(O. l:). Now 

X'CX = Y'CY + Y·ClJL'+ ... l'CY+( l'Cl) ...... '. 
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If C is symmetric and ·idempotent. then Y'CY has a Wishart distribution 
by virtue of Theorem 3.4.4. and X'CX is the sum of a Wishart distribu
tion. two non-independent normal distributions. and a constant. How
ever. a special case arises when the rows o[ C sum to zero. since then 
Cl = 0 and the final three terms above are aU zero . Thus we have the 
following result which geoeralizes Theorem 3.4.4. 

(b) If the rows of X are U.d . N. ( .... I) and C is a symmetric matrix. 
then X'CX has a W. (I. r) distribution if (and only if) (i) C is idempotent 
and either (ii) p. = 0 or (iii) Cl = O. In either case, = tr C . 

(c) (Proof of X'IIX - W.C~ . .. - I) As a corollary to the above we 
deduce that if the rows o[ X(" x p) are i.i.d . N.(p.. I ), then X'HX 
W. (I. II-1 ). and S=n -'X'UX - W.( II - ' I , n - l) because the centTing 
matrix H is idempotent of rank (n - 1). and all its row sums arc zero. 

3.4.6 (a) Let C, • . .. • C. be (II x .. ) symmetric idempotent matrices such 
tbat C ,+ ... + C k = I and let X(n x p) be a data matrix from N. t... . I ). 
Sbow that C, C, = 0 for i f j. Hence if M, = X'C, X, deduce that X'X = 
M , + . .. + Mk is a decomposition of X'X into a sum of independent 
matrices . 

(b) If ... = O. show that M, - W. (.I. r,) fo r i = 1. .... k. where r, = 
rank (C, ). 

Cc) For general.... if C , = 11 - ' 11', use Exercise 3 .4.5 to show that 
M, - W.(.I. r,) for i =2 •.. .. k . 

3.4.7 11 the rows of X are i.i.d . N. (p..l: ) and i[ C is a symmetric (II x II ) 
matrix . then X'CX and AXB are independent if either B 'l:= 0 or AC = O. 

(Hint : As in (3.4.2) we have X'CX = ~ A,y,y;. where y. = X''Y(i' and C = 

I A; 'Y'n'Y~" Now by Theorem 3.3.3. AXB is independent of It ,''' 'Y(,,x if 
and only if eitber 8 'I = 0 or A,"2A'YU'= O. The second condition holds for 
all i if and only if AC = O. Hence the result follows .) 

3.4.8 If the rows of X are i.i.d. and liS = X'HX is statistically indepen
dent of ni = X'1·. then the rows of X must have a multivariate normal 
d istribution (Kagan et al.. 1973). However. note that i is not independent 
of X·X. 

3.4.9 If the rows of X(" x p) are i.i .d . Nv(O.I). and if C and Dare 
symmetric (p X p) matrices. then the following results may be derived 
[rom Theorems 3.4.4 and 3.4.5: 

(a) XCX'- W .. (I.r) if and only if C is idempotent. and r = trC; 
(bl XCX' and XDX' are independent if and only if CD = 0 : 
(c) XCX' and AX'B are independent if (and on ly if) AC = 0 Or B = O. 
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(Hint: the columns of X are the rows of X '. and these also are i.i.d.) 

3.4.10 Extend the results of Exercise 3.4.9 to -the case of generaII >O. 
and show that if the rows of X are i.i.d . Np(O. l:) then 

(a) XCX' - W .. (I. r ) if and only if Cl:C = C. in which case, = tr Cl:; 
(b) XCX' and XDX' are independent if and o nly if cm = 0 : 
(c) XCX' and AX'B are independent if (and only if) AIC = 0 or b = O. 

(Hint: note that the rOWS of Xl:- I12 are i.i.d. ,,(0 . 1), and use Exercise 
3.4.9.) 

3.4.11 From Exercise 3.4.9 show thaI if x - p (j.L,'1) then 

(a) x'Cx - X; if and only if p. = 0 a nd CIC = C. in which case , = trCI 
(as a special case. (X-p.),l:- I(X- p.)-X; ); 

(b) x'c.. and x'Dx are independent if amI o nly if CID = 0 : 
(c) x'Cx and Ax are independent if (and only if) AIC = O. 

3.4.12 (Alternative proof that i and S are independent) Let X(" x p) 
be a da ta matrix from Npw.. I ) and let A(" x n) be an orthogonal matrix 
whose last row is given by D .. = ,, - Int . If Y = AX show that 

(a) the rows of Y a re independent: 
(b) Y .. = " ,n i - N .(n In p.. l:): 
(c) y, - N. (O. l:) for i = I. .... ,, - 1: 
(d) "S = X'UX = L.:'~,I y,y:- W.(I . I1 - I) independently oli. 

3.4.13 (Expectation of the inverted Wishart distribution) If M 
We(I, mI. m <> p + 2. show that E~')= I- '/(m - {J - I ) . 

(Hint: [f x - X; , It <> 3, then use its p.d.L to show that E (x- ' ) = I/(n - 2). 
Also nOte that a'';-'a/a'M-'a - X~'-v- I for all constant vectors a.) 

3 .4.14 [f c - X;;' then . using the central limit theorem (Theorem 2.9.1) 
and the transformation theorem (Theorem 2.9 .2), it is easy to . ee that 
log c has an asymptotic N(Iog m. 21m ) distribution as 111 --> 00. Deduce a 
corresponding result for the asymptotic distribution of log IMI. where 
M - W(l:. mi. 
3.4.15 (aJ Let X be a data matrix from . (0, l:). If X, ., = X,-X Il:, ;l: ,> 
tben 

a nd F - W(l:22.I, m ). 

(Hint: use Theorem 3.4.1: See also ExercL,e 3.3.2.) 
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(b) F is independent of X, and of M". 
(e) U F is the matrix obtained from F by substituting" 'M for "l:, then 

F = M 22 I defined in (3.4.5) . 

3.4.16 If A and Bare (p x p) symmetric idempotent matrices of rank r 
and s and if AB = 0, show that, fnr x - Np(O, (T'I). 

x'AJr: 1 I 

x'(A + B)x - 8 (ir" s), 

and 

tp -r)x' Ax 
rx'(I-A)x - F, .• _,. 

3.4.17 (a) Suppose that the elements of x are U.d. with mean O. 
variance I, and third and fourth moments I'- J and 1'-4' Consider the matri... 
M = xx', and show that 

V ( rn,,) = (1'-4 - 2)1>" ~ I, 

where 0" is the Kronecker delta and Il',k! = I if and only if i = j = k = I. 
and is 0 otherwise. 

(b) Suppose tbat the elements of X(" x p) are Li.d. with the moment~ 
given above. If M = X'X show that 

C(mll' m.,) = n[(1'-4 - 3) /;,; .. + &..o~ + 0,,0,.]. 

(e) Using the fact that 1'-4 = 3 for N(O, I), show that if M - W. ("l:. n) 
then 

C(m, .. mkl) = n «T",(Tii +0'110',.)· 

3.4.18 (Alternative proof of Corollary 3.4.8.1) Let {(x) be a p.d.f. on 
R ' and let X = (X,,. .. . x.)' be a random sample from [(x). Show that 
rank (X) = min (n, p) with probabili ty one, and hence, using (A.4.2e), show 
that if ,, :;;. p, then X'X> 0 with probability one. 

3.4,19 (Eaton. 1972, §8.26) (a) Note the following generalization of 
Theorem 3.4.7(a) : if M - Wp(l:, m ) aod A(k x 1') has rank k. then 

(~'A')"- W.«Ar"A')-', III - p + k ). 

(Hint: If A = [1, OJ, then this theorem is simply a statement thaI (M")- '_ 
w. «1:")", '" - P -j- k) , wbich has already been proved in Corollary 
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3.4.6.1. Now any (k x p) matrix of rank k can be written A = 
B[l.. 0]1'l: ' /2 • where 8 (k x k) is non-singular and 1'= (1'; , r~)' is or
thogonal. (The first k rows, 1' " of l' form aD orthonormal basis for the 
rows of U - In The rows of 1'2 are orthogonal to the rows of U - '12, so 
Al; - '121',=o.) Let Y = n 'inM"l;- 1J2l". Clearly Y - W. (I, III). Now 
AM"A' = 8[1. OlY" [J, O]'B' = 8Y" 8 ' where y ll is the upper left-hand 
submalrix of Y" . Now (~IA')" =(8')-I(V")" 8- '. But (y lI)"_ 
W.(I, III - p+ k). Therefore (AM-I A')-' - W.«88') -I, III - p + k) . But 8 = 
u -If21"[J. 0]'= u -I121',. Thus, since U ' 1J2f, = 0 and I =r;1', + f,1'2 , 

(8B')" = (U " A ')".) 

(b) Hence deduce Theorem 3.4.7(a) as a special case. 

3.4.20 Let the rows of X (n x p) be independenUy distributed x,
N.( ..... , l:) for i = I, ... , II, where tbe 11; are not necessarily equal. 

(a) Show that Theorem 3.3.3 remains valid with this assumption on X. 
(b) Show that Craig's theorem (Theorem 3.4.5) remains valid with this 

assumption on X. 
(c) If E (CX) = 0, show that parts (a) and (b) of Cochran's theorem 

(Theorem 3.4.4) remain valid with this assumption on X. 

3.5.1 (a) Examine the case p = 1 in Theorem 3.5.1. Putting d
N ,(O. 0'2) and illS 2 _ (J'2X~ to correspond to d and M, respectively, show 
that a corresponds to (dis )', which is the square of a 1m variable. 

(b) If d - Np( .. , J:) and M - W.(l:, rn ) then we say tbat a=rnd~'d 
has a IIoll - celltral -r- distribution. Show that 

a = (3 + 2111,,'M",,+ m .. 'M" ... 

where (3 has a central -r- distribution and x- N.(O, 1:). 
(c) Under the conditions stated in part (b), sbow that a is proportional 

to a non-central F statistic, where the non-centrality parameter depends 
on ,..'1:- 1 

.. , the Mahalanobis distance from .. to the origin. 

3.5.2 Using the assumptions of Theorem 3.5.1, show tbat if a = 
md'M-'d' tJlen 

a d'M"d 
(a) - B (lp l (m - I' + 1» ' 

a+m 1 + d'M 'd 2 • 2 ' 

(h) 
III 1 

8 (1(111- P + 1) , 4p); 
a+m I + d'M - ld 

(e) IMJ III - 8 (1( 111 - 1'+ I).!p). 
IM + dd'l a + m 

(Hint: use equation (A.2.3n) ,) 
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3.5.3 Show that il ma - T'(p, m) then (m + 1) log (J + a) has an asymp
totic X; distribution as m ~ "". 

3.6.1 Partition 11 = (p.; , lIZ)' and suppose 1: is also partitioned. Using 
equations (A.2.4g) and (A.2.4n, show tbat 

where 

3.7.1 If A - W.Cl: m) independently of B - W.<l:, II ) and m ;;. 1', show 
that A- ' B has the same eigenval ues as A*- ' B*, where A* = 
1:- 112A1:- In _ W. (l , m) independently of B* =:r-"' BI- I12 - W. (l , II ). 
Hence deduce that the joint distribution of the eigenvalues of A - ' B does 
not depend on I . 

3.7.2 In Theorem 3.7.1 , show that G = (XX')-WX is row orthonormal. 
Also show that XG'G = X and that GX'XG'=XX'. 

3.7.3 (Alternative proof of Theorem 3.7.1) Let X«m + II ) X(n + 1'» , 
where m ;;. 1', be a data matrix from n~p (0, I) and partition 

X'X = M = (M II M" ) ,, . 
\M21 M Z2 P 

Using Theorem 3.4.6, show thal (M"t' =M" ., = Mu - M2I M,:M12 -

W. (l. m ) independently of M22- M22.I= M21 M1:MI2- W.(I , II ). Thus. 
using equation (A.2.4&>. the non-zero roots of M22M2I M'IIM12 = 
- M' IMIl have the '1'(1', m, II ) distribution . Since M and M- ' are sym
metric, - M'tM12 =-M12'M" = -(M2IM

12
)" which has the same non

zero eigenvalues as - M12M21 (since AB, (BA)" and BA all have the same 
non-zero eigenvalues). Interchanging tbe roles of 1 and 2 above, and 
applying Theorem 3.4.6 again. sbow tbat the roots of - MI2M2I have the 
'1'(/1 , m + II - p. p) distribution. Tbus tbe '1'(1', m, /I) and '1'(11, m + II - 1', p ) 
distributions are tbe same. 

3.7.4 If A - W.(I, m ) and B - W.(I , II) are independent Wishart mat
rices, show that IAI/IA + BI has the A(p, m, I.) distribution . 

3.7.5 Verify the F distribution given in (3.7.7) and (3.7.8). 

3.7.6 (a) (Bartlett,1 947) Show that -{r- i(p + q + I)} log A(p, r-q,q) 
has approximately a X~ distribution for large I. 

(b) (Rao, 1951, 1973, p. 556) If A -A(p, l -q, q), then an a lternative 
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approx imation uses 

illS -2,\ 1- A II. 
R =-----;-~ pq A II. ' 

where m=r -~(p+ q + l) . ,\ =~(pq-2) . and S2=(p'q2_4l/(P'+q2_5l. 
Then R has an asymptotic F distribution with pq and (ms - 2>') degrees 
of freedom. even though (ms - 2,\ ) need not be an integer. 

3.7.7 Show that if In or II is less than p then the <I> statistic defined in 
Theorem 3.7.2 can not be used . 

3.7.8 II A >O and B ;;.O alld Bx = AAx for some x i' O. then show that 
Bx = (A/(l + A»(A + B)x. Hence deduce that if A is an eigenvalue of A- lB. 
then A/(I + A) is an eigenvalue of (A + Bl-'B. 

Added in proof 

3.4.21 Let x - N.(O. I). Using the characteristic function of x, show that 

E(X,X, XkX") = UijUr.:r + O"ikU" + iT, tU4'" 

for i. j, k.. I = I , ... ,p. Hence prove that 

C(x' Ax. -x'Bx) = 2 tT (AIB1:), 

where A and B are p x p symmetric matrices. Hint : pro\'e the result for 
the tra nsformed variables y = I "'". 



4 
Estimation 

4.1 Likelihood and Sufficiency 

4.1.1 The likelihood function 

Suppose that x" .... x" i a random .ample (rom a population with p.d.r. 
{ (x; 9), where 9 is a parameter vector. The likelihood function of the 
whole sample is 

" 
L(X;9) = n {(x,; II ). (.1.1 .1) . , 

The log likelihood function is 

.. 
I(X: II) = log L(X; 9) = L log {(x,; 9). (4. 1.2) 

Given a sample X both L(X; 9) and I(X; 9) are considered as functions of 
the parameter O. For tbe special case n = 1. L(x; 9) = {(x; 9) and tbe 
distinction between the p.d.!. and the likelihood function is to be noted : 
fix; 9) is interpreted as a p.dJ. when 9 is fixed and" is allowed to vary 
and it is interpreted as the likelihood function when. is fixed and 9 is 
allowed to vary. As we know, the p.d.f. plays a key role in probability 
theory whereas the likelihood is central to the theory of statistica l 
inference. 

Example 4.1.1. Suppose . , ..... x" is a random sample from Np (,..1:). 
Then (4.1.l) and (4.1.2) become, respectively, 

L(X : ,. . I)=I21TII-"lZexp{-~.t. (r.- ,.)':1 '(1(, - 11»), (4.1.3) 

97 ESTIMATION 

and 

II n 

[(X: I1.I)=Jug L(X: 9)=-2'logI21T1:I-i L (:<, - ,.)':1- '(x, - ,.). 
1- ' 

(4.1.4) 

Equation (4.1.4) can be simplified as (ollows. When the identity 

(x, - ,.)':1-'(x, - ,.) = (x, - XYL' (X. -xl 
+(i - ,.)'1:-'(x - ,.) ... 2(i - ,.yr ' (" . - x), (4. 1.5) 

is summed over the index i = 1 , .... II. the final tern, on the right-hand side 
van.ishes. yielding 

f (x, - ,.Yl:" '(x, - ,.) = f (x, -;c)'r' (x. - i )+ It (i-,.)':1- '(i - ,.). 
I - I " .. I 

(4.1.6) 

Since each term (x,-x),:1- '(", - x) is a scalar, it equals the trace of itself. 
Hence (see Section A.2.2) 

(4.1.7) 

Summing (4.1.7) over the index i and substituting in (4.1.6) yields 

" L (x , - ,.)'r'( 
, , - ,.) = tr I - ' {i (x, - x)(x, - x)'} + It (i - ,.)'r '(j - ,.l. 

,- I 

Writing 
(4.1.8) 

.. 
L (x, -x)(x, - x)' = liS . , 

and using (4.1.8) in (4.1 A) gives 

For the special case when 1:= 1 and ,. = 8 then (4.1.9) becomes 

np 11 n 
I(X: 9)= - -Zlog 21T-2' trS-2' (x-9),(i - 9). (4.l.l 0) 

4.L2 Efficient scores and FISher's infonnation 

The score f""c tioli or efficient score s = s(X: 9) is defined as 

a I a 
seX: 9) = all (ex: 9) L(X; II) 00 L(X: 9). (4.1.11) 
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Of course. seX; 9) is a random vector which we may write simply as s. The 
covariance matrix of s is called Fisher's infonnation matrix. which we 
denote by F. 

Theorem 4.1.1 If seX; 0) is the score of a likelihood function alld if t is 
any function of X and 0, then. under certain regularity conditi(!Ils, 

£(st) = ~ E(t') - E(itt') ao ao . (4 .1 .12) 

Proof We have 
E(t') = J t'L dX. 

On differentiating both sides with respect to 9 and taking the differentia
tion under the integral sign in the right-hand side (assuming this opera
tion is valid), we obtain 

~E(t') = J"1:;!Lt'L dX+ J: LdX. 

Tbe result follows on simplifying and rearranging tbis expression. • 

CoroUaty 4.1.1.1 If seX; 9) is the score corresponding to a regular likeli
hood function then E(5) = O. 

Proof Choose t as any constan t vector. Then E (s)t' = 0 for all I. Thus. 

E (s) = 0 . • (4.1.l3) 

CoroUary 4.1.1.2 If sex; 9) is the score corresponding to a regular likeli 
hood function and if t is any unbiased estimator of 0 then 

E(st') = I. (4.1.14) 

Proof We have E(t) = 0 and, since t does not involve 0, : = 0, • 

CoroUaty 4.1.1.3 If seX : 0) is 1I1e score corresponding ro a regular likeli
hood function and if t is an estimator such thaI E (t)= 0 + b(9), Ihe n 
E(st') = I + B where (8 )" =ab"iJB,. 

Proof Use itt'/ao = I + B .• 

From Corollary 4.1.1.1 we ee tbat F = V(s) = E (sS). Applying 
Theorem 4.1.1 with t = s gives 

, (iW) (~I) F = E(ss ) = -E ao = -E\aiiiiiY- . (4.1.] 5) 
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Example 4.1.2 Suppose x" ... , x. is a random sample from .(9. 1). 
From (4. 1.10), 

a 
seX : 9) = 00 I(X; 0) = n(x - 9), 

iJs' 
ao = -nl . 

Hence, from (4.1.15), F = nl. Alternatively, F can be obta ined as the 
covariance matrix of II (X- O). 

Example 4.1.3 For n = 1, tbe simple exponential famil y defined in Section 
2.7 .1 has likelihood function 

f (x; 0) = exp [ 0 0(0) + bo(x) +, t. B,b, (x)] . 

Hence 
• 

• 
I (x ; 9) = " 0(0) + bo(s) + L B,b, (x), 

sex; 0) = ao;,0) + b. 

where b ' = (b ,(x) ... .. b.(x» . Using (4. 1.15). 

F =-E(iJs ) = _ a2
ao(9) 

iJO' a9a9' . 

4.1.3 The Cramer-Rao lower bound 

(4.1.16) 

Theorem 4.1.2 I f t = reX) is all ullbiased esrimaror of 9 based 0" " regular 
like lillood funcrioll. till'" 

(4. l.I 7) 

wllere F is rile FISI,er in/ ormation matrix. 

Proof Consider corr" [a , 'Y], where a=a't , 'Y = c's, and s is the score 
function . From (4. 1.13) and (4.1. 14), we have 

C[a. y ]= a'C[t.s]c = a'c, V(y ) = c'V(s)c = c'Fc. 

Hence 

corr [a, y] =(a'c)'/{a' V(t)ac'Fc} ,.; I. (4 .1.18) 

Maximizing the left-hand side of (4 .1.18) with respect to c with the help 
of (A. 9.13) gives, for all a . 

a' r 'a/a' V(t)a ,,;; I ; 

that is a'{V(I) -F- ' )a30 for all a . whicb is equivalent to (4.1.17) .• 
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Note that the Cramer-Rao lower bound is attained if and ouly if 
the estimator is a linear function of the score vector. 

Example 4.1.4 A genetic example presented by Fisher (1970. p. 305) 
has four outcomes with probabilities (2 + 0)14, (1- 0)14. (I - 0 )14. and 014 , 
respectively. If in " trials one observes X. results for outcome i, where 
Lx. = " . then x=(x" x" :1:3 , x.l' has a multinomial di tribution and the 
likelihood function is 

where c = n !I(x,! x,! X3! x.!) . Then 

I(x; 0) = log c -" log 4+ x. log (2 + 0) +(X2 + X3) log (1 - 0) + X 4 log O. 

The score function is given by 

al x. 
sex: 0) ao 2+0 

X2+ X3 X4 

L -0 ' O' 

From (4.1.1S), 

( 
-x, (x2+ x,) X4) 

F= - E (2+0)2. (1-0)' 02. 
n (1+20) 

{20(l- 0)(2+ 0»), 

The Cramer-Rao lower bound is F - '. Here 4x./n is an unbiased 
estimator of 0 with variance 0(4 - O)/n which exceeds rl. Hence 4x4 /" 

does not attain the Cramer-Rao lower bound. Since the lower bound can 
only be obtained by a linear function of the score, any such function 
(which wiII involve O) cannot be a statistic. Hence no unbiased estimator 
can attain the lower bound in this example. 

4.1.4 Sufficiency 

Suppose X = (x" ... , x,,)' is a sequence of independent identically distri
buted random vectors whose distribution depends on the parameter e, 
and let t(X) be any statistic. The statistic t is said to be sufficient for e if 
L(X: e} can be factorized as 

L(X; e)= get; e)h(X), (4.1.19) 

where /, is a non-negative function not inVOlving e and g i~ a function of e 
and t . 

Note that (4.1.19) implies that the efficient score s depends on the data 
only through the sufficient statistic. 

Example 4.1.5 For the multinormal case we have from (4.1.9) taking 

r:;ELIO~ ---- .:...:;'1·R.. ... L - UFLA 
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exponentials, 

L(X; .... . 1:) = 127r1:I-N'2 exp { -~ tr l:- IS-~(i-I1Yr l(i-I1J}. 
(4.1 .20) 

In (4.1.19), taking heX) = I, we see that i and S are sufficient for 11 and 1:. 

Example 4.1.6 From Example 4.1.4. 

L(x: 0) = c(2+ 0)"(\- 6)"'-<'0'-14" -<'-<'.". 

Taldng g(t ;8)=(2+0)'·(l-0)'7'<'O<· and t'=(x l , x,+x3 • x.) in (4.1.19), 
we see that 1 is sufficien t for O. Since It = x 1+ X2 + X, + x. is fixed, t+= 
(x .. x4 )' is also sufficient, as x., + X3 can be written in ternlS of 1+. 

Example 4.L 7 For a sample of size It from the sinlple exponential 
family as in Example# 4 .1.3 the likelihood can be written as 

[(X: e)=exp [,lao(e)+ .t O,.t b;<xl ) ] exp [.t. bO(Xi)]' 
I ~ t .=1 , .. 1 , 

In (4.1.19). take get: e) as the first factor in this expression and f,(X) as 
the second. The vector I, where 

is sufficient for 9. 

.. 
I, = L b,e_,), 

i "' l 

A sufficient statistic is said to be minimal sufficient if it is a function of 
every other sufficient statistic. The Rae-Blackwell theorem states that if 
the minimal sufficient statistic is complete, then any unbiased estima tor 
which is a function of the minimal sufficient statistic must necessarily be 
the unique minimum variance unbiased estimator (MVUE); that is, it will 
have a smaller covariance matrix than any other unbiased estimator. 

Example 4.1.8 Suppose that the It rows of X are i.i .d. N.(I1, I) vectors 
and we seek the best unbiased estimate of the quadratic function 0 = 
,,'11 + I'll. The mean x is minimal ,sufficient for 11, and we consider a 
quadratic function of i, t = ai'i+ b'x+c. Then 

E (/)= a(I1'I1+ ~) + b',,+c. 

If I is to be an unbiased estimator of O. then a = 1. b = I. and c = -apln. 
Since this unbiased estimator is a function of the minimal sufficient 

statistic ii, which is complete, then, from the Rae-Blackwell theorem, t is 
the minimum variance unbiased estimator of 9. 



MULTrvARlATE ANALYSIS 102 

4.2 Maximum Likelihood Estimation 

4.2.1 General case 

The maximum likelihood estimate (m.Le.) of an unknown parameter is 
that value of the parameter which maximizes the likelihood of the given 
observations. In regular cases this maximum may be found by differentia
tion and, s ince I(X; 9) is at a maximum when L(X: 9) i< at a maximum, 
the equation (aI/ail) = s = 0 is solved for 9. The m.Le. e of 9 is that value 
which provides an overall maximum. Since s is a function of a sufficient 
statistic, then so is the m.l.e. Also, if the density f{x; 9) satisfies certain 
regularity conditions and if en is the m.Le. of 9 fo r a random sample of 
size n. then en is asymptotically normally distributed with mean 9 and 
covariance matrix F;' = (nF)' , wbere F is the Fisher information matrix 
for a single observation (see, for example, Rao. 1973, p. 416). In 
particular. since V(O.) -+ 0, 0. is a cOllsistent estimate of 6 , i.c. plim 0" = 
6, where plim denotes limit in probabi lity. 

ElUIlllple 4.2.1 T he m.Le. of II in Example 4.1.4 is found by solving the 
eq uation 5= 0, which becomes 

1II1'+(2x,+2x,-x, + x.)8 - 2x" = 0. 

T his quadratic equation gives two rootS, one positive and one negative. 
Only the positive root is admissible. Wri ti ng P. = XJII. i = 1. 2 , 3, 4, the 
quadratic eq uation becomes 

1I ' +1I(2 - 3p , -p.)-2p. = 0. 

Discarding the negative root of th is quadratic equation, iI = 
a + (a2 + 2p4)'!2 , where a =i(3p, + p.)- 1. 

Example 4.2.2 If (x" .... x,, ) is a random sample from Weinman 's p
variate exponentia l distribution defined in ection 2.6.3. then the log 
likelihood is given by 

0- ' ( Il.) 11 -'1= - L log A, +-' • 
,_41 ).., / 

(4 .2.1) 

where . 
nllj = (p - j) L {x.(j. \) - x.u,1 

; "" J 

with x,(I) the j th smallest element of x, (i = I, .... II ; j = 1, ... , P - 1), and 
x i(O) = O. Note that although the elements of x, are not independent, the 
elements Il" ... , Il._, are independent. Differentiating the log likelihood 
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gives the element' si of the score s as 

Sj = alfaA, - - n (Ai - llj)fA ~. 

The m.Le .s are therefore A; = 8,. Since £ (s,)= O we see that A, is an 
unbiased estimate of Aj • Tn the special case when aIL the parameters are 
equal. . ay A. then (4 .2.1) becomes 

"-'/ =-PIOgA -Ci:' Il.)/A. (4.2.2) 
f - U 

Differentiating with respeGt: to A gives 

al lip (P-' )/ ('~ ' )/ s=-=--+ n L Ii, A'= n L o,- pA A'. 
aA A {_" f- O 

Solving s = 0 gives 

~ =("i:' Il.)/P. 
I - li 

Again . since E (s)=O we see that A is unbiased for A. 

4.2.2 Multivariate nnrrnal case 

4 .2.2. 1 Un colls trained case 

For the multivariat~ normal distribution we have the log likelihood 
function from (4 .1.9): 

We shall now show that 

ii = i. i =s (4.2.3) 

if II ;;, P + 1. ote that from Corollary 3.4.8. 1 that s> 0 with probability 1. 
The parameters here are J.l and 1:. Using new parameters J.l and V with 

V = 1:-' , we first calculate a/fa", and illfilV. Equation (4.1.9) becomes 

np II II U , 
I(X; J.l. V) = - 2 log 2TT + 210g iVI-2 tr VS -

2 
tr V(X- J.l)(x - J.l) . 

(4 .2.4) 

Using Section A.9. 

(4.2.5) 
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To calculate iH/ilV, consider separately each term on the right-hand side 
of (4.2.4). From (A.9.3), 

~ log IVI = {2 V jlVI, 
iluil V..IIVI. 

if j , 

i = j. 

where V'I is the iith cofactor of V . Since V is symmetric. the matrix with 
elements Vi;/IV I equals V- ' = 1:. Thus 

From (A.9.4), 

and 

iJ log IVI = 21:- Oiag 1: av . 

iltrVS . 
--=2S - 013gS 

!IV 

Combining these equations we see that 

al II 
aV =2 (2M - OlagM). 

where M = 1: - S-(i-",)(x-",y. 
To find the m.l.e.s of '" and l: we must solve 

01 ill 
- = 0 and -=0 . 
OIL ilV 

(4.2.6) 

From (4.2.5) we see thal V(x-IL)=O. Hence the m.l.e. of IL is ,1 =x and 
from (4.2.6) al/av = o gives 2M - OiagM = O. This implies M = O. i.e. the 
m.l.e . of 1: is given by 

(4.2.7) 

Since ,1 = x. (4.2.7) gives t = S. 
Strictly spealcing, the above argument only tells u.s that - and S give a 

stationary point of the likelihood. In order to show that it and S give the 
overaU maximum value, consider the following theorem. 

Theorem 4.2.1 For allY fixed (p x p) marrix A > O. 

{(1:) = 1'11-"'2 exp (~ tr r l A) 

is maximized over 1: >0 by '1=II - 'A, and {(II - 'A)=I,, - ' A ) ..ne-npt2. 
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Proof II is easily seen that { (II- ' AI takes the form given above. Then we 
can write 

log fen IA ) - log [('1) = ~"p(a -I-log g). 

where a = tr '1 - ' A/IlP and g =1 11 'X • AI"" are the arithmetic and "eomet
ric means of the eigenvalues of ./ '1: 'A. Note that all of thes; eigen
values are positive from Corollary A.7.3.1. From Exercise 4.2.3. a - 1-
10gg;;.O. and hence f(II - ' A );;'[(l:) for all '1 > 0 . • 

If we maximize lh<: likelihtlod (.1 . 1.9) over l: for fixed IL, we find from 
Theorem 4.2.1 that 1: " given by (4.2.7). Then since from (A.2.:1m) 

we see that the 1o!!. likelihood ~s maximized by Ii. = i . Alternatively. we 
could maximize ove< IL first (Exercise 4.2. 11). (In later examples we shall 
in general leave it to tb~ reader to verify that the stationary pouu; 
obtained are in fael overall maxima.) 

Note that the m.l.e. of 11 could have been deduced {rom (4.1.9) directly, 
whether I is known or not. Since l:"" >0. -(>: - ",)'l:""(i - ",)",O and is 
maximized when 11 = '\: . Thus I(X:IL. I ) in (4 . 1 9) is maximized a t IL = '\: 
whether l: i constrained Or nOl. Consequently, Ii. = i when I is known. 
However. in case; where", is constrained the m.l.e. of '1 will be affected. 
e.g. when 11 is known a priori, the m.l.e. of I i. fo und by soh-ing al/ilV = 0 
and is given by (4.2.7). 

In the case where II = 1 and I = I is known. Stein (1956) showed that 
when p;;'3. m.l .e. ,1 = i = x is an i"admissible estimator of IL under 
quadratic loss. For further discu"ion of this remarkable fact. see Cox and 
Hinkley (1974, p.447). 

-1 .2.2.2 COlIsrraillls 011 rlie mea" vee/or IL 

Consider the case where IL i; known to be proportional 10 a known 
vector, so "'= kl'<J. For example. the elements of could represent a 
sample of repeated measurcmenLs. in wh ich case 11= k1. With 1: also 
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known (4.1.9) becomes 

To find the m.Le. of k, we solve aI/ilk = O. This gives 

ftl'Ql:- I(i - kilo) = 0, 

i.e . the m.l.e. k of k is 
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(4.2.8) 

(4.2.9) 

Then k is unbiased with variance (n..o1:- l llor l
; see Exercise 4.2. l. 

When 1: is unknown the two equations to solve for t and k are (4.2.7) 
and (4.2.9). Pre- and post-multiplying (4.2.7) by i -I and s-t respec
tively, gives 

S- I =l:-I +l:-\r- " )(x- ,,yS- ' . 

Pre-multiplying (4.2. to) by ..0 and using (4.2.8) gives 

pQS- l = ,....,;1:-'. 
Thus. from (4.2.9), 

(4.2.10) 

(4.2.11) 

A further type of constraint is ~=r. where R and r are pre-specified. 
Maximizing the log likelihood subject to this constraint may be achieved 
by augmenting the log likelihood with a Lagrangian el<pression; thus we 
maximize 

where A is a vector of Lagrangian multipLiers and I is as given in (4. 1.9). 
With 1: assumed known, to find the m.Le. of " we are required to find a A 
for which the solution to 

aJ· 
- = 0 
a" 

satisfies the constraint ~=r. From (4.2.5) 

Thus 

al· = "1:- I(j- ,,) _ nR'A. 
a.. 

i- ,, = l:R'A. 

(4.2.12) 

Pre-multiplying by R gives RX - r =(Rl:R')A if the constraint is to be 

L07 

satisfied. Thus. we take A = (Rl:R)- '(Ri - r), so 

';' =ii- l:R'A = i-1:R'(Rl:R')-'(Ri - r). 

When :t is unknown the m.Le. of" becomes 

,;. = ii - SR'(RSR')- ' (Ri - rj. 

See Exercise 4 .2.8. 

4.2.2.3 COlIsfTainrs 011 1: 

ESTrMAnON 

(4.2.13) 

(4.2.1 4) 

First we consider the case where "I = k"Io, where ~ is known. From 
(4.1.9), 

(4.2.15) 

where u = tr :t;;'S+(j- "),l:.~'(ii - ,,) is independent of k. If J.1. is known, 
then to obtain the m.Le. of k we solve al/ak = O. This gives 

- p/k +a/k 2 =0. 

Tbus the m.Le. of k is k = alp. If j.L is unconstrained, then we solve 
alliJj.L= O and al/ak=O. These give k = alp and l1 =i. Together these give 

• k = II :t;;'S/p. (4.2.16) 

The constraint 1:12 = 0 , where :t'2 is an off-diagonal submatrix of 1:, 
implies that the two corresponding groups of variables are independent. 
The m.Le. of 1: can be lound by considering each subgroup separately and 
is 

t=[Sl1 0 ] Os,, · 

Example 4.2.3 For 47 female cats the body weight (kgs) and heart 
weight (gros) were recorded; see Fisher (1947) and Exercise 1.4.3. The 
sampLe mean vector and covariance matrix are 

i = (2 .36. 9.20)'. s = [0.0735 0.1937] 
0. t 93 7 1.8040' 

Thus j and S are the unconstrained m.Le's for " and.1:. However, if from 
other information we know that ,, =(2.5.10),. then tis given by (4.2.7). 

i-" = (-0.14, -0.80)', 

i:S+(i- }(i- )'= [0.0931 0.3057] 
" " 0.3057 2.4440' 
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If instead we assume ""= k(2.5. 10)" then from (4.2. 11 ). 

k =(2.5. IO)S- ' (2.36. 9.20)'/(2.5, 10)S- '(2.5. 10)'. 

This gives k = 0.937 , so the m.l.e. of", is (2.34. 9.37)' and the m.l.e. for l: 
is now i = S +(0.02 , -O.17)'{0.02. -0.17) which is quite close to S. 

If the covariance matrix was known to be proportional to 

_ [0. 1 0.2] 
1;0 - 0.2 2.0 

with", unconstrained . then from (4.2.16). k = tr 1:;;'S/p= 0.781. Hence 

i = [0.D78 0. 156] 
0. 156 1.562 ' 

4 .2.2.4 Samples wirh lillked parameters 

We turn now to consider situations with several normal samples, where 
we k now a priori that some relationship exists between their parameters. 
For instance we may have independent data matrices X, ..... X •. where the 
rows of X;(n; x p) are U.d. Np( ..... l:.), i = 1 ..... k. The most common 
constraints arc 

(a) 1;, = ... = 1;. or 
(b) 1;, = ... = l:. and "" = ... = "' •. 

Of co urse if (b) holds we can tTeat all the data matrices as constituting 
o ne sample from a single population. 

To calculate the m.l.e.s if (a) holds, note that. from (4. 1.9). the log 
likelihood function is given by 

1= -t L [n, log 127Tl: I + II, tr r '(S, + d,d:)]. (4.2.17) 

where S, is the covariance matrix of the ith sample. i = I , . .. , k. and 
d; = i , - j.L i' Since there is no restriction on the popula tion means, them.l.e. of 
j.L, is X. and setting /I = 111" (4.2 .17) becomes 

1=-~nlogI2,,:1:I - ~ trL'W. where W = Ln,S •. (4.2.18) 

DIfferentiating (4.2. 18) with respect to l: and equating to zero gives 
l: =Il - IW. Therefore i = n- IW is the m.l .e. of l: under the conditions 
stated. 
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4.3 Other Techniqoes and Concepts 

4.3.1 Bayesian inference 

Until now the vector 9 has been regarded as fixed but unknown. How
"ver. a Bayesian approach would regard 9 as a random variable whose 
dis tribution reflects subjective beliefs in what the value of 9 is likely to be. 
A fairly complete exposition of the multivariate aspects of Bayesian 
inference appears in Chapter 8 of Box and Tiao (1973). 

Suppose that before observing the vector x, our beliefs about the value 
of 9 could be represented by a prior distribution ,,(9). For instance, if 6 is 
a scala r whicb is believed to lie between 1 and 5 with a 95% probability. 
then we may take the prior distribution to be normal with mean 3 and 
variance I. since about 95% of this distribution falls between 1 and 5. 
This would lead to 

I 
1T(8)= c-cxp {-itll-3l'l . 

v2-rr 

Iternative ly. if OUi beliefs were oot symmetric about 3. some o ther prior 
distribution might be more suitable. For instance if (J is non-negative. 
then a gamma distribution could be used . 

The prior density. given by -rr(9). and the likel ihood of the observed 
data f(x ; 9) together define the so-called posterior distribution. which is 
the conditiooal distribution of 9 given x. By Bayes' theorem. the posterior 
density is given by 

7T(9 1 x)= {1T(9)f(x; Ol} / J 7T(9)f(x; 0) d9°c ... (9)f(x ; 9). (4.3. 1) 

All Bayesian inference is based upon the posterior probability fuoction . 
10 particular. the Bayesian estimate o f 9 is given by the mean of the 
posterior density 1T(0 I x). 

Sometimes it is convenient to use an improper prior den ity 
(f ro(9 ) dO = w). Such priors are allowable as long as f 7T(O)f(x; 9) de <00. 
so that the posterior density is defined . 

Example 4.3.1 Suppose that X =(x ...... ".y is a random sample from 
N. (p., :1:) and that there is no prior knowledge concerning ", and :1:. Then a 
natural choice of prior distribution is the non-informative (or vague) prior 
based on Jeffreys' principle of invariance (Jeffreys, 1961, p. 179). This 
principle assumes first that the location parameter", and scale parameter 
1: are independent, so 17 (",, :1:) = 17 (",),,(:1:). and second that 

1T (,.) ex IF(p.)I'12. 1T(:1:) <X IF(:1:)1 " 2
• 

where F(",) and F(:1:) are the information matrices for ", and :1:. Hence, 
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using Exercise 4.1.12. we see that 

""li>,:I) ex I:II-IP' ' Wl . (4.3.2) 

The marginal posterior of .... Can nOW be obtained by substituting for 
7T( ..... :I) in (4.3. 1) and integrating 7T( ..... }; 1 X) with respect to 1:. to give 

.". ( .... 1 X) '" J 1:II-wP>l)fl exp ( ~ tr };- 'V) dl:, (4.3.3) 

where V = IIS+II(;;- .... )(i - .... )'. 
The function to be integrated here is similar to the p.d.f. of the inverted 

Wi hart distribution given 'in (3.8.2). Using the normalizing constant of 
that expression. it is clear from (4.3.3) that 

1T(p.1 X) '" IVI-"Il· 
But 

Tberefore 
.". ( .... 1 X) ex [l + (i - .... )'S-' (i - .... n-"'2. 

Thus the posterior di.tribution of .... is a multivariate t distribution with 
(n - p) degrees of freedom and parameters i and S (see Exercise 2.6.5). 
The mean of this posterior distribu tion is the sample mean i. so in this 
case the Bayes' estimate of .... is the same as the maximum likelihood 
estimate. 

The posterior distribution of 1: is obtained by integrating ?T(,., 1: I X ) 
with respect to ..... This leads to an inverted Wisbart posterior distribution, 
witb a mean of "S/( II -p - 2) (see Exercises 3.4.13 and 4.3.1). Note that 
in this case the Bayes' estimate differs from the maximum likelihood 
estinlate. 

Example 4.3.2 When one wishes to incorporate illformative prior infor
mation into the analysis tben a useful prior distribution is the " natural 
conjugate prior" (see, for example. Press, 1972. p. 76). For example, in 
the case of a random sample from tbe N. li>, 1;) distribution, tbe density of 
x and S from (3.4.3) and (3.8.1) is 

f(i.. S; ,., 1;) ex {il:l- ,n exp [-ill(i - .... yr'(i- .... m 
x {ll:l-I"- ')/2 exp (--ill tr 1;- 'S)} . (4.3.4) 

Then the conjugate prior for J.! and :I is obtained by thinking of (4.3.4) 
as a density in .... and :I after interpreting the quantities x. "S, and" -1 as 
parameters of the prior distribution <1>, G > 0, and til> 2p -I, and adjust
ing the proportionality constant so that the density integrates to 1. Thus, 

11(,.,)';) cx {I - "", exp (--i tr 1;- lG )}{II r "2 exp [-It .... - <I>)'r' 4<-<I>)]). 
(4.3.5) 

111 ESTIMATION 

The Bayes' estimates of .... and I are. respectively (see Exercise 4.3.2) , 

(<1> + "i)/(1 +n) , {ns+ G + 1: n (x-<I>)(x-<I>y}j (It ~m -2p-2). 

(4.3.6) 

either of these estimates is tbe same as the corresponding maximum 
likelihood estimate, although they do indicate that tbe Bayesian proce
dure leads to a weighted average of prior estimates and sample-based 
estimates. 

4.3.2 Robust estimation of location and dispersion for multivariate 
distributions 

Estimators of location 
One possible way to e..timate the location of a multivariate sample is to 
treat each variable separately. For example. one can use the a -trimmed 
mean for each vat1 able (Le. the mean after omitting a proportion ex of the 
smallest and a proportion ex of tbe la rgest observations on each variable). 
An alternative estimator based on each variable separately is the M
estimator (maximum likelibood type estimator). For a univariate . ample 
X, ..... x. It is defined implicitly by 

.. 
L w(x, - T .. )=O, ,-, 

where oil is a given function. If the sample comes from a symmetric 
distribution F, and if ODe takes w(x) = max [-k. min (x, k)] where 
F(-k) = ex. then this estimator has the same asymptotic behaviour as the 
a-trimmed mean (Huber. 1972). (Note that if oiI(x)=x. then Tn =i). 

An inherently multivariate technique to estimate the mean vector has 
been given by Ge.ntleman (1965) (also see, Barnard, 1976). For fixed 
k. J "" k "" 2. he proposed an estimator xt which minimizes 

.. 
L IIxi- x~II·. /-, 

where IHI denotes the usual Euclidean norm. He recommends k=~ in 
practice to minimize the effect of outliers and to retain as much precision 
as possible. Note that One gets the usual mean vector when k = 2. 

Tukey has proposed a multivariate analogue to trimming called " peel
ing" (see Barnett, 1976). This consists of deleting extreme points of the 
convex hull of tbe sample and either repeating this a fixed number of 
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times or until a fixed percentage of the points has been removed. Very 
little is known about the behaviour of this procedure. 

EXllIIIpie 4.3.3 We illustrate the above techniques on the iris data of 
Table 1.2.2 for Iii< versicolour with x, = petal length and X, = sepal 
length. Figure 4.3.1 shows the set of convex hulls for this data . The mean 
vector after "peeling once", i.e. excluding the extreme points (nine in aU) 
of the convex bull, is i:= (4.26, 5.91)'. This is not far distant from the 
sample mean vector i=(4.26, 5.94)'. The excluded points are listed in 
Table 4.3.1. 

The et-trimmed values for et = 0.04 are also shown in Fig. 4.3.1, i.e. the 
largest two and smallest two extreme values are trimmed for each 
variable. The trimmed mean vector is ~)=(4.27, 5.93)'. This is very close 
to tbe untrimmed mean i. Hence on this data the values of the three 
estimates are similar. However, the properties of the estimators are vastly 
different, especially on samples wbicb are con taminated in some way. 

Estimates of dispersion 
There are various univariate techniques for producing robust estimates of 
variance which can be extended to covariance. but in general a covariance 
matrix produced in this way is not necessarily positive definite. 

1.0 

5.0 

L---;-3'-;.O,.......-L----'---'-----'---..,.5'-;.O,-~'--.. Pelol length 

FigUTe 4.3.1 Convex hull for rhe iris doro (1. ".,sic%ur variety ) witl, 0= mean 
afrer "peeling " onct!, + = a-mmmed mean (0. = 0.04). 
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Table 4.3. ] Extreme values to be excluded [rom 
robust estimates in the iris data of Table 1.2.2 

VaJues excluded after 
peeling once ( X I' xJ 

(4.7.7.0). (4.9, 6.9). 
(3.3,4.9). (4.4, 6.7) 
(5.0,6.7). (3.5, 5.7), 
(5.1. 6.0). (4 .5, 5.4), 

(3.V, 5.1) 

a-trimmmg, a =0.04 

x,: 3.3. 5.0. 5.1. 3.0 
x,: 7.0.1>.9.4.9,5.0 

ESTIMA1l0. 

The following procedure looks promising (see Wilk er al., 1962). 

(l) Rank tbe observations X,(I = 1.. .. . n ) in terms of Euclidean distance 
II" - x'II, where f * is a robust estimator of location . 

(2) Take a subset R whose ranks are Ihe smallest IOO(l-a)% and 
comp ute the sum of sq uares and product. matrix: 

A" = L (x, - x")(x, - x*)', 
-.>'1< 

where <II should be small to ensure that A" IS non-singular. 
(3) Rank all n observations in terms of (x, - x*)'A;;'(x, - x*). 
(4) A subset T of the" observations whose ranks are the smallest 

100(1 - /3 )% are chosen and the robust estimalor of the dispersion 
matrix is 

s* n(l ~ 13) ~T (x, -x*)(x, - x*Y. 

'(ere the value of k is chosen to make S' sufficiently unbiased and /3 is a 
'mall positive number. If /3 is small and n(1 - /3 ) "" p, then S* is noo 
,ingular with probability one. More work needs to be done. however. to 
,ecornmelld k, 0/. and /3 in practice. 

Gnanadesikan dnd Kettenring (I972) and Huber (1972) bave made a 
.umparison of tbe many robust estimators available. but the subject is st ill 
'" a developing state. 

Exercises and Complements 

-LL1 Let x COrne from the general exponential family with p.d.f. 

f(x; 0) = exp f a,,(O) ~ b,,(x)~ f a, (O)Mx)}. 
, , 



MULTIV ARIATE A ALVsrS 
114 

(a) Show that the . core function is 

aa" f (la, b ( ) _ OlT" Ab 5 = - + L. - ,x --+ , 
n& ,_, OIl OIl 

where A is the malrix whose itb column is adJiI6. and b' is the vector 

(h l(x) .. ... bq(x» . 
(b) ate that ilaolae and A are both free of x. Therefore, since Ihe 

core has mean zero, prove that 

U A is a non-sinj!ular matrix. then 

E[b] =-A 
I oall 

(cl Comparing (a) and (h), prove lhallhe value of 9 for which s is zero 
(i.e. tbe maximum likelihood estimalor) is also the value which equates b 
to il. expected value. 

(d) Show that the information matI u.. is given by 

(iI!<') a' a <, a' a 
F = - E ~ = - --" - L --', E[Mx)]. 

iI9 OIl il9' , ,ilO OIl 

4.1.2 (a) If x ha, the multinomial distribut ion. sO that Vex) = 
diag(a)-aa'. as shown in Section 2.6.1. then show that 

VIP''') = P' V(x)fJ = L /3 ~a, - (L /3,a,),. 
(bl Note that the score, defined in Example 4.1.4 may be written as 

., = l3 'x. where a , = ~(2 + 8). u, = a, = ~(1 - II). and a~ = 0/4. and /3, = 1/(-1a,), 
(:I, = (:I. = -1/(4112) and 13. = 1 / (4a~) . Hence deduce that yes) = t..r a; I . 

4.1.3 Show from (4.1.2) that the score of a et of independent random 
variables equals the sum of their ind ividual scores. 

4.L4 If I( X: 9) is as defined in (4.1.10) with t = it. verify Corollary 

4 .1. 1.2. 

4.1-5 If x, ..... Xn are independent variables whose distributions depend 
upon the parameter 9. and if F, = E(S,5;) is the Fisher information matrix 
corresponding to X,. then show that E (5,S;) = 0 and hence that F = 
F, - ... + F" is the Fisher informa tinn matrix corresponding to the ma trix 

X = \ X, .... . .)' . 

4.1.6 Obtain tbe Fisher information corresponding, to the genetic exper
iment of Example 4.1.-1 by ..quaring. the score and eva luating E(S 2). 
Check that the result is equal to that obtained in Exan1ple 4.1.4. 

LIS ESTlMATIO>< 

4.1.7. Show that if E(I) = 9 + b(9), where t does not depend on 9, then 
equatIon (4 .1.18) becomes 

corr2 (a, 1') = {c'(I + B)al'/(a'Vac'Fc), B = (ilb;(9)taO,), 

so 

m~x coIT' (a, 1') = a'(I +B)'~I(I+ B)a/s 'Va. 

Hence show Ihat the Cramer-Rao lower bound can be generalized. 

4.1.8 If A - Wp (:£, m) show that its likelihood is given by 

L{A;:£) = cl:£I-""2IAI(m-p - Il12 exp (4 tr:t- ' A). 

where c includes all thl! terms which depend only on III and p. Taking 
V= ~' as the parameter as in Section 4.2.2.1. the· log likelihood is 
therefore 

I(A; V) = log c +~ 1Il log IVI+~( I11 - p -I) log IAI-! trVA. 

Writing K =~IIl'l:-tA, use the resull~ of Section 4.2.2.1 to show that the 
SCOre is the matrix 

a/ 
U =-= 2K-DiagK BV . 

Note that, since E(A) = m:t, it is clear that U has mean zero. 

~.1.9 If,, - Np (1L8. 0'
2 1), where a is known. then show that'" en ters the 

likelihood function only through the bivariate vector t = (a'x, "'x). Hence 
show that t is sufficient for (IL. 0'2). Hence show that wben the elements of 
}. are i.i.d. N(IL, 0'2). then (i , x'x) is sufficient for (IL. O''). 

~.1.10 (Generalization of Example 4.1.4 and Exercise 4.1.2) If x = 
(.t" .... xpJ' has a multinomial distribution with parameters a ,(9) ..... 11.(9), 
and N =Ix" 

(a\ show that the score function is 

s = L Xi aa,. 
aj 00 1 

(b) show that the condition E[o)= O is equivalent to the condition 
r (aa;/il9)= 0, which i implied by the condition r a, = 1; 

(c) show that 
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and that the information matrix is 

F= _E(iJs')= Nt. (J.. ila J iJa,_~) 
ae a, ae il9' il9il9' 

-when 0 is a scalar this simplifies to 

(
1 (ao,)' a2a.) 

{= NL ~ dO - ao~ . 

4.1.11 Suppose that sex; 8) and F(O) are the score vector and informa
tion matrix with respect to a particular parameter vector 9. Let <I> = <1>(9). 
where <1>(-) is a one-to-one differentiable transformation. Then show that 
the new score vector and information matrix are. respectively, 

4.1.U Let x, ..... x" be a sample [rom N.(Il, 1:) with 11 known and p = 2. 
For simplicity take V = 1:-' as the parameter matrix. Put v ' = (v". V22. 0.,). 

Then. using (4.2.4), sbow that 

( a'/ ) 
F(V) = - E aviIV 

Hence sbow that 

vi2 
vIl 

- 2vI) Un 

This result can be generalized to the general case to give 

iFMI ex lVI-to" \ '" II I'" 
(see. for example. Box and Tiao. 1973). Hence. using ExercL~e 4.1.11 aDd 
the Jacobian from Table 2.5.1. show that 

IF(1:)1 ex l1:t"" ". 

4.L13 Show that the information matrix derived in Exercise 4.1.12 for 
p =1 can also be written 

rr~2 - 20"110"1 2 ) 

u;.., - 2U'22U12 ' 

- 20"220'12 2 0'2ZUI I + (.r~2 

11 7 EsnMA nON 

4.2.1 If 11= k"", and ~ is the m.l.e. of k given by (4.1.9), show that 
H(k) = k and V(t<) = (n..:,1:- '"",)- " where n is the sample size. 

4.2.2 Since i is independent of S and bas expectation k""" show that the 
estimator k given in (4.2.11) is unbiased, and that its variance is 

n - , E {v.I,S- 'l:S-' "",,(¢,S- ' ""')'}. 

~.2.3 If x;;. 0 then sbow that 

{(x) =x-l-Iog x 

has a minimum of 0 when x = 1. (The first derivative of x is positive when 
x> I. negative when x < 1. and zero when x = 1). Therefore show that 

x ;;.log x+ 1. 

If a and g are the arithmetic and geometric means of a set of positive 
numbe"" then establish that a;;.l + log g and that equality bolds only 
wben eacb positive number equals unity. 

4.2.4 Using the data in Example 4.1.3. show that if 11' 'was known to be 
proportional to (2,8). then the constant of proportionality would be 
k= l.17 . 

4.2.5 [f x- N.{p. . .,..'I). where ... is known to lie on the unit sphere (i.c. 
11'11 = I). show that the m.l.e. of j.I. is x/(X'X) "'. 

4.2.6 If Rp. = r and ... is given by (4.2.13). show Ihat E (j).) = j.I. and 
V(jl)= ,.-' (1: - :tR'(IU:RT'IU:). No(e that V(j).) is less than Vii) by a 
non-negative definite matrix. 

4.2.7 If 1: = kl:" and 11 is unconstrained. so that k is given by p - I Ir1:O 'S, 
as in (4.2.16). show that E[IC] = (Il-I)k/n. 

4.2.8 (Proof of (4 .2.14)) [f Rp. = r and I is unknown, then the m.l.e. of 
j.I. is obtained by solving simultaneously 

ai' 
-=0 and Rp. = r . 
all 

Note that l: = S + dd' where d = l:R'(R:i:RT 'a and a = Ri - r. Also, note 
that Rd = a and therefore tR' = SR' + da' and Rl:R' = RSR' + 88'. Thus. 

d = (SR' + <12')(88' + RSR')-' a = SR'(RSRT'a. 

where we have used (A.2.4f) with A = RSR', B = D ' = a, and C = 1 for the 
second part, plus some simplification. But d = i-j).. Therefore j,.= 
x-SR'(RSR')- '(RX-r) . This is the same as the expression obtained in 
14.2.13) when 1: is !mown. with the substitution of S for 1:. 
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4.2.9 Use (4.2. 13) to sbow that when 11 is known a r>riori to be of the 
form (11;, 0')' , then the m.l.e. of 11 , is i, - X12l:;ix2 • 

4.2.10 (Mardia, 1962, 1964a) (a) Show that the log likelihood of a 
random sample (x" y,)', .... (x., Y.)'. from the bivariate Pareto distribution 
of Exercise 2.2.1 is given by 

,, - ', = log p(r> + 1)-(p + 2)0. 

where 

"0 = t log(x, + y; - I). 
i - I 

(b) Show that maximum likelihood estimator of I' is given by 

p = a-I -4 + (a - 2 +j)1I2. 

(c) By evaluating ifl/ap2. show that the Fisher information matrix is 
,,(21'2+ 21' + I)/{p(p+ l »)2 and hence show thai the asymptotic variance 
of Ii is ,, - '{p(p + 1))2/(21'2 + 21' + 1). 

4.2.11 Show that for any value of X > O. the multi normal log likelihood 
function (4.1.9) is maximized when 11 = i. Then. usi ng Theorem 4.2 . 1, 
show that if l1 = i. then (4.1.9) is maximized when X = S. 

4.2.12 If X is a data matrix from N. {j1, 1:). where X =<>'[(1 - p)l+p11'] 
is proportional to the equicorrelation matrix. show that the m.l .e .s are 
given by 

,1 =i, 
2 

( J)'2 L S;j. P P- (J" i<J 

(Hint : using (A.3.2b). write X- ' = al + bll' and differentiate the log 
likelihood with respect to a and b.) 

4.3.1 (Press, 1972, p. 167) Show that if x, ..... x. are i.i.d. N.(I1. X). 
then i and M = "S have the joint density 

ISr"-·-2ln 
f(i . S; 11, X) ex IXI-n exp{-t" trr'[S + (i- .. )(i- " n. 

If the vague prior .. ( ... 1:) oc ll:I- '·+1W2 is taken. show that the posterior 
density can be written as 

11'(11, 1: I X) oc IXI-( v~'- un exp (~ tr v-'r' I. 
where v=" and V =[S +(ii-jl)(i-I1)']- ' " - " By integnlling 1I'(jl,X IX) 
with respect to X and using the normalizing constant of the inverse 
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Wishart distribution. show that the posterior den,ity of jl is 

7T( .. 1 X) '" {l + (i - ill 'S '(i - Ill) -no 

i.e. 11 ha. a multivariate ( d istrihution with parameters i. S. and v =,, - p. 
By integrating 7T{j1. X I X) with respect to 11. show that the posterior 
density of X is inverted Wishart. W; '(11 5. ,, - I) (see (3.8.2)). Hence show 
that the posterior mean of 11 is i . a nd if ,, > I' - 2 show thalthe posterior 
mea n of 1: is "S/(" - p - 2) (see Exercise 3.4.13). 

.\..3.2 (press, 1972, p. 168) (a) If the informative prior from (4.3.5) for 

.. and 1: is taken. then show that the posterior density is 

7T(I1. 1: I X) = 11:1- ("+'"-1)12 exp {-~ tr r '["s + G 

+ (11 - '!»{I1 - 4>)' - lI( jl - X)( jl - i )'lJ 

(b) Show that the posterior density of j1 is multIVariate ( with paramc
I~rs 

4> + I1X 
a = ---, 

)+11 
II--=- Il + 1]1 - p. 

(el Show that the posterior density 01 1: i, inverted Wishart. 
W:«II~ I)C. II + m - p - l) (see eq uation (4 .8.2)) 

(d) Hence show that the posterior mean of jl i, a. and ,f 
" ~ m - 2p - 2 > 0 show that the posterior mean of 1: is (l ~ II lC/( 1I + /II + 
21' - 2). 
hce Exercise 3.4.13). 



5 
Hypothesis Testing 

5.1 Introduction 

The fundamental problems of multivariate hypothesis testing may be 
attributed to two sources-the sheer number of different hypotheses that 
exist. and the difficulty in choosing between various plausible test statis
tics. In this chapter we shall present two general approacbes based on the 
likelihood ratio rest (LRT) and union intersection test (UIT). respectively. 
On some occasions, the LRT and UIT both lead LO the same test 
statistics. buloon other occasions they lead to different statistics. 

The s~e~r ' number of possible hypotheses is well illustrated by the 
p-dimensional normal distribution. This has ! p(p+3) parameters, and 
therefore quite apart from other hypotheses. there arc 2P

(p·3\n hypoth
eses which only specify values for a subset of these parameters. This 
function of p is large even for p as smaU as 3. Other hypotheses could 
specify the values of ratios between parameters or other functions, and 
further hypotheses could test linear or non-linear restrictions. Of course, 
in practice the number of hypotheses one is interested in is much smaller 
than this. 

The second source of fundamental problems mentioned in the opening 
paragraph concerns the difficulty of choosing between certain plausible 
test statistics, and the key question of whether to use a sequence of 
univariate tests Or whether some new multivariate test would be better. 
These problems are apparent even in the bivariate case. as shown in the 
following example. (See also Exercise 5.3.6.) 

El<l1IDpJe 5.1.1 To illustrate the difference between multivariate 
hypothesis-testing and the corresponding univariate alternatives, consider 
only the variables x. and x, . where 

x. =head length of first son and x,=head length of second son. 
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from Frets ' head data given in Table 5.1.1. For the complete data of 
Table 5.1.1, ,. =25, 

and 

i=(I85.72. 151.12.183.84, 149.24)' 

50.753 66.875 44.267] 
52.186 49.259 33.651 

96.775 54.278 . 
43.222 

We assume initially that x. and xJ are independent. and that each is 
normally distributed with a variance of 100. (The assumption of indepen
dence is woefully unrealistic. and is advanced here purely for pedagogic 

Table 5 .1. 1 The measurements on the first and second adult sons in a sample of 
25 fam ilies. (Data from Frets. 1921.) 

First son Second son 

Head Head Head Head 
lengtb breadth length breadth 

t Q1 155 t79 145 
1~5 149 201 152 
1 ~I 148 185 149 
11\3 153 181( 149 
176 144 171 142 
2(18 157 192 152 
189 t50 190 149 
197 159 189 152 
188 152 197 159 
J 92 150 187 J51 
179 158 186 148 
1H3 147 174 147 
174 150 185 152 
190 159 195 157 
188 151 187 158 
163 137 161 130 
195 155 183 158 
186 153 173 148 
181 145 182 146 
175 140 165 137 
192 154 185 152 
174 143 178 147 
176 139 176 143 
197 167 200 158 
190 163 187 150 
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reasons.) Suppose that we wish 10 test the univariate hypothc.<es (simul
taneously) that both means are 182. i.e. 

H,:x,~ (182, 100). 

They may be tested using the following z statistics: 

x, - 182 
z 1= 101 25 = 1.1\6, 

x, - HI2 
=2 = 101 25 = 0.92. 

Since Iz,\< 1.91> for i = I. 2. neither of the univariate hypotheses H, nor 
Hz would be rejected at the 5% level of significance . 

ow let us consider the bivariate hypothesis 

H ,:x,-N(185.IOO) and x, - (185.100). 

This hypothesis is true if and only if both H, and Hz are true . There are 
various ways of testing H ,. 

One way would be to accept H, if and only if the respective z tests led 
to acceptance of both H , and H,. Another approach would be to note 
that if both H, and H , are true then 

An acceptance re~ion I-ta,ed on z, would lie between the two lines 
Z I + Z, = ±C. ote that the obsen'cd value of z, equals 1.966, which is just 
significant at the 5% level , even though neither z, nor 2 , were sign ificant. 
Hence a multivariate hypothesis may be rejected even when each of its 
univariate components is accepted. 

A third approach is based on the observation that if H, and H2 are 
true, then 

This would lead 10 a circular acceptance region . In the above example, 
z i + zi = 4.306. which is below the 95th percentile of the xi distribution 

A final possibility, 10 be considered in detail below, would use informa
tion on the correlation between z , and 2z to derive a test statistic based 
on a quadratic form in z 1 and 2 ,. This leads to an elliptical acceptance 
region. Thus. depend ing upon which te,t statistic is chosen. our accep
tance region can be rectangular. linear. circular, or elliptical. These 
different acceptance regions can easily lead tu conflicting results. 

We shall concentrate on developing general stra tegies and particular 
test statistics which can be used in many frequently occurring situations. 
Section 5.2 gives two systematic strategies. based On the likelihOOd ratio 
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test (LRT) and union intersection test (VIT). respectively. The tesls are 
introduced briefly in Section 5.2, with several examples of each. We find 
that for some hypotheses the LRT and UIT lead to identical test statistics. 
while for other hypotheses they lead to different statistics. Sections 5.3 
and 5.4 discu s more detailed appl ications of the LRT and UIT. Section 
5.5 considers the construction of simultaneous confidence intervals, while 
Section 5,6 ma kes some points o[ comparison between different types of 
hypothesis testing. Throughout the chapter we shall use the tables in 
Appendix C and also those in Pearson and Hartley (I972. pp. 98-1 16, 
333-358). Sections 5.7 and 5.8 consider non-normal situations and nOn
parame tric tests. 

5.2 The Techniques Introduced 

This section introduces the likelihood ratio test (LRT) and union intersec
tion test (Urr) and gives a few applications. 

5.2.1 The likelihood ratio test (LRT) 

We assume that the reader is already [amiliar with tbe LR procedure 
from his knowledge of univariate statistics. The general strategy of the 
LRT is to maximize the likelihood under the null hypothesis H, .. and also 
to maximize the likelihood under the alternative hypothesis H ,. These 
main results are given in the [ollowing definitions and theorem. 

Definition 5.2.1 If tl,e distribwion of the randoll! sample X = (s" . .. • ll. )' 
depends upon a parameter vector O. and if H ,, :OE Do altd H, :O E D. are 
any tlVO hypotheses, then rhe likelillOod ratio (LR) sratisric for testing H. 
against HI is defined as 

A(x)=q/Lf. (5.2.1) 

where L~ is rhe largest value which tlte likelihood function takes ;" region 
D,. i =0.1. 

Equivalently, we may use the statistic 

- 210g'\ =2(if- I~). (5.2.2) 

where If = log L f and If. = log L~ . 
In the case of simple hypotheses. where Do and D. each contain only a 

single point, the optimal properties of the LR statistic are proved in the 
well-known eyman-Pearson lem ma. For LR properties when H " and 
H, are composite hypotheses, see Kendall and Stuart (1973. p. 195).ln 
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general one tends to favour HI when the LR statistic is low, and H" when 
it is high. A test procedure based on the LR statistic may be defined as 
follows: 

Definition 5.2.2 The likelihood ralio lest (LRT) of size" for te.sting H" 
against HI l.as as its rejeclion region 

R ={x l A(X)<C} 

where c is determined so that 

sup P.(XE R )=". 
hnQ 

For the hypotheses we are interested in , the distribution of A does not. 
in fact. depend on the particular value of 0 E flo. so the above supremum 
is unnecessary. The LRT bas the following very important asymptotic 
property. 

Theorem 5.2.1 In the notalion of (S.2.1). if fll is a region in R q. and if 
flo is an r-dimensiorlO/ subregion of fl .. tlten WIder suitable regularity 
conditions, for each 6 E flo, - 210gA has all asymptotic x!-, distribution 
asn---io X. 

Proof See. for example, Silvey (1970. p. 113). • 

To illll$trate the LRT. we examine three hypotheses assuming that 
X = (x .. .... " ")' is a random sample from 0"". 1:). 

5 .2.1" The hypotlresis Ho: ).l = I'<J, :I known 

When 1: is known. then Ho is a simple hypothesis and, from (4. 1.9), the 
maximized log likelihood under H" is 

I~ = ICJ.lo. l:) = -In log 121T ~ -4n tr:,;-I S -~n(i - ).I.o)'r'I(X- ).I.o). 

Since H I places no constraints on ).l. the m. I.e. of ).l is i and 

If=/(i. 1:)=-{n logI21T~-tn tr:,;-IS. (S.2 .3) 

Therefore, using (5.2 .2), we get 

-2 log A = 2(1f -I~) = /I (i- I'<,)'1;- J(i-).I.o). (S.2.4) 

Now from Theorem 2.5.2 we know that this function has an exact X; 
distribution under Ho. Hence we have a statistic whose distribution is 
known. It can therefore be used to test the null hypothesis . (Note that in 
this case the asymptotic distribution given by Theorem 5.2 .1. is also the 
small sample distribution.) 

Example 5.2.1 Consider the first and third variables of Frets' head 

125 HYPOTIfESIS TESTING 

measurement data from Table 5.1.1 and tbe hypothesis considered in 
Section S.1.I, namely that (XI' X 3)' - N2 U-<o, 1:), where 

[ 182] and 1: = [100 0] 
).1.0= 182 0 100 . 

Using (S.2 .4) we deduce that 

- 2 log'\ = 2S(3.72, 1.84) [~.Ol ~.Ol ]e :~!) = 4.31. 

Since this is below S.99, the 9Sth percentile of xi. we accept the 
hypothesis that ).l = ).1.0. 

In this case, we can find a confidence region for IJ-. and 1J-3 using 
Tbeorem 2.5.2. A 95% confidence region for the means of XI and X3 can 
be given using the inequality 

I.e. 

2S(185.72 -IJ-•. 183.84- /.'3) diag (0.01, 0.0 1)(18S.72 - IJ-I) < 5.99. 
183.84 - IJ-, 

(185 .72 - /.' 1)'+ (183.84 -/.'3)2 < 23.96. 

Because 1: is assumed to be proportional to l. this gives a confidence 
region which is circular in the parameter space. 

A mOre useful way to express this confidence region in terms of 
simultaneous confidence intervals is given in Exercise 5.5.2. See also 
Section 5.5. 

5.2.1b Tile IIypotllesis H o: ).l = ).lo, 1: unknown (Holelling one-sample y2 
test) 

In this case l: must be estimated under Ho and also under H I' Therefore 
both hypotheses are composite. Using results from Seclion 4.2.2. 1. we 
know that the m.l.e.s are as follows: 

under H o, ii. ="" and i = S+dd' where d=x-I'<J ; 

whereas 

under H .. ii. = i and i = s . 

Now from (4.1.9) we deduce that 

It = 1().I.o, S+dd') = -in{p log 2.". + log lSI + log (1 + d'S- ld)+p}, 
(5.2.S) 
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whereas If = I(i , S) is obtained by putting d = 0 in this expression. Thus. 

-Z log .!. =2(lf-I~)=lIlog(l+ d'S" d). (5.Z.6) 

This statistic depends upon (11- 1 )d 'S- 'd , which is known from CoroUary 
3 .5. 1.1 to be a T' (p. /I -I) statistic. often known as the Hotelling one
sample 1" statistic. Further. (n-p)/pjd'S- 'd has an F.". .• distribution . 

Example 5.2.2 Consider again the first and third variables of Frets' head 
data and let us test the hypothesis 1fo: (x" x,)' - N,(p..,. 1:) where I'<l = 
(J 82. 182)' and :1: is now assumed unknown. Using the numbers given in 
Example 5.1.1, we test 

n-p , _, _ 23( ) [ 9 1.481 66.875]- '(3.72)_ Z 
-p- d S d-3' 3.72, 1.84 66.875 96.775 1.84 - I . 8 

against the F2 .23 distribution. Since F ' .23 :0 .05 = 3.44, we accept the nnll 
hypothesis. 

5.2.1c The hyporltesis H": 1: = 1:0"" unktlowlI 

The m.l.e.s for this example under H" are p, = x: and 1: ='I., and. under 
H " p,=i and 1: = S. Therefore 

1:\'=I(i, 1:0) = -tn log I21Tl:ol-tn trl:;; ' S. 

a nd 

If = lei . S) = -~ n log 1 2'ITSI-~ lip. 

Therefore 

- 2 log A = 2(lf - m= n tr 1:;;' S- n log 11:;;' s l-lIp. (5 .2.7) 

Note that this statistic is a fu nction of the eigenvalues ot :1:0' S, and also 
that. as S approaches :1:0. - 2 log A approaches zero. In (act, if we write a 
for the arithmetic mean of the eigenvalues of 1:;; l Sand g for the 
geometric mean, so that tr1:O ' S = pa and 11:O' s l=g·. tben (5.2.7) be
comes 

- 2 Jog A = IIp(a -log g - 1). (5 .2.8) 

One problem with the st.atistic given by (5.2.7) is that its distribution is 
far from simple . Anderson (1958, p. 265) finds a fo rmula for the 
moments of A, and also derives the characteristic function of -2 log A. 
under both H o and 1f ,. Korin (1968) has e xpressed (5.2.8) as an infinite 
sum of chi-squared variables, for certain small values of 11 and p (see 
Pea rson and Hartley, 1972, pp. 111. 358). However, these results are not 
easy to use . The general result cited in Theorem 5.2.1 indicates , however, 
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that -2 log A given by (5.2.8) has an asymptotic X;;' dis tribution under 
Ho, where '" equals the number of independent parameters in 1:. i.e . 
m=~p(p+ I ). 

Example 5.2.3 Using the first and third variables of Frets' data from 
Table 5.1. 1. we may test the hypothesis I =diag( IOO, 100), which was 
assumed in Example 5.1.1. Here 

1:" S = [0 .01 0 J [ 91.481 66.875] = [0.9148 0.6688] 
" 0 0.01 66.875 96 .775 0.6688 0.9678' 

The eigenvalues of this ma trLx are given hy AI = J .61 1 and A,=O.272. 
Therefore . a =0.94 13 and g =O.66 19. He nce from (5.2.8) we find that 

- 2 10gA = 17.70. 

This must be com pared asymptotically with a X~ distribution . and we see 
q ui te clearly that the hypothesis is rejected; tha t is. our original assump
tion regarding the covariance matrix was false. This might perhaps have 
been expected from a cursory look at the sample covariance matrix. 
which shows the presence of a strong correlation. 

Using the same data. aJ1d having rejected the hypothesis thaI I = 
diag (J 00. 100). we might now examine the hypothesis that 

I = .... =[100 50J 
- 50 100' 

Certainly judging from the sample covariance ma trix S, this hypothesis 
~eems distinctly more plausible. It is found that 

:1:- ' S = [0.7739 0.2465 '] 
" 0.2818 0.8445 ' 

T he arithmetic and geometric means of the eigenvalues are a = 0.8092 
and g = 0.7642. ote that tbese are far closer together than the values 
obtained previously, reflecti ng the fact that I - ' S is closer to the fo rm leI . 
Inserting the values of a and g in (5 .2.8) we fi nd that -2 log A = 3.9065, 
which is well below the 95% percen tile of the X~ distribution. H ence we 
deduce that this revised value of 1: is quite plausible under the given 
assumptions, 

5.2.2 The union intersection lest (UlT) 

Consider a random vector x. which has the N. (j,L. I) distribution and a 
non-random p-vector a . Then if y. = a'x. we know that y. - N,(a'",. a'a). 
Moreover. this is true for all p-vector. a . 
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ow suppose that we wish to test the hypothesis H,,: ... = O. Then under 
H o we know that y. - N(O, s 'a), a hypothesis which we may call Ho.. 
Moreover. Ho. is true for aU p-vecLOrs II. In othel words. the multivariate 
hypothesis Ho can be written as the intersection of the set of univariate 
hypothesis Ho.; that is 

(5.2.9) 

The intersection sign is used here because all the Ho. must be true in 
order for Ho to be true. We call Ho. a component of HI/' 

oW let us consider how we would test the univariate hypothesis H Oo • 

One obvious way is to use z, = Y./M. which has the standard oormal 
distribution. A rejection region for H", based On z. would be of the form 

R. = {z.: lz.l > c}. 

where c is some arbitrary critical value. say 1.96. This rejection region for 
H, .. could also be wrillen 

(5.2.10) 

Hence we have a rejection region for each of the univariate hypotheses 
which together imply H. in (5.2.9). 

We turn now to consider a sensible rejection region for the composite 
hypothesis H". Since H" is true if and only if every component hypothesis 
HOo is true. it seems sensible to accept H" if and only if every component 
hypothesis Hu. is accepted; that is. we reject Ho if allY component 
hypothesis is rejected. This le~d' to a rejection region for H" which is the 
union of the rejection regions lor the component hypotheses ; that is 

R =U R •. (5 .2.1I) 

The union of the rejection regions given by (5 .2.11) and the illrersecrion 
of component hypotheses formulated in (5.2.9) provide the basis of the 
union intersection strategy. which was due initially to Roy (1957). 

Definition 5.2.2 A IIIIi01l inrersectioll resl (UIT) fnr tile hypolhesis H" is a 
lesl wllOse rejeclioll region R call he ",rille II as in (5.2.1 J). where R. IS Ihe 
rejecrio" region correspotldi1lg 10 a compo1lenl hyporllesis f:lo.. lI"d where 
H. can be wnne" as ill (5.2.9) . 

Applied to the above example. the union intersection strategy based on 
(5.2.10) leads to a rejection of Ho if and only if any z; exceeds c2

; that is, 
Ho is accepted if and only if z;.;;c' for all z •. This is the same as saying 
that H o is accepted if and only if 
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[n general the union intersection test often leads to the maximization or 
minimization of some composite test statistic such as z;. In this example , 

z; = y;/aJa = a'nr/a/a/a. 

This is maximized when s = x. so that max z; = ix. Hence in this example 
the UIT statistic would be xx:. whose distribution under Ho is known to 
be X;. 

The method of constructing UITs has important practical consequ
ences. [f the null hypothesis is rejected . then one can ask which of the 
component rejection regions R. were responsible. thus getting a clearer 
idea about the nature of the deviation from the DUU hypothesis. In the 
above example. if one rejects Ho, then one can ask which linear combina
tions a'x were responsible . In particular one can look at the variables 
x, = efx on their own. For example it might be the case that some of the 
variables x, lie in R •. whereas the others are all acceptable. See Section 
5.5 for further details. 

Unfortunately. the LRT does not have this properly. If ODe rejects the 
null hypothesis using a LRT. then one cannot ask for more details about 
the reasons for rejection. 

We shall now take tbe hypotheses used to illustrate the LRT procedure 
in Sections 5.2.1a-S.2.lc above and stndy them using UITs. As in those 
examples, we take X to be a matrix whose " rows are i.i.d. N.( ... ,1:) 
vectors. Note tbat this implies that y = Xa is a vector whose 1\ elements 
are Li.d . N(,,' .... s'u ) variables. 

5 .2.2a The hypothesis Ho: fL = 1'<>. 1: knowlI (union inrersecrioll approach ) 

Under Ho the elements of yare LLd. N(tJ." <7; ). where y = Xa. IL, = a' ... o 
and " : = a'1:a. AD obvious test statistic based on y = a'x is 

z! = na'(i-!'<,)(i -!,<,),a/a'u. 

Using (5.2.11) we wish to reject H" for large values of 

max z!= n (i - !,<,)'.I-I (x-!,<,). (5.2.12) . 
This chi-squared statistic for the UIT bas already been derived a. the LR 
statistic in Section 5.2.1a. 

Thus. for this hypothesis. the UIT and LRT both lead to the same test 
statistic. However. this property is not true in general. as we shall see 
below in Section 5.2.2c. ote that the critical values for the UI test 
statistic should be calculated on the hasis of the distribution of the UI 
statistic. in tbis case a x; distribution. and not from the value 1.96 or 
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( 1.96)2 which relates to o ne of the component hypotheses of H" rather 
than Ho itself. 

5.2.2b The hypothesis Ho: fJ.=Jl<>. 1: unknown ( Hotellin g one-sample T ' 
test. ullioll intersection approach ) 

ODce mo re we note that under Ho the elements o( y are i.i.d . N (/J-.r, u~). 
However, in this example u; is unknown and therefore must be esti
mated. An obvious estimator is 

(5.2.13) 

This leads to the test statistic (or H ,,, , namely 

I. 
J s;/(n - I) 

We note that 

, a'(x - "',)(>: - Jl<>),a 
t; =(n - I) 's . a a 

ooce more a ratio of q uadratic forms . This time the UIT slalistic IS 

max 1; = (II - l)(ii - Ili,)'S- I(i:- Jl<» . (5.2. I 4) . 
ote thaI (5 .2.14) is Hotelling's urle-sample T 2 statistic. which has 

already been met in Section S.2. lb. Hence once morc the UIT and LRT 
procedures have led to the same test st a li~tic. 

5.2.2c The I, ypothesis Ho: 1:= 1:" . fJ. unknown ( llnioll intersection lesl ) 

Once more the elements of y are i.i.d. (1-', . u ;). However, Ihis time we 
wish to examine u; and see whethe r it equals 

u~= a'1:,,,, . 

An obvious estimator of u; is s; defined in (5 .2.12). Th is leads 10 Ihe test 
stalistic 

u. -= '1s;lu~ ... = na'Sa/a '~-a 

and we reject flo. if U.~CI. or U .. ~~. where C t. and c 2• are chosen to 
make the size of the test equal to a. Since 

na'Sa (~- ' S) max~= 11.1. , ..., . 
• a '-"18 

. tla'Sa _ I 
mtn~= IIA p Ct, S). (5.2.15) 

• a~la 
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where At denotes the ith largest e igenvalue. we see that the crjtical region 
for the UIT takes the form 

Ap (1:O' S)<c, or A,(IO' S» c" 

where c, and c, are chosen to make Ihe size of the test equal to a . 
However, the joiot distributio n of the roots of 1:- ' S is quite complicaled 
and its critical values have not yet been tabulated . Note that this UlT is 
not the same as the corresponding LRT which was obtained in (5.2.7). 
although both sta tistics depend only on the eigenval ues of 1:;;' S. 

5.3 The Techniques Further Illustrated 

In Ihis section we take various further hypotheses . and derive the corres
ponding LRTs and UrTs. 

5.3.1 One-sample hypotheses on '" 

We have already seen above thaI the hypothesis ", = fJ.o leads to the same 
lest statistic using both the LRT and UIT principle, whether or not 1: is 
known. T he following general result allows us to deduce the LRT for a 
wide varie ty of hypolheses on fJ. . As before, we assume that x , , . .. , J." 

is a random sample from p( fJ. . l:). 

Theorem 5.3.1 If flo and H , are hypotheses ",hich lead 10 m.l.e.s .;. alld 
i . respectively. and if t1l£re are '10 constrainls on 1:, then the 1II.I.e.s of 1: are 
S ... dd' and S, respectively. where d = x-.;.. TI,e LR test for testin g fro 
against H , is given by 

- 2 log .1. = nd'1:- ld if 1: is k no .... n 5.3.1) 

alld 

-210gA = lIlog(l + d'S- 'd) if 1: is wrk'IOWrt. (5.3.2) 

Proof The proof i identical 10 that followed in deriving (5 .2.4) and 
(5.2.6). • 

Un[ortunately. no result of corresponding ge ne rality exists concerning the 
UI test. Therefore, UlTs will have to be derived separately for each of 
the followi ng examples . 
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5.3.1a The hyporhesis H o: RI'- = •. 1: /mowr. (llypor#tesis of linear 
constraints) 
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Likelihood rariQ resr Here R and r are pre-specified. The m.1.e . of Ii 
under Ho: RI'- = r is given by (4.2.13). The corresponding LR test is given 
by (5.3.l). where 

The LR test is therefore given by 

-2 log A = tI(Ri-r)'(Rl:R')- '(Ri- r ). (S.3.3) 

Under Ho !be rows of XR' are i.i.d. Nq(r. Rl:R') random vectors. where 
q < P is the number of elements in r. Therefore, by Theorem 2.S .2. (5.3.3) 
has an exact X~ distribution under Ho. 

An impoltant special case occurs when I'- is partitioned, 11 =(1'-:, ~t, 
and we wish to test whether 11, = O. This hypothesis can be expressed in 

the form Rli = r on se tting R = (I. 0) and r = O. 
In an obvious notation (5.3.3) becomes 

-2 log A = nii,l:l,'xj . 

Another special case occurs when we wish to test the hypothesis 

Ho: l1 = kli<. fo r some k, (S.3.4) 

where Ilu is a given vector. This hypothesis may be expressed in the form 
R,.. = O. if we take R to be a «p- 1) x p) matrix of ranJ< p -1. whose rows 
are all orthogonal to Ilu. U nder flo, the mJ.e. k of k is given by (4.2.19) 
and k may be used to express the LR statistic without explicit use of the 
matrix R. See Exercise 5.3.3. 

An alternative method of deriving the LRT in (5.3.3) can be given by 
using the methods of Section 5.2.1a to test the hypothesis R,.. = r for the 
transformed data matrix Y = XR'. This approach also leads to (5.3.3). 

Union inrersection rest A sensible union intersection test for this 
hypothesis can be obtained by applying the methods of Section 5.2.2a to 
the transformed variables XR'. Since the methods of S.2.13 and S.2.2a 
lead to the same test. the UTT is the same as the LRT for this hypothesis. 

5.3.1 b TIle #typothesis Ho: RI'- = r, 1: wlknowrl (hyporhesis of linear 
constraints) 

Likelihood rario rest Using (4 .2.14) and (S .3.2) we know that 

-2 log A =11 log ( l + d'S- 'd). (5.3.5) 
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where 

d = SR'(RSRY ' (Ri-r). 

Note that this test is based on the statistic 

(n -l)d'S- ld = (11 -1 )(Rii-r),(RSR',-'(Ri-r), (5.3.6) 

which has a T 2(q, 11 -1) distribution under flo since Ri - N.(r . 1I - ' R1:R') 
independently of nRSR'- Wq(R1:R'. 11 - 1). For the hypothesis that 
1'- , = 0, this T' statistic becomes 

(n-l)x,S' j'i l . (5.3.7) 

Example 5.3.1 We may use the cork tree data from Table 1.4.1 to 
examine the hypothesis Ho that the depth of bark deposit on n = 28 trees 
is the same in an directions. Let x denote the four directions (N, E , S, WJ'. 
One way to represent the null hypothesis is RI'- = O, where 

R=[l 
-1 

o I -1] 
- 1 o . 
o -I 

Here q=3. To test Ho we use the statistic 

(n-I)j'S; 'j=20.74- 7"(3, 27). 

where j and Sy are tbe sample mean and covariance matrix for the 
transformed variables Y = XR' , and were calculated in Example 1.5 .l. 
The corresponding F statistic is given by 

n-q_,..-._ 640 F 
-- YO>y y = . - 3 2.'5. q . 

Since Fus ,0 .0 , = 4.68, we conclude thai Ho must be re jected. 
Note that the null hypothesis for this example may also be expressed in 

the form HQ: "'= kl , as in (S.3.4) . 

U nion i11lersectioll lest As in the previous section, the UIT gives the 
same test here as the LRT. 

5.3.2 One-sample bypotheses on I 

Theorem 5.3.2 LeI X, • ••• , x. be a random sample from N.(I'- , 1;). If H o 
and H, are Ityporlt eses which lead 10 i and S as the m.l.e.s. fo r I , and if i 
is rite m .l.e. of Ii WIder borh hyporheses, Ih ell rile LRT for resring H o 
against H, is given by 

- 210g A = .. p(a - log g -1), (5.3.8) 
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where a and g are rhe arithmetic and geometric means of rhe eigenvalues of 
i -Is. 

"Proof Tbe proof is identical to that followed in deriving (5 .2.7) and 
(5.2.8). • 

A similar resul t balds if II- is k.nown. Unfortunately, however , no corres
ponding results are known for the union intersection test. 

5.3.2a The hypotltesis Ho: :£= k!.", '" unknown 

Likelihood ratio test The m.l.e. k was fouod in (4.2.16). The LRT is 
therefore given by (5.3.8), where a and g relate to tbe eigenvalues of 
I o' Sik. But in this particular case (5.3.8) conveniently simplifies. We may 
write 0 = aolk and g = golf<. where 0 0 and go are the arithmetic and 
geometric means of tbe eigenvalues of :to'S. But from (4.2 .16), k= 
p- I tr:to ' S = an. Therefore, in fact, a = 1 and g = g"lao' Hence, froro 
(5.3.8), we get 

-2 log A = lip log (ao/go). (5.3.9) 

In other word , the likelihood ratio criterion for this hypothesis depends 
simply upoo the ratio between the arithmetic and geometric means of 
eigenvalues of :to I S. This result is intuitively appealing, since . '3.S S tends 
to k I.h the val ues of ao and go both tend to k , and the expression given 
by (5.3.9) tends to zero, juS! as one would expect when Ifo is satisfied. 
From Theorem 5.2.1, we know tbat (5.3 .9) has an asymptotic X2 distribu
tion wi th ~p(p + 1)-1 =~(p - l)(p + 2) degrees of freedom. Korin (1968) 
bas used the teChnique of Box (1949) to express -2 log A as a sum of 
chi-sq uared variates, and thereby found appropriate X' and F approxima
tions. 

Union intersectiotl test T here seems to be no straightforward UIT for 
this hypothesis, but see Olkin and Tomslcy (1975). 

Example 5.3,2 In the so-ca lled "test for sphericity" we wish to test 
whether :I = kl. The LRT is given by (5.3.9), where au and g. now relate 
to the eigenvalues of 5 in the following way: 

I 
a o=- L $ii, 

P 

For the first and th ird variables of Frets' data, which has already been 
used in Example 5.2.3. ,,=25. p=2, uo=94.13, ISI= 4380.81. and 
go=66.19. Therefore, from (5.3.9), -210g A = 17.6, This ha an asympto
tic X2 distribution with i(p-l)(p+2) =2 degrees of freedom . Since the 
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upper 5% critical value is exceeded, we concl ude tbat:I does not have the 
stated (orm. 

5.3.2b Tire Itypothesis HO::I,2 = O, ,,, unknown 

Likelihood ratio test Partition tbe variables into two sets with dimensions 
p, and P2, respectively, P, + P2 = p. U:£12 = 0, the likelihood spli ts into two 
factors. Each (actor can be maximized separately over :£, ,, "" and I n, 
... ,. respectively. giving tl = (tl ;, jJ.~)' = i and 

i = (511 0). 
o S'2 

Since the m.Le. of j.l under H o and H t is i , we know from (5.3.8) that the 
LRT for this hypothesis depends upon the eige nvalues of 

i - 'S = [SII 0 J- ' rSlt S,'] = [I S-;-l S\2J 
o S" Ls" S,2 S, i S21 I . 

Clearly Ir i -IS = p. and therefore the arithme tic mean of the eigen
values. a, is one. Also, using (A.2.3j), 

Hence 

-2 log A = -n log (is,2- s,IS, iS"IIIS"il 

= -n log II - S2iS"S,I'S .. 1 

• 
= - n log n (l-A,J. 

i = 1 

(5.3.10) 

(5.3.11) 

where the A, are the non-zero eigenvalues of S,iS, IS,IIS'2' and k = 
min (P" P2)' 

This result is intuitively appealing since if S" is close to O. as it should 
be if If. is true, then -2 log A also takes a small value. ate that 
-2 log A can also be written in terms of the correlation matrix as 
II-R'iR2I R,;R'21. 

To find the distribution of the LR statistic, write M" = "S" , Mn = 
"Su, and M22.1 = n(S,,-S,IS,IIS'2)' Then, from Theorem 3.4.6(b), we see 
that under H o, M22.1 and M22 - M22.1 are independently distributed 
Wishart matrices, M" .l - W",(!.,2 , "-1- p ,) and Mn - M22. I -
W.,(!"2, P,), Hence, provided " -] ". P, + p" 

A 2/" = IM,2.IIIIMn .1 +(M'2 - M22.I)I- A (p,. n - l - p" P,), (5.3.12) 

T he null hypothesis is rejected for small A 2J. and the test can be 
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conducted using Wilks' A. For the cases p, = 1, 2 (or P2 = 1,2) the exact 
distribution of A from (3.7.7)-(3.7.10) can be used. For general values o[ 
p" P2, we may use BarUett's approximation (3.7.11): 

-( 11 -1(p,..- p, ~ 3» log II-S2;S"S"'S,,,-X;,p" (5.3.13) 

asymptotically, for large n. 
As we shall see in Chapter 10 the LRT can be used in canonical 

correlation analysis. The exact distribution of (5.3.11) was investigated by 
Rotelling (1936), Girshick (1939), and Anderson (1958, p. 237). arain 
(1950) has shown that the LRT bas the desirable property of being 
unbiased. 

When one set of variables bas just a single member, so that p, = 1 
and P2 = p-I, these formulae simplify: in that case (5.3.11) is just 
-/I log II - R;:;uu'[, where .. = R20 is a vector. Now, using (A.2.3k). this 
equals 

- lIlog(l- .. 'R;:; u)=~ lIlog (I- R"R2;R2') 

= -n log (1 ~ R 2), 

where R is the multiple correlation coefficient between the fir.;t variable 
and the others (see Section 6.5). 

The union i,llersecrion resr [f '" and " , are the two subvectors 01 s , then 
independence between x, and x, implies that the scalars a'x, and b'x, are 
also independent, whatever the vectors a and b . Now an obvious way of 
testing whether or not the two scalars are independent is to look at their 
sample correlation coefficient, r. Clearly 

r = [C(a'"" b'",»)' (a'S"b)' 
V(a'" ,) V(b' X2) a'S ll ab'S2, b ' 

(5.3.14) 

The UIT based on this decomposition uses tbe statistic max" .. r'(a, b) , 
which equals the largest eigenvalue of S,,'S'2S,;S'1> and also equals the 
largest eigenvalue 01 8;:; s"S"'S,,. (This result is proved in Theorem 
10.2.1.) 

Since 8;::l.s"1>.,'S,, can be written as [M"., + 
(M,,-M22 ,)]-'(M,,-M22.,), where M"=IIS,, and M" - M,, .,= 
nS"S,IS" have the above independent Wishart distributions, we see 
that the largest eigenvalue has tbe greatest root distribution, 
O(p" n -1- p" P,), described in Section 3.7. 

Writing the non·zero eigenvalues 01 8;:; s"S.,'S" as A" A" ... ,A .. note 
that the UIT is based on A" while the LRT derived in (5.3.!11 is based on 
n(1-A,). 

Example 5.3.3 The test statistics derived above may be used to examine 
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whether there is a correlation between head length and breadth measure
ments of first sons and those of second sons. The matrices S", 8." and S" 
are the relevant submatrices of the matrix S given in Example 5. I. I. and 
II = 25,17, =2, P2 = 2. The LRT and UIT both require evaluation of the 
e igenvalues of 

_, _, [0.3014 0.2006] 
S22S"S"S,,= 0.47()6 0.3232 . 

Here A, = 0.62 lil and '\' , =0.0029. 
For the likelihood ratio te t (5.3.12) we require 

A2J .. = (1 - A,) (1 -A2)= 0.377. 

USing the asymptotic distribution (5.3.13). -(25 -D log (0.377) = 21.0 is 
to be tested against the 5% critical value ofax~ ,p. = x~ distribution. The 
observed value of the statistic is clearly significant, and hence the 
null hypothesis is rejected . To usc an exact distribution , note that 
A"· - II (p,. n -1-1'" p,)= II (2, 22,2), and from (3.7.10), 

21(t -..//1)/2,.111 = 6.60 - F ... 2 . 

This value is significant at the 5% level and hence we still reject Ho. 
For the union intersection test we require the largest eigenvalue of 

S2dS"s~: S12 ' which is ,1, ,= 0.621 8. From Table C.4 in Appendix C with 
v,= n-p, -l = 22 and v,=p,=2, and «=0.05, the critical value is 
0.330. Hence the null bypothesis is rejected for this lesl also. 

5.3.2r Tile hyporhesis Ho: P = l. .... "nknown 

The hypothesis of the last section may be generalized to consider the 
hypo lhesis that all the variables are uncorrelated with one anolher: Ihat is 
P = lor, equivalently, .I is diagonal . Uoder Ro. the mean and variance 
of each variable are estimated separately, so that tl = i and i = 
diag(slI"' . . s",,). 

Hence, using (5.3.8), it is easily seen that the LRT is given in terms of 
the correlation matrix R by the statistic 

- 2 log A =-11 log IR I. (5.3.15) 

which, by Theorem 5.2.1. has an asymptotic X2 distribution under HOI 
with ! p(p + 1)- P = 1P(P - II degrees of freedom. Box (1949) showed that 
the X' approximation is improved if n is replaced hy 

n'= 1I - 1-i(2p + 5)=" -H2p + 11). (5.3 ,161 
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Thus. we shall use the test statistic 

II ' log IRI- X ;(u-l\/2 (5.3.17) 

asymptotically. 

5.3.3 Multi-sample hypotheses 

We now consider the situation of k independent normal samples. whose 
likelihood was given by (4.2.17). We shall use some results from Section 
4.2.2.4 in deriving LRTs. 

5.3.3a Tile hypolhesis H.: 11, = .. . = Ilk givell Illar I , =. , . = I . (olle-
wa y mulriuariale allalysis of variallce ) 

Likelihood rario leSI (Wilks' A test) The LRT of H. is easil y derived 
from the result of Section 4 .2.2.4 . The m.l.e .s under H. are j and S. since 
the observations can be viewed under H. as constituting a single random 
sample . The m.l.e. of 11; under lhe al lemative hypothesis is in the ilh 
sample mean , and the m.l.e . of the common variance matrix is " - 'W, 
where W = L II,S, is lhe " within -groups" sum of squares and products 
(SSP) matrix and II = L 11,. Using (4 .2. 17), the LRT is given by 

A. = {IWI/I IISIl"" = fr 'WI"I2. (5.3.19) 

Here T = liS is the " total" SSP matrix. derived by rega rding all the data 
malrices as if they constituted a single sample . In contrast, the matrix W 
is the "wi thin-groups" SSP matrix and 

8=T- W = L 1I,(i , - x)(i, - x)' (5 .3.20) 

may be regarded as the "between-groups" SSP matrix . Heoce, from 
(5.3 .19). 

(5 .3.21) 

The matrix W- ' B i an obvious generalization of the univariate variance 
ratio. It will tend to zero if H" is true. 

We now find the distribution of (5.3.21). Write the k samples as 3 single 
data matrix. 
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where X,(II, x p) represents the observations from lbe ith sample. i = 

I. ... , k. Let 1, denote the II-vector with I in the places corresponding to 
the ith sample and () elsewhere. and set I , = diag (1. ). Tben 1 = L I, and 
1 = L I ,. Let H , = I, - 11 ,'1,1, represent the centring matrix for the ith 
sample, so lhat n,S, = X'H,X. and set 

C ,= LH,. C -, - ' II' - ' II' 2 - L,.tl j 11- " • 

[t is eas ily verified lbat W = X'C ,X and B = X'C2 X . Further, C , and C2 
are idempotent matrices of ranks n - k and k - I , respectively. and 
C, C,= O. 

Now under Ho. X is a data matrix from . (11. I ). Thus by Cocbran 's 
theorem (Theorem 3.4.4) and Craig'S theorem (Theorem 3.4.5), 

W = X'C ,X- W. (I , II-k ), 

B = X 'C, X - W.(I , k - I ), 

and . furt hermore , Wand B are indepe ndent. Therefore , provided It ;;;' 

r+ k. 

under H". where Wilks ' A statistic is described in Section 3.7. 

U llioll ill/usecrion leSI The univariate analogue of Ho would bc tested 
using the a nalysis of variance statistics 

L 11, (x, - i,)'/L II,S ~. 
where i is the overall mean. The corresponding fo rm ula for a linear 
combination Xa is L ". (a '(i., - X))'IL lI,a'S,8. Th is expression 's maximum 
value is the large t eigenvalue of 

(L ",Sir L ,di; - i )(i , - i )' = W- ' B, (5.3 .22) 

where W and B were defined above. Thu the UT statistic [or this 
hypothesis is the greatest root of W- ' B, which is not the same as 
the LR statistic. H owever. note from (5.3 .21) lhat the LRT is in fact 
based on [1 (I+A,)- ' , where A, .. _. , Au are the eigenvalues of W- ' B. 
Hence again we see the famil iar pattern that the LRT and UIT are bolb 
functions of the eigenvalues 01 the same matrix, but they lead to differ
e nt test statistics. 

Two-sample Hotellillg T ' lesl (k = 2) When k = 2, the LRT can be 
simplified in terms of the two-sample Hotelling y> statistic given in 
Section 3.6 . In this case. 

B = 1I ,(i , - i )(x, - x), + ", (i, -i)(x, -il'. 
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But X,-X=(n.ln)d. where d= i,-i2. Also i 2 -i=-tl,dftl. Therefore . 

B = (,t , tl2l .. ) dd'. (5.3.23\ 

and 

II + W- ' BI =11+ (tI, tl 2fn)W- ' dd' i = J +(n,n.lll \d' W- ' d . (5.3.24) 

The second term is, of course, proportional to the Hotelling two-sample 
T'- statistic, and we reject Hn for large values of this statistic. 

Furthermore. W- 'B is of rank one. and its largest eigenvalue is 

(5.3.25) 

(Corollary A.6 .2.J). Therefore the UIT is also given in terms of the 
two-sample Hotelling T2 statistic . Hence, although in general the LRT 
and UIT are different for this hypothesis, they are the same in the 
two-sample case. For numerical examples of these tests see Examples 
12.3.1 and 12.6. L 

5.3.3b The hyporhesis H. :1:, = .. . =l:. (rest of hornogetleiry of 
covariances ) 

Likelihood rario resr (Box's M test) The m.l.e . of .. , is i, under both H. 
and the alternative. The m.Le. of I , is S = n- 'W under H •. and S, under 
the alternative. Therefore 

-2 10gA. = n log Isl - I", 10g1S.I= I ,,,log[s,'SI· (5.3.26) 

Using ThtOorem 5.2.1. this has an asymptotic chi-squared distribution with 
~p(p + l)(k -1) degrees of freedom. It may be argued that if " , is small 
then (5.3.26) gives too mueh weight to the contribution of S. This 
consideration led Box (1949) to propose the test statistic M in place of 
that given by (5.3.26). Box's M is given by 

M = -y I (n, -1) log 15;;,' 5"1. (5.3.27) 

where 

and S" and S"' are the unbiased e.timators 
n 

S"=--kS, n-

Box 's M also has an asymptotic X~" ~ ' Xk-l)/2 distribution. Box's approxi
mation seems to be good if each n, exceeds 20, and if k and p do not 
exceed 5. Box also gave an asymptotic F distribution (see Pearson and 
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HartltOy, 1972, p. 108). For p = 1. (5.3.26) reduces to the test statistic for 
Bartlett's test of homogeneity, viz. 

I 2_ '=" I .2 (5328) 11 og s t.. 11, og S, , • • 

where sf is the variance of sample i and S2 is the pooled estimate of the 
variance. 

No simple UIT seems to be available for this hypothesis. 

Example 5.3.4 Jolicoeur and Mosimann (1960) measured the shell 
length, width. and height of 48 pa inted turtles, 24 male and 24 female . 
The resulting mean vectors and covariance matrices for males and 
fe males. respectively. were as follows: 

[

113.311J 
" = 88.29. 

40.7 1 

[

136.00] .2 = 102.58 , 
51.96 

Here ", = "2 = 24, n =48. 
I II,S, + 1lzS,)f II is 

S, = 
[

132.99 75.85 35.82] 
47.96 20.75 , 

10.79 

_ [432.58 259.87 161.67J 
S2- 164.57 98.99 . 

63.87 

The overall covariance matrix 

[

282.79 167 .86 9R.75] 
106.24 59.87 . 

37 .34 

S = 

We have IS,I= 698.87, lS,I = 11 124.82, ISI=4899.74. while the corres 
po nding determinants of the unbiased estimators are 

IS".I=794.05. 1~21 = 12639.89, Is.1 = 5567 .03. 

Further. k=2, p=3, and therefore -y=0.9293. Hence. from (5.3.27), 
M = 24.099. which is to be tested against the 5% critical value 12.6 
provided by the x~ distribution . Since this is highly significant we con
clude that the male and female population covariance matrices are not 
equal. 

5.3.3c The hypothesis H , : 1', = ... = ... and '1:1 = . .. = '1:. (test of com-
plete homogeneiry ) 

Likelihood ratio rest Let us first discuss the reLationship between this 
hypothesis. H,. and the hypotheses H. and H, which were considered in 
the last two sections. Nme that H. is a "conditional" hypothesis: thaI is, 
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if L~, Lt, and L~ are the maximized likelihoods under the three 
hypotheses and if L' is the unconstrained maximum likelihood, then 

A"=L~/L·. 

Bul L~ and Lt are equal, and therefore a relationship exists between the 
A. In fact A< = .1.".1. •• and tbis observa tion enable. us to obtain", directly 
from (5.3.19) and (5.3 .26). We must have 

-2 log Ae = -2 log A, -2 log A. =" log I~WI- I II, log IS,I. 
This statistic has an asymptotic chi-squared distribution with !p(k -1) x 
(p + 3) degrees of freedom. 

o simple un seems to be available for thIS hypothesis . 

*5.4 The Behrens-Fisher Problem 

The problem of testing equality of means with no assumption about the 
corresponding covariance matrices is an extension o( the Behrens-Fisher 
problem. The essential point~ appear in the univariate situation, where 
the confidence interval solution differs from those reacbed by the fiducial 
and the Bayesian approaches. An excellent discussion of the univariate 
case appears on Kendall and Stuart (1973. pp. 146-161). The multivariate 
problem is as follows. Suppose that Xl and X, are independent random 
data matrices. where X,(n, xp) is drawn from N.(p." 1:'>, i = 1. 2: how can 
we test the hypothesis that "' , = ....,? Equivalently, we may write li= 
"', - "', and test the hypolhesis HOI: li = 0 against the hypothesis H , : li ,.c O. 

5.4.1 The likelihood ratio approach 

The m.l.e.s of ("",112, It. I 2 ) are as follows. Under H , the likelihood is 
maximized when 11, = x, and 1:, = S, . From (4.2.17) the maximized log 
likelihood is 

It = -Hn, log 18,1+ rlzlog is,I)-1r1p Jog 21T-lnp. 

Under HOI the m.l.e. of "', the common mean. may be shown by differenti
alion to satisfy 

.. =(n, iI' + rl2i;')- '(n,i i'x, + rl2i;'i!) 
(see (A.9.2)). and tbe m.l.es of 1:, satisfy 

t. =S, + d,d:. 

(5.4.1) 

(5.4.2) 
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where 

d,=i,-':",i=I.2, asin Section 4.2.2.4. 

A degree of simplification of these equations is possible. but their main 
value is in suggesting the following iterative algorithm: 

(1) Start with the initial estimates 1, = S" i = 1,2. 
(2) Find the corresponding estimale of '" from (5.4.1). Call this iL. 
(3) Using .. in (5A.2), calculate new t, by 

I , =S, +(i, - iL)(i, - iL)'· 

(4) Return to (2) using the new I ,. 
This iterative procedure may be repeated until covergence is reached. 

5.4.2 Union intersection principle 

One approach 10 the problem consists in using a solulion to tbe univariate 
Fisher-Behrens problem as proposed by Yao (1965) . First, we note that 

where 

Le t 

i, - N.( ..... r ,), 

f,=n,-I, 

d=i,-i2• 

U=U, + U" 

S; - w.(r,.f.). i = 1. 2. 

i = 1, 2. 

U, = SJf.. i = 1,2,} 

r=r,+r2 • 

(5 .4.3) 

(SA.4) 

(5.4.5) 

ote that U is an unbiased estimator 01 r . and. when the null hypothesis is 
true. 

let us assume that thc following statement is true: 

(5.4.6) 

where f is 10 be selecled. independently 01 d, so tbat for all p-veCIOr5 a , 

fa'Ua- (aTa)xt . 

Tben, as in Section S.2.2b, it can be shown that 

w. = (a'd)'/(a'Ua) -t;(f), (5.4.7) 
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where t. (f) denotes a t statistic with f degrees of freedom, Further, 

w! = max w. = d'tr' d - T 2(p. fl. 
• 

where the maximizing a is given by 

s*= U-'d , 

(5A.8) 

(5,4.9) 

Welch (1947) has shown that although (5.4.6) is not in general valid, we 
have. approximately, 

where 

~=~ (a'u ,a)2 +2- (a'U2a) ', 
f. f, a'Ua f. a'Ua 

(5.4,10) 

(5.4,1 1) 

On substituting a' from (5.4.9) in (5.4.\1), we expect from (5.4.R) thaI. 
approximately, 

where 

-.!..=2- (d'U- J U,U- 'd)2 +~ (d'U-' U2 U- 'd)2, 
f* f, d'U 'd f, d'U-'d 

Thus a test can be carried out. For other SOlutions to this problem. see 
Bennett (1951) and G, S. James (1954), 

5.5 Simultaneous Confidence Intervals 

We now show through examples how the union intersection principle 
leads to the construction of so-called "simultaneo us confidence intervals" 
for parameters , 

5.5.1 The one-sample Botelling T' case 

From (5,2, 14) we have 

for all p-vectors B. 

where 

t. = a'(i - ",)/[a'53/( " _1))"2 

(5.5.1) 

(5,5,2) 

and y> is the one-sample Hotelling T 2 statistic. Since. from Theorem 
3,5 ,2. T 2 is proportional to an F distribution. the upper 100a percentage 
point of y> is 
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(5.5 .3) 

where 

T~ ={(/l-l)p/(Il-p)}Fp,n _p~ (5.5.4) 

and F p,n-p,. is tbe upper 100a percentage point of Fp,n_p' Now if T 2 ,.. T;, 
then (5.5.1) implies 

for all p-vectors B. (5,5.5) 

On substituting (5.5,2) and (5.5.4) in (5.5.5). and inverting the inequality, 
we can rewrite (5,5.3) as 

Pr {a'p.E (a';;- b, s ' j + b) for all a} = I-a. (5.5.6) 

where 

h = [{a'Sap/(Il- p )\Fp,,,-un l l{l, 

l'hus 

(a 'x - h. a' i +h) (5.5.7) 

'" the 100(1 - a)% confidence interval for a'p.. Note that there is a 
probability of (l-a) that all confidence intervals for a· ... obtained by 
,'arying a will be IrUe, Hence, they are called the simultaneous confidence 
Intervals for a 'p.. 

(a) It can be seen that. for fixed a. we could obtain 100(1-a)% 
confidence intervals for a'p. from t. given by (5,5.2) since it is 
distributed as Student 's t with (n - I) d.f. amely, in (5.5 ,7), take 
h=[(s'Sa/(n-l)}F," _" .]lf2 since FI."_'=(~_')" (Of course. the 
confidence coefficient will cbange if a is varied,) 

(b) The irnultaneous confidence intervals may be used to study more 
specific hypotheses concerning p.. For example, the hypothesis 
Ho: Il = O is accepted at 100",% level of significance if and only if 
every 100(1 - a)% simultaneous confidence in terval contain~ the 
zero value. Thus if Ho is rejected. there mW!t be at leasl one vector a 
for whid, the corresponding confidence inlerval does /lot contain zero. 
Hence this method allows us to examine which particular linear 
combinations lead H" to be rejected, 

Example 5.5.1 In Example 5.3 ,1 the differences in cork depth in the 
lour directions were summarized by the transformed variables Y=XR' 
ilnd Y was assumed to be a data maLri. from 3(RIL, IU:R'), where 
RIl = v , say, Hotelling's y> test for the cork data led to the re jection of 
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Ho: V = O. We now examime which mean might have led to the rejection 
of Ho. U we put 8 =0,0,0)', then 8'58=S". Using Example 1.5.1, 

" = 28. p=3. y, = 8.8571, F ,.2S.Q.01 = 4.68. s" = 124.123. 

so (5.5.7) gives the 99% confidence interval for v, as 

0.51<v, < 17.21. 

Similarly, using the values a =(0, 1,0)' and a =(O, O. I)' , respectively. 
gives the in tervals 

-5.01 <v2<6.72 and - 6.48 < v,< 8.48. 

Hence only the interval for v, does not contain zero, and thus it is this 
particular mean which led to the rejection of the null hypothesis. 

In general, when the hypothesis of zero mean is rejected. there must 
exist at least one a for which the associated confidence interval excludes 
zero. However. it is not necessary that a be one of the vectors e, = 
(0,0, ...• 1,0, . . . ,0)' as in the above example. 

5.5.2 The two-sample Hotelling T 2 case 

As in Section 5 .5.1, we can construct a simultaneo us confidence in terval 
for a'lI = a'w,,-,..,) using the two sample means X, and i2 based on 
sample sizes ", and "2' A UTT test fo r 11 = 0 was developed in (5.3.25). 
Using the same argument as in Section 5.5.1. it is fou nd that the 
100(.1-a)% simultaneous confidence intervals for a'lI are given by 

a'(i, -X2) ±{a'(n ,S, + n2Sz)ap(n, + ~F •. m :.11I1/l2m }112, . (5.5.7) 

where In = '" + "2- p-l. 

5.5.3 Other exampl" 

The union intersection approach can be used to give sim ultaneous confi
dence intervals in more complicated si tuations. For example. SCIs can be 
evaluated for the one-way multivaria te analysis of variance of Section 
5.3.3a to examine wruch group differences on which variables are impor
tan! in the rejection of the null hypot hesis. These SCIs are discussed in 
Section 12.6. 
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More generally. simultaneous confidence intervals can be calculated for 
the parameters of a multivariate regression . See Section 6.3.3. 

5.6 Multivariate Hypothesis Testing: Some General Points 

Having discussed the LRT and VIT, what conclusions can one draw? 
They are different procedures. and in general they may lead to different 
test statistics. 

An important statistical property of LRT is the general asymptotic 
chi-squared result stated in Theorem 5.2.1. No such result exists for 
UlTs. However. the importance of this difference should not be over
e mphasized. since no corresponding small-sample result is known. In 
addition, the LRT depends upon the assumption of a specific distribu
tional foml. This is not crucial to the Ul procedure, which merely 
req uires a "sensible" way 01 testing each of the component hypotheses. 
For example. the t statistic may be .ensible for many non-normal dis
tributions. 

A mOre important advantage 01 the Ul approach is that, if H o is 
r"je~1.ed. it is a simple matter to calculate which of the component 
hypotheses led to the rejection of H". This can suggest a particular way of 
amending the hypothesis in order to accord more with the data . For 
instance, if the T' statistic devised under both the LR and VI approaches 
'Nere "significant" , then the implication w;ing the LR approach would be 
,imply "reject Ho". However, the UI approach would indicate more than 
this. As well as knowing that Ho should be rejected , one could enquire 
which specific linear combinations a'x led to its rejection. We saw this 
properly illustrated in the discussion of simultaneous confidence intervals 
in Section 5.5. 

Another nice property o[ the LRT is that it sometimes leads 10 

convenient factorizations. For example, in Theorem 3.7.3 it was shown 
that Wilks ' A can be written as the product of independent beta variates. 

From extensive studies it has become clear that the UI criterion is 
,"sensitive to alternative hypotheses involving more than one non-zero 
eigenvalue. On the other hand. Wilks' criterion provides good protection 
over a wide range of alternatives (Schatzoff, 1966; Pillai and Jayachan
dran. 1967). However, Wilks ' criterion in itself does not provide simul
ta neous confidence intervals, a leature which might in practice outweigh 
its theoretical power prope rties. 

Gabriel (1970) has examined theoretically the relationship between LR 
a nd UI tests. Other criteria have also been proposed, including tbe 
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following functions of the eigenvalues: 

Pillai (1955) 

Giri (1968) 

~>, ; 

L A, 
1+.1., ' 

Kiefer and Schwartz (1965) n C ::1.;) , 
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Mardia (1971) has investigated the effect of non-normality upon Pillai's 
criterion. He found that it is fairly robust when used for testing hypoth
eses on means. but not when used for hypotheses on covariance matrices, 
These properties are reminiscent of similar results from robustness studies 
on univariate statistics. 

Of course there are further criteria which can be used for assessing 
multivariate tests-the criterion of maximal invariance is one (Cox and 
Hinkley, 1974. pp. 157-170). 

*5.7 Non-normal Data 

We have SO far assumed that the parent population is multinormal. For 
non-normal populations when the form of the density is known, we can 
proceed to ohtain the likelihood ratio test for a given testing problem. 
Tbe asym ptotic distribution of the likelihood ratio criterion is known 
through Wilks' Iheorem (see (or example Exercise 5,7.1). However. the 
exacl distribution is not known in general. 

Since multinormal theory is so developed. it is worlhwhile 10 enquire 
which tests of multi normal Iheory can safely be applied to non-normal 
data , Initially. of cour e. a test of multinormality should be applied. We 
shall now describe two such tests. For a review of various tests of 
multinormality. see Mardia (1978). 

In Theorem 2.5.5 it was shown that, for the multinormal distribution. 
the multivariate measures of skewness and kurtosis have values Il, .• =0 
and Il, .• = pip + 2). Mardia (l970a) has shown that the sample counter
parts of the measures given in Section 1.8. b"p and b, .• , have the 
following asymptotic distributions as " -+ '" when tbe underlying popula
tion is mullinormal: 

knb". -x;' where f=~p(p+t)(p+2), (5.7.1) 

and 

(I>, .• - p(p + 2)}/{8p(p + 2)/n )'12 - N(O, I). (57.2) 
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These statistics can be used to test the null hypothesis of multinormality. 
One rejects tbe null bypothesis for large b j •• and for botb large and small 
values of b, .•. Critical values of these statistics for small samples are given 
in Mardia (1974). 

Example 5.7.1 Consider the cork data of Table 1.4.1, where n = 28 and 
p = 4. From (1.8.1) and (1.8.2) it is found that 

bl.4 =4.476 and b, .• =22.957. 

Then kob , ,4 = 20.9 is clearly not significant when compared to the upper 
5% cfiticai value of the ;do distribution. From (5.7.2) we find that the 
observed value of Ihe standard normal variate is -0.40, which again is not 
significant. 

The main advantage of these tests is tbal if the hypotheses of Il = 0 
and ll2.p = p(p+2) are accepted then we can use the normal theo~ ';ests 
nn mean vectors and covariance matrices because Mardia (I970a, 1971 , 
1974. 1975a) has shown the following: 

(a) The size of Hotelling's T'- test is overall robust to non -normality. 
altbough both HOlelJing's one-sample T'- tcst and the two-sample 
test for II I ¥ O2 are more sensitive 10 (31.. than to Il"p' If II, = II, the 
two-sample lesl is bardly influenced by (3 1.. or ll2.p' 

(b) Tests on covariances are sensitive, and sensitivity is measured by 
{3, ... 

Thus, broadly speaking, in t~e presence of non-normality, the normal 
theory tests on means are influenced by Ill.. whereas tests On covariances 
are influenced by Il, .•. 

J[ the hypotbesis of multinormality is rejected, one can sometimes take 
remedial steps to transform the data to normality, e.g. using the log 
transformation. Another possibility is to use a non-parametric test. but 
the field of multivariate non-parametric methods is not a rich one (see 
Puri and Sen, 1971). This fact partly results from the lack of a natural 
way to order multivariate data. However, we give a bivariate non
parametric test in the next section. 

5.8 A Non-parametric Test for tbe Bivariate Two-sample 
Problem 

uppose "lI' ; = 1, ' .. , 11" and X2,. j = 1. .. .. "2t are independent random 
sam ples from populations with c.d.f.s F(x) and G (s), respectively. Sup
pose j is the mean vector of tbe combined sample. Let tbe angles made 
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witb the x, axis in the positive direction by the vectors (x,; -x). i = 
1 . . . . • It" and (" ; - x). j = I , . ..• r~ . be ranked in " single sequence. Let 
(r, • .. .. rn) and (rj .... . r~,) be tbe ranks of the angles in the first and the 
seoond samples, respectively. Let N =" I + " 2' We replace tbe angles of the 
first and seoond samples by 

y " = {cos (27!1'JN ), sin (27Tr,/N»),. i = I . .. .• "" (5.8.1) 

and 

y,; = {cos (2rrrj/N), sin (27frj/N»)'. i = 1. ... . /1 2' (5.8.2) 

T his means that the angles are replaced by the " uniform scores" on a 
circle. For these observations it can be shown that 

y= o, (5 .8.3) 

Let T2 be Hotelling's two-sample J'2 statistic for the y given by (3.6.4). 
and define 

U (N- I)J'2 n ,(N - l l (, --)'S;- ' (- _-) 
(N-2) Oz J , y y, y . (5 .8.4) 

(The second equality foUows because YI-y,= y,-y+y-y,= (N/n,)x 
(y, -y).) Consider the hypotheses H o: F(x) = G(x) and H, : F(x) = G(x+8), 
8 " O. Since we expect y, - Y to be shifted in the direction Ii when the 
al ternative hypothesis is true. U is a sensible statistic for llUs tes!. On 
substituting (5.R.3) in (5 .8.4). we gel 

U 2(N - 1) {( ~ 27fr,)2 (~ . 27fr,)2} L. cos- + i.J Sm-- . 
n l '1 2 i - I M i _ I N 

(5.8.5) 

We reject Ho for large val ues of U. 
As "" " 2 ..... "'. II ,I II , -> (3. 0< (3 < 1. it is found under H" thal, asymp

toticaUy, 

u ..... xi. (5 .8.6) 

Example 5.8.1 The distance between the shoulders of the larger left 
valve (x) and the length of specimens (y) of Bairda oklahomaellsis from 
two geological levels are given in Table 5.8.1. Here 11 , =8, " 2 = 11 , 
N = 19. It is found that the ranks " for level 1 are 

5, 13, 14. 15, 16, 17, 18, 19. 

and 

" 27fr, 
t... cosN = 2.9604, L Sin 2;:' = - 3.6613. 
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Table 5.8.1 Data for the geological problem (Shave, . 1960) 

Level I Level 2 

x I' x V 

63L 1167 682 1257 
606 1222 631 1227 
1\82 1278 631 1237 
480 1045 707 1368 
606 1151 631 1227 
556 1172 682 1262 
429 970 707 1313 
454 1166 656 1283 

682 1298 
656 1283 
672 1278 

'"alues of x and yare in micromelres. 

Conseq uenlly U given by (5.8.4) is 9 .07 , whicb is significant since the 
5% value of X~ is 5.99. 

We note tbe following points. Like T 2, U is invariant under oon
singular linear transformations of the variables Xli and x". The Pitman 's 
asymptotic efficiency of this test relative to Hotelling's J'2 test for the 
normal model is 7f/4. The U test is strictly non -parametric in the sense 
that the null distribution does not depend on the underlying distribution 
of the variables. This test was proposed by Mardia (1967b). For critical 
values and extensions see Mard ia (1967b. 1968, 1969. 19na,b) and 
Maroia and Spurr (1977). 

Another non-parametric test can be constructed by extending tbe 
Mann-Whitney test as follows. First combine the two groups and rank the 
observations [or each variable separately. Then use J'2 for the resulting 
ranks. This test is not invariant under all linear transformations, but it is 
invariant under n:ionotone transformations of each variable separately. 
For further no n-parametric tests. see Puri and Sen (1971) . 

Exercises aod Complements 

5.2.1 Derive a likelihood ratio test for the hypoLhesis 11'11 = I , based on 
o ne observation x from Npu., ,,21), where ,,2 is known. 

5.2.2 Show that l:O'S. a. g, and -2 log A take the values indicated in 
Example 5.2.3. 
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5.2.3 [f M is a (p x p) matrix, distributed as W"(:~. n ), where 

1:= rtll 0] p, 
L 0 l:" p, 

152 

and M is partitioned conformably. show that F = M" M,,'M'2 and G = 
M 22 - M2.MltMll are distributed independently as W.,(:l:,2, p,) and 
W""( l:z, , n- p, ). 

Using the fact that a'Fa and a'Ga are independen t X' variables for all 
a, derive a two-sided union intersection test. based on the F-ratio, of the 
hypotbesis that :£ is in [act of tbe form given above . 

S.2.4 (a) Show that if Example 5 .2.1 is amended so thaI 

,, = [100 50] 
- SO 100' 

then - 2 log A = 3.46. and Ho is still not rejected . 
(b) Show that with :£ given above, the 95% confidence region [or 1' , 

and j.I, is elliptical , and takes the form 

(185.72 - j.I ,l' + (1 83.84 - j.I,)2 - (185.72 - 1'- ,)( 183.84 - 1',) .. 17.97. 

S.2.S Many of the tests in this chapter have depended upon the statistic 
d'S-'d , where S is a (p x p) matrix . Show that in certain special cases this 
s tatistic simplifies as follows: 

(a) If S is diagonal, then d'S-'d = I; + ... -L I;. where I, = dj ,ls". 
(b) When p = 2, 

(c) When p = 3. d'S-'d is given by 

I ~( I - r~,l"1' l i (l- r~,) + tj(1- r~,) - 2I , I, u"., -21, I'U I3.l - 21,I3 Un 1 

1 + 2rl2r1)r23 -r~3 -rI3- ri 2 

5.3.1 (Rao, 1948. p. 63) (al Consider the cork-tree data from Exam
ple 5.3.1 and the contrasts 

ZJ =(N -t- S)-{E + W), ~2= S-W. 
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Show that z , = Y" " = y,. and Z2 =1(Y'-}'l + Y, ), where y, . y" y, were 
defined in Example 5.3.1. 

(b) Show that the sample mean and covariance matrix for z = 
(Z l > Z2, zJ)' are 

[

124.12 59.22 
Z = (8.86. 4.50. 0.86)' and S = 54.89 

-20.27] 
-27.29 . 

61.26 

(c) Hence show that the value of T' for testing the hypothesis E(z) =0 
is T2= 20.736 and the value o[ F is 6.40. Show that this is significant at 
the I % level. (Note that the value of T' obtained in tbis exercise is the 
same as that obtained in Example 5.3.1, thus illustrating that l' is 
invariant under linear transformations.) 

5.3.2 (Seal, 1964, p. 106) {a> Measurements of cranial length {x, > and 
cranial breadth (x2 ) on a sample of 35 mature female frogs led to the 
following statistics: 

[
22.860] 

i = 24.397 ' 

Test the hypothesis that j.l J = ,...., . 

S, = [17 .178 19.710] 
23 .710 . 

(b) Similar measurement~ on 14 male frogs led to the statistics 

[
21.821] 

i = 22.843 . 
17 .731] 
19.273 . 

A gain test the hypothesis that j.I, = 1'-,. 
(c) Show that the pooled covariance matrix obtained from the above 

da ta is 

s n,S, + 112S, 

,~ I + "2 [
17.173 19.145] . 

22.442 

Use this to test the hypothesis that the covariance matrices of male and 
female populations are the same. 

(d) Test the hypothesis that III =,...." staring your assumptions carefully. 

5.3.3 (a) Consider the hypothesis H II : Il = k"", where 1: is known. From 
(4.2.9), the m.l.e. of k under H o is given by k = 11"r ' i1...,l.:- IIlo . Using 
(5,3.1). show that the LRT is given by 

-2 log A = ni':£- '{1:-{J1<'.:£-' Ilo)-'""jJQ}I-'i . 

Using Section 5.3.1a, deduce that -2 log A - X~- I exactly . 
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(b) Consider now the hypothesis H o : IL = k"". where I is ullknowlt . 
From (4.2.11) the m.1.e. of k under H .. is given by f. = 1J.(,S" x/IJ.(,S" "". 
Using (5.3.2). show that 

-2 log A = 11 log (1 ~d'S-'d), 

where 
d'S" d = XS" (S-(W,S' '"" r I fLolLo}S" i. 

Using Section 5.3.1 b, show that (It -l)d'S" d - T"(p - 1, II - 1). 

5.3.4 U A
G

, Ab' and Ac are as defined as in Section 5.3.3c and if m., m., 
and m, are tbe respective asymptotic degrees of freedom. show that 
mc = rna + m,.. Explain . 

S.3.S Let X be a data matrix from N.(IL, I ). 
(a) Show that tbe LRT for tbe hypothesis tbat x I is uncorrelated with 

x2 , .•. ,Xv is given by 
A =(1- R')"", 

where R2= R '2R2~R'l is the sq uared multiple correlation coefficient 
between Xl and X2, . ..• ~. 

(b) Show that tbe LRT for the hypothesis that I = (T2{(1 - p)1+ p 11') is 
given hy 

A =fiSi/[v"(1- r)o-1(1 +(p- t)r)'!}"Il. 

where v is the average of the diagonal elements of S and vr is the average 
of the off-diagonal elements. (See Exercise 4.2.U and also Wilks. 1962. 
p. 477.) 

5.3.6 (a) Rao (1966, p. 91) gives an anthropometric example in wbich 
each of two variables taken separately gives a "significant" difference 
between twu communities, whereas the T' or F test utilizing both 
variables together does not indicate a significant difference . 

Community 

2 
r statistics (or 

each charaCter 

Sample 
size 

27 
20 

Mean length 
(in millimetres) of 

Femw Humerus 

460,4 
444.3 

2.302 

335.1 
323.1 

2 .214 

The pooled unbiased estimate of the common covariance matrix can be 
constructed from the information in Rao (1966) as 

S = [561.8 380.7] 
• 343.2 . 
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Show that each of the individual I statistics is significant at the 5% level 
(using 45 degrees of freedom) . However. if one tests wbether the popula
tio n means of femur and humerus are the same in both communities, 
show that the resulting F statistic takes the value 2.685 . whicb is not 
significant at tbe 5% level (using two and 44 degrees of freedom). 

(b) Rao sbows that the power of the T" test depends upon p, the 
number of variables. and d •. tbe Mahalauobis distance in p dimensions 
between the twn populations. He gives charts which illustrate the power 
functions for values of p between 2 and 9. It can be seen from these 
charts that, for a given sample size, the power can decrease when the 
number of variables increases from p to (p + q ), unless the increase in 
Mahalanobis distance d;+o - d; is of a certam order of magnitude . In the 
example given in paTt (a), the D2 for femur aJone was Di = 0.46 14, while 
that for femur and humerus together was 0.4777. Such a small increase 
led to a loss of power with samples of the given size . Comment on this 
be haviour. 

5.5.1 Following Section 5.5.1. show that the simultaneous confidence 
intervals for S'(IL,-""') in the two-sample case are given by (5.5.7). 

5.S.2 (a) In the one-sample case when I is known. use the approach of 
eclion 5.5.1 to show that simultaneous 100(1- a)% confidence intervals 

fOT 8',. are given by 

{ 
r } 112 

a'IL Es'i ± ~ (a'l:a)x!.v for all a. 

(b) Show that a',. lies in the above confidence interval for aU a if and 
only if IL lies in the 100(\-0' )% confidence ellipSOid of Example 5.2. 1, 

n(,.-x)':t"'(IL-X)< X~~ . 

mint: see Corollary A .9.2.2l. 
(c) Construct a corresponding confidence ellipsoid for tbe one-sample 

case when l; is unknown. 

S.7.1 Consider a random sample of size II from Weinman's p-variate 
exponential distribution (Section 2.6 .3) and consider the null bypothesis 
flo : AO= A1 = ... = .... .,. The maximum log likelihood may be found from 
Example 4.2.2. Show that 

-2 log A = 2np log (ii/g), 

where ii and g are arithmetic and geometric means, and give the 
asymptotic distribution of -2 log A. 
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5.7.2 For the cork data of Table 1.4.1. show that the measures of 
skewness and kurtosis of Section 1.8. taking one variable at a time, are 

0 .6542 
2.6465 

E 

0.6925 
2 .7320 

s 

0.5704 
2.8070 

whereas ta king twO variables at a time. they are 

NE 

1.214 
7.512 

NS 

1.019 
6.686 

NW 

1.138 
7.186 

ES 

2. 192 
9.359 

EW 

0.965 
6.89/\ 

W 

0.195\ 
2.2200 

SW 

0.935 
7.S35 

What can be concluded regardi ng nonnality of variables in the lower 
dimensions? Can Ihe la rge values of /), ,2 aDd /)2.2 [or ES be partially 
ascribed to the larger values of /)1.I and /)2.1 for E and S. respectively? 

5.7.3 For the cork data (Table 1.4.1) let y, = N + S - E-W. Y2=N- S. 
YJ= E - W. Show that 

b 1.3 = 1.777. b2 .; = 13.558. 

Test the hypo thesis of normality. 

5.8.1 Show that 

27Ti ~ . 21Ti L cos-= L. SIO-=O . 
. ..... 1 N ."" 1 N 

and 

~ 2 2r.i ~ . 22rri 1 N 
L cos - = L SIn - = - . 

, ,,, I N i- l N 2 

Hence prove (5 .8.3). Verify the second equality in (5 .8.4) and prove 
(5.8.5). 

5.8.2 Apply Hotelling's T' test to data in Table 5.8 . 1 and compare the 
conclusions with those in Example 5.8 .1. 

6 
Multivariate Regression 
Analysis 

6.1 Introduction 

Consider the model defined by 

Y = XB + U, (6.1.1) 

where Y (1l x p) is an observed matrix of p response variables on each of n 
individuals, X(n x q) is a known matrix, B(q x p) is a matrix of unknown 
regression parameters, and U is a matrix of unobserved random distur
bances whose rows for given X are uncorrelated , each with mean 0 and 
common covariance matrix :E. 

When X represents a matrix of q "independent" variables observed on 
eacb of the n individuals, (6 .1.1) is called the multivariate regression 
model. (If X is a random matrix then the distribution of U is assumed to 
be uncorrelated with X.) When X is a design matrix (usually Os and 1s), 
(6.1.1) is called the getleral linear model. Since the mathematics is the 
same in both cases, we shall not emphasize the difference, and we shall 
usually suppose that the first column of X eq uals 1 (namely X = (1, X ,) to 
allow for an overall mean effect. For simplicity, we shall treat X as a fixed 
matrix throughout the chapter. If X is random , then aU likelihoods and 
expectations are to be interpreted as "conditional on X". 

The columns of Y represent "dependent" variables which are to be 
explained in terms of the "independent" variables given by the columns 
of X. Note that 

so that the expected value of Yo; depends on the ith row of X and the jth 
column of the matrix of regression coefficients. (The case p = 1, where 
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there is only one dependent variable. is the familiar multiple regressioll 
model which we will write as y =X~ + u.} 

In most applications we shall suppose that U is normally distributed, so 
that 

U is a data matrix from N.(O. I ). (6.1.2) 

where U is independent of X. Under the assumption of normal errors, the 
log likelihood ior the data Y in terms of the parameters B and I is given 
from (4.1.4) by 

ICB. I) = -1" log 12".:£1-1 tr (y - XB)r'(y - XB)'. (6.1.3) 

6.2 Maximum Likelihood Estimation 

6.2.1 Maximum likelihood estimators for B and I 

We shall now give the m.l.e.s for B and I in the multivariate regressIOn 
when II;;" P +q. Tn order for the estimates of B to be unique we shall 
suppose that X has full rank q. so that the inverse (X'X)-l exists. The 
situation where rank(X) < q is discussed in Section 6.4. 

Let 
(6.2.1 ) 

Then P (II x II) is a symmetric idempotent matrix of rank n - q which 
projects onto the subspace of R " orthogonal to the columns of X. (See 
Exercise 6.2.1.) In particular. note that PX = O. 

Theorem 6.2.1 For the log likelihood {ullction (6.1.3). the m.l.e.s of B 
and :£ are 

B = (X'X)- ' X'V (6.2.2) 
and 

1:=n- ' V'pV. (6.2.3) 

Proof Let 

y = xB = X(X'X}- 'X'Y (6.2.4) 
and 

V=Y-xB=PV (6.2.5) 

denote the "fitted" value of V and the " fitted" error matrix, respectively. 
Then Y - XB = V + xB - XB, so the second term in the right-hand side of 
(6.1.3) can be written 

-1 tr .I-' (V - XB)'(Y - XB)=-1tr r'[iJ'v + (B-B)'X'X(B - B)]. 
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Substituting in (6.1.3) we get 

I(B. I ) = -!n log 121T1I-ill tr r'i-~ tr 1-'(B- B)'X'X(B-B ). 
(6.2 .6) 

Only the final term here involves B. and this is maximized (at the value 
zero) when B = B. Then the " reduced" log likelihood function is given by 

leB. I ) = -!lIp log 21T-!1I (log II I +tr :£- '1:). 

which by Theorem 4.2.1 is maximized when 1=1:. 
The maximum value of the likelihood is given from (6.2.6) by 

t(B 1:)=-4" logI2",1:I-~"p. • (6.2 .7) 

The statistics Band i are sufficient for Band .1: (Exercise 6.2.2), For aD 
efficient method of calculating Ji and 1:. see Anderson (1958, pp. 184-
187). 

Note tbat 

V'V = Y'Y - yy = V'PY. (6.2.S) 

In other words. the residual sum of sq uares and products (SSP) matrix 
(I'V equals the total SSP matrix Y'Y minus tbe fitted SSP matrix Y·Y. 
Geometrically. each column of Y can be split into two orthogonal parts . 
First. Y(i) is the projection of Ym onto the space spanned by the columns 
of X. Second. 0(;) = PY(i) is the projection of Ym onto the space orthogonal 
to the columns of X. This property is illustrated for p = 1 in Figure 6 .2.1 . 

B 

u 

I/-:..:.....---~A 

Xfl 
o 

Figure 6.2.1 Geometry of multiple regression model. y = XIl ~ • . 
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The true value of ~ = E(y) is denoted by the point A . The observed 
value of y (the point B) i~ projected onto the plane spanned by the columns 
of X to give tbe point A as an estimate of A. 

II we let Mil = X'X,M,,=Y'Y. and M12 =X'Y, then we can write 
... ...... J 

nX = U'U = M22 - M 2 ,M1, M'2' 

Thus the residual SSP matrix can be viewed as a residual Wishart matrix 
M22., conditioned on X, as in (3.4.5). 

6.2.2 The distribution of B and I 
We now consider the joint distribution of the m.l.e.s derived in Theorem 
6.2.1 under the multivariate linear model with normal errors. 

Theorem 6.2.2 Under Ihe model defined by (6.1.1) and (6.1.2) 
(a) Ii is unbiased for B, 
(b) E(U) = 0, 
(c) Ii and U are multivariale nannal, 
(d) Ii is slalistically independenl of U, and hence of i. 

Proof (a) Inserting Y = XB+ U in the formula for B defined in Theorem 
6.2.1, 

Ii = (X'X)- 'X'(XB + U) =B + (X'X)- JX'U. 

Therefore, E(B) = B since E{U)=O. Hence (a) is proved. 
(b) We have U=Y- xB. Therefore 

E(U) = E(Y)-XE(B) = XB-XB =0. 

(c) We have 

U=PY=PU, 

(6.2.9) 

(6.2.10) 

where P was defined in (6.2.1). Also Ii = B + (X'X)-'X'U from (6.2.9). 
Hence both U and B are linear functions of U. Since U has a multivariate 
normal distribution, the nOlIDaJjty of U and Ii follows immediately. 

(d) This follows by applying Theorem 3.3.3 to the linear functions 
defined in part (c) above. • 

Of particular importance in the above theorem is the fact the Ii and i 
are independent for normal data. More precise results concerning the 
distribution of Ii and :i: are given in the (oUowing theorem. 

Theorem 6.2.3 (a) The covariance between ~" and 13 .. is Ujl&' , where 
G= (X'x r'. 

(b) ni-W. O:. n -q ). 
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Proof (a) From (6.2.9) we see that ~,,-(3;, = &iIlu), where A = 
(X 'X)- ' X '. Therefore 

C(i3;j' ~ .. )=aiE[u.i)u(IJa. = &i[U,1lJa. =uf/(AA').,. =uf/&' 

since AA' = G. Therefore part (a) is proved. 
(b) From (6.2.10), n1 = U'U = UPU, where P is an idempotent matrix 

of rank (n -q). Since each row of U has mean 0 , the result follows from 
Theorem 3.4.4. • 

Note that when X'X = 1, or nearly so, the elements of a column Ii(,) will 
tend to have a low correlation with one another; this property is consi
dered desirable. 

6.3 The General Linear Hypothesis 

We wish to consider bypotheses of the form C,BM, = D . where C, (g x q), 
M,(p x r), and D (g x r ) are given matrices and C , and M, bave ranks g 
and T, respectively. In many cases D = 0 and M, = I, so tbe hypothesis 
takes the form C , B = O. Note tbat the rows of C, make assertions about 
the effect on the regression from linear combinations of the independetlr 
variables, whereas tbe columns of M , focus anention On particular linear 
combinations of the dependenl variables. 

We shall follow the two-pronged approach begun in Chapter 5; that is, 
we shan consider the bypothesis from the point of view of the likelihood 
ratio test (LRT) and the union intersection test (UIT). 

6.3.1 The likelihood ratio test (LRT). 

Consider first the hypothesis C ,B=D (so M,=I). It is convenien t 
to define some additional matnces before constructing the LRT. Let 
C,«(q -g) x q) be a matrix such lllat C' = (C;, C~) is a non-singular matrix 
of order q x q, and let Bo(q x p) be any matrix satisfying C ,Bo= D . 

Then the model (6.1.1) can be rewritten as 

Y. =Zd+U, (6.3.1 ) 

where Y.= Y - XBo, Z=XC- " and d=(d~, d~)'=C(B- Bo) . The 
hypothesis C,B = D becomes d , = O. Partition C- I = (C", Co» and let 

P, = 1 - X(2)(C2)'X'XC2)r 'C"'X' (6.3.2) 

represent the projection onto the subspace orthogonal to the columns of 
XC(2). 
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From (6.2.7) we see that the maximized likelihoods under the null and 
alternative bypotheses are given by 

i2.".n-'Y'.1', Y+I-.n exp (-1np) and 12.".n-'Y~P +yxn12 exp (-1l1p), 

respectively. Thus the LR statistic is given by 

(6.3.3) 

Note that" is a projection onto a subspace of P, (a vector orthogonal to 
all the columns of X is orthogonal to the columns of XC" ), so lhat 
Po = P , - P is also a projection. It can be shown that 

P, = X(X'X)-'Cj[C, (X'X)- 'Cjj' C,(X'X)- 'X' (6.3.4) 

(see Exercise 6.3.1). Also note that PY=PY~ because PX = O. This 
observation is useful in proving the following result. 

Theorem 6.3.1 The LRTof the hypothesis C,B = D for the model (6 .3.1) 
has lest statistic 

A 2Jn=IY'PYI/IY'PY+ Y~P2 Y+I, (6.3.5) 

which has A(p, n-q, g) distribution under the lIull hypothesis. 

Proof The formula for A 21n was derived above. For its distribution. Dote 
from (6.2.10) that Y'PY = U'PU under the null and alternative 
hypotheses. Also, under the null bypothesis, Y':' P2Y+=U'P 2U (Exercise 
6.3.2). Since P and P2 are independent projections (PP2 = 0) of ranks 
n -q and g, resp~ectively, it follows from Theorems 3.4.3 and 3.4.4 that 
Y'PY and Y'.P,Y. have independent W.(l;, n-q) and W.(l;. g) dis
tributions. The distribution of A 2/n follows. • 

Now let us consider the hypothesis C ,BM, = D for the model (6.1.1). 
From Exercise 6.3.3, we see that it is equivalent to study tbe hypothesis 
C,BM, = D for the transformed model 

YM, = XBM, + UM" (6.3.6) 

where UM, is now a data matrix from N.(O, M;l:M,) and 8M, contains 
qr parameters. 

Define matrices 

and 

H=M,Y'rP 2Y+M , 

= M,Y'rX(X'Xr'Ct[C, (X'X)-'C',j ' C,(X'X)- 'X'Y+M" (6.3.7) 

E=M;Y'PYM, 

= M;YTI-X(X'X)- 'X']YM, (6.3.8) 
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to be the SSP matrix due. to tne regression and the residual SSP matrix, 
respectively. Then the LRT is given by the following theorem. 

Theorem 6.3.2 The LRT of the hypothesis CtBM, = D for the model 
(6 .1.1) ;s givell by tile lest statistic 

A 2Jn = lEI/IB + EI- A(r. n-q, g). (6.3.9) 

Proof Apply Theorem 6.3.1 to the transformed model (6 .3.6). • 

ote. that the LR statistic can also be written 
, 

IEi/IB + EI= n (1 Hit' . (6.3.10) 

where. A , ..... .1., are the eigenvalues of HE- '. 
When p = 1 the matrices in (6.3 .9) are scalars and it is more usual to 

use the equivalent F statistic 

H/E -[g/(n -q)]F •. ,,_q' (6 .3.11) 

The null hypothesis is rejected for large values of this statistic. 

6.3.2 The union intersection test cum 
The multivariate hypothesis C,BM, = D is true if and only if b'C ,BM,a = 
b'Da for all a and b . Replacing C , and M, by b'C, and M,a in (6.3.7)
(6.3.8). we see from (6 .3. 11) that each of these univariate hypotheses is 
tested by the statistic 

{b'C,(X'X)-'qb}{a'M;Y'PYM,a} 
(6.3.12) 

which has the (n -q)- 'F, .n_q distribution under the null hypothesis for 
fixed a and b. Maximizing (6.3.12) over b gives 

a'Ha/a'EIl, (6.3.13) 

which has the [g/(n-q)]F, .• _ q distribution for fixed a (because Band E 
have independent Wishart distributions). Finally. maximizing (6.3.13) 
over a shows tbe VI statistic to be A,. the largest eigenvalue of BE-'. Let 
8=A,/(1 t-A,) denote the greatest root of B (H + E)- '. 

The distribution of 8 = OCr, n -q, g) was described in Chapter 3. The 
null hypothesis is rejected for large values of e. 

If rank(M,) = r = 1, then maximizing over a is unnecessary and (6.3.13) 
becomes simply the ratio of scalars (6.3.1 1). Thus the UIT is equivalent 
to the LRT in this case. 
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IT rank(C,) = g = 1. then maximizing over b is unnecessary. SiDce H and 
HE-' bave rank 1 in this case. we see {rom (6.3. 10) tbat tbe UIT and 
LRT are equivalent here also. The only non-zero eigenvalue of HE-' 
equals its trace. so from (6.3.7H6.3 .8). 

.I., = tr HE-' = {C,(X'X)- l CW'C,(X'X)- ' X'V..M,E-' M;V" X(X·Xr' q . 

Letd = X(X'X)-'C;. Underthe nullllypothesisM;V: d - Np(O, (d'd)M;:£M,) 
(Exercise 6.3.4) and under both the null and alternative hypotheses 
E - W,(M;:£M" n - q) independently. Thus under the null hypothesis 
A, has tbe 

(/l-qr'~ .. _q=[' /(n-q - ,+ InF,." _._.~, 

distribution. 

6.3.3 Simultaneous con6dence intervals 

Suppose B is the true value of the regression parameter matrix and let 
V + = V - XB. Then the VI principle states that tbe probability tbat the 
ratio in (6.3.12) will be less than or equal to 9./0 - 9.) simultaneously for 
all a and b for which the denominator does not vanish, equals \ - 0:. Here 
O. denotes the upper " critical value of the O(r, n - q, g) distribution. 
Rearranging gives the simultaneous confidence intervals (SCIs) 

P(b'C,BM,8 e b'C, (X'Xf'X'YM,8 

± {~(8'Ea)[b'C,(X·X)-'q b]} "'. for all a, b)-I-a. (6.3.14) 
1 - 6. 

ote that b'C,(X'xr'X'YM,lI = b'C,BM,8 is an unbiased estimator of 
b'C ,BM,lI . 

In some applications a and/or b are given a priori and tbe confidence 
limits in (6.3.14) can be narrowed. IT a is fixed then SCIs for b can be 
obtained by replacing 9./(1 -9.) by [g/(II-q)]F .... _ • .•. If b is fixed then 
SCIs for a can be found by replacing 6./(1 - ( 0 ) by 

(0 - q)- 'T;,,,-. ;o = [r/(II - q - , + 1)] F,.,,_._,~,;o. 

Finally. if both 8 and b are known. a single confidence interval is obtained 
by replacing 9j(1- 9.) by (n - q)- ' FI." _. ~' 

6.4 Design Matri~es of Degenerate Rank 

In the design of experiments it is often convenient for symmetry reasons 
to consider design matrices X which are not of full rank. Unfortunately 
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the parameter matrix B in (6.1.1) is not well-defined in this case. The 
simplest way to resolve this indeterminacy is to restrict the regression to a 
subset of the columns of X. 

Suppose X(o x q) has rank k < q. Rearrange the columns of X and 
partition X = (X" X,) so that X,(n x k) has full rank. Then X, can be 
wrinen in terms of X, as X,= X,A (or some matrix A(k x(q-k». 
Partition B' =(B" 80. If the regression model (6.1.1) is valid, then it can 
be reformulated in terms of X, alone as 

V = X, Bi+u, (6.4.1) 

where Bf = B, + AB" is uniquely determined . 
Consider a hypothesi.~ C ,BM.=D and partition C , =(ClI , C

12
). The 

hypothesis matrix C , is called leslable if, as a function of B. 

XB = 0 implies C ,B = O. (6.4.2) 

Then although B is indeterminate in the model (6.1.1). C,B = CIIB~ is 
uniquely determined. Also, note that the condition (6.4.2) does not 
involve M, . With a similar motivation . a linear combination d'B is called 
eSlimable if XB = 0 implies d'B = O. 

An alternative way to describe testability was given by Roy (1957). He 
showed that (6.4.2) holds if and only if 

(6.4.3) 

(See !O'<ercise 6.4.1.) This criterion is convenient in practice. 
If B~ is the m.Le. of Bi in the model (6.4.1) and if C, is [estable then 

the (unique) m.l.e. of C,B is given by • 

Thus, for a design matrix of non-full rank, [he estimation of estimable 
linear combinations and the testing of testable hypotheses is most con
veniently carried out using the model (6.4.1) instead of (6.1.1). 

EIample 6.4.1 (One-way multivariate analysis of variance). In Section 
5.3.3a we considered k multinormaJ samples, Y"""Y"I ' Y",+lI "" Ynl-+"'l' 
ynl .... ~-+-I •••• ·Y", where the ith sample consists of IIi observations from 

p(", + T;, l:). i = 1 .... , k, and 0 = o. + ... + n •. We can write this model in 



MULTIVARIATE ANALYSIS 166 

the form (6.1. 1) using the design and parameter matrices 

1 0 0 1 

I 0 0 1 
o 0 1 

X = 0 1 o ) and B' = ('1' " .. . , '1'" 11). 

o 0 1 

o 0 1 

The matrix X(II X (k + I» has rank k , The indeterminacy of this paramet
rization is usually resolved by requiring g T, = 0. However, in this section 
it is more convenienllo drop I' from Ihe regression ; tbat is, partition X SO 

thaI X, contains the first k columns, and use the model (6.4,1). Since 

(X; Xlr' = diag (n~l) 

we see thaI the m.l.e.s of T~,." . ... : in the model (6.4. 1) are given by 

(T~,.", ~)' = (X;X,)- 'X;Y = (y" .... y.l', 

One way to express the hypothesis tbat '1' 1 =." = '1', for the roodel (6.1.0 
is to use the «k - 1) X (k T 1» matrix 

C,= 

100 
010 

000 

o - 1 0 
o - I 0 

1 -) 0 

Partition C I = (C II , C,,) so thaI C II contains the firsl k columns. It is 
easily cbecked that tbe hypothesis CIB = 0 is teslable (and is equivalenlto 
the hypothesis T~ = ... = ... ~ for the model (6.4,1). The matrices Hand E 
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defined by (6.3.7) and (6,3.8), with X and C, replaced by X I and C II • can 
be shown 10 equal Band W, respectively, the "between-groups" and 
"within-groups" SSP matrices given in Section 5.3.3a. (See Exercise 
6.4.2.) Thus, as expected, the LRT and urr take the same forms as given 
there. 

As h varies through a ll (k- I)-vectors, C! ,b=c varies through aU 
k-vectors satisfying I~ c, = O. Such vectors are called contrasts and 
L Ci T i = L C;T~ for all 11. Thus, [rom (6 .3. I 4), simultaneous confidence 
intervals for linear combinations a of conlrasts C between group means 
are given by 

CI T8 Ec'Ya ± --· -a'Wa L ~ , _ {O ' e'}"2 
1- 0. ,_I n, 

where we have written '1" =('1'" "., '1',) and Y' = (j" ... ,y,). and O. is the 
upper a critical value of 9(p, n - k, k - \ ). If a and/or c are known a priori, 
the adjustments described al Ihe end of Section 6.3,3 are appropriate. 

6.5 Multiple Correlation 

6.5.1 The effect of the meaD 

In the model (6.1.1) it is sometimes conven ien t to separate the effect of 
the mean from the other " independent" variables, Rewrite the regression 
model as 

Y = !p.'+ XB + U, (6.5.1) 

where (l ,X ) now represents an (n x( 1+ q)) matrix of full rank. Without 
loss of generality we shall suppose the columns of X are each centred to 
have mean 0, (If "<,, is replaced by " (I) - i; l , then (6.5.1) remains valid 
if ... i replaced by ... + L ii P") Then 

[ (I') ] - ' (" - ' 0 ) \X, (1, X) = 0 (X'Xr' (6.5.2) 

because X'l = O. Thus, by Theorem 6.2.3(a), ,1= y is independent of 
B = (X 'X)-'X'Y = (X'X )- ' X'(Y - 1j'). If the mean of Y is estimated by y. 
then (6,5.1) can be written 

Y - 1j' = XB + W , (6.5.3) 

where W = U - lu' denotes the centred error matrix which , thought of as 
a column vector, W V

, has dist ribution N.p(O, l:®H). Here H = 
l - n- ' l1'. (See Exercise 6.5,1.) 
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6.5.2 Multiple rorrelatioo roefficieot 

Suppose p = 1 so that (6.5.1) becomes 

Y-Yl=XJHv. 

168 

(6.5.4) 

where v - N. (0, u 2H) and again we suppose the columns of X are each 
centred to have zero mean. Define 

s=(;:: ~:) =n-'(Y';~1')(y_Y1, X) (6.5.5) 

to be the sample covariance matrix for y and the columns of X. Let R 
denote the corresponding correlation matrix. Since 

~ = (X'X)-IX'y = (X'X)-'X'(y - 91)= SiiS,,, 

we see that tbe (sample) correlation between y and xli is given by 

Rn = corr(y, XP) =S12SiiS"/{s" S'2SiiS2,}'12 
= {S'2SiiS,ds,,}II2. (6.5.6) 

Then R., .• is called the multiple cOrTelation coefficiellt of y with x. It can 
also be defined in terms of the correlations as 

R~ .• = R'2R;iR:.,. (6.5.7) 

An important property of the multiple correlation is given by the 
following theorem. 

Theorem 6.5.1 The (argest sample correlation between y and a linear 
combination of the columns of X is given by Ry-o, and is allained by the 
linear combination XIl. w/,e,e Ii = (X'X)- ' X'y is the regression coefficient 
of yon X . 

Proof Let ~ denote a linear combination of the columns of X. Then 

corr' (y, ~) = (JS'S,I?/{s"Ii'Y)· 

This function is a ratio of quadratic forms in Ii and. by Corollary A.9.2.2. 
its maximum is given by S"S2iS,dsll. and is attained when Ii =S2iS2' = 
(X'X}- 'X'y. • 

Another common notation, which is used for a single matrix X(II x q) 
to label the multiple correlation of :(0) with "12) ••.• ' "I.). is R,., ..... It is 
necessary to exercise some caution wben interpreting the multiple 
correlation, as the following example shows. 

EXllJIIpie 6.S.1 Consider the case when 

'23 = sin O. 
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These correlations will arise wben 1«". X(2). and ""I" lie in the same plane 
in R " and the angle between XII ' and X,2) is o. U II is smaU then r" and r" 
are both small. However. R, '2 = I. This example illustrates the seemingly 
paradoxical result that. for small II, :l(l) has a low correlation with both 
x,,, and )<,,), but the multiple correlation coefficient R'.'2 is at its max
imum. 

The multiple correlation coefficient can be used to partition the total 
sum of square,:; as in (6.2.8). If Y = Xp denotes the filted value of y, and 
u=y -yl-~ denotes the fitted residual. then the total sum of squares 
(about the mean) can be expressed as 

y'y_ lIy 2 = Y'y+u'D~ 

which can also be written 

ns'=ns'R' + f1S'(I-R ' ) 1 )' y- . r )I' " . (6.S.8) 

Thus, the squared multiple correlation coefficient represents the propor
tion of the total Sum of squares explained by the regression on X. 

6.S.3 Partial correlation coefficient 

It is sometimes of interest to study the correlation between two variables 
after allowing for the effects of other variables. Consider tbe multivariate 
regression (6.5.3) wilh p = 2 and centre the COlumns of Y so that 
y. = 9, = U. We can write each column of Y as 

i= 1, 2, 

where y, = X(X'X)-'X'Yr. . is the "fitted value" of Y<o . and 0. .. is the 
·'residual value" of Y,o. Since u". and 0." are both residuals after fitting 
X. a correlation between Ym and y", after " eliminating" the effect of X 
can be defined by 

(6.5.9) 

The coefficient '12 .• is called the (sample) paniat COrTelalion coefficient 
betweell Yr .. and Ym given X. 

To calculate tbe partial correlation coefficient, partition the covariance 
matrix of Y and X as 

If we set 

(

S" 

S= S21 

S, 

S; ) (YI") ~2 = n -, Y~) (Yrll' YIll> X). 

i.j=1. 2, 
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then 
(6.5.10) 

(See Exercise 6.5 .5.) . . 
If we partition the correlation matrix R similarly. and set '11 = Til - r,R2~ r/' 

i. j = L 2. then 'I'. can also be written 
(6.5.11) 

Another notation, used for a single matrix X(n x q) to describe the 
partial correlation between x(I) and X(2) given S(3) ... ·' ~'fll 

~'I'~~· . 
In general if X = (X .. X,) is a partitioned data matrix wtth sample 

covariance matrix S. we can define the "partial" or '"residuar' covariance 
matrix of XI after allowing for the effect of X, by 

SI.., = Sll-SI,S2iS,I' (6.5.12) 

Note that Sl1' can also be interpreted as the sample conditional 
covariance matrix of X I given X" (A population version of (6.5 .12) for 
the multinormal distribution was given in (3.2.1 ).) 

Example 6.5.2 Observations on the intelligence (XI), weight (x,). and 
age (x,) of school children produced the following correlation matrix 

[

1.0000 0.6162 0.8267] 
R = 1.0000 0.7321 . 

1.0000 

This in fact suggests a high dependence (0.6162) between weight and 
intelligence. However, calculating the partial correlation coefficient '1 2-3 = 
0.0286 shows that the correlation between weight and inteUigence is very 
much lower. in fact almost zero, after the effect of age has been taken 
into account. 

The mUltiple correlation coefficient between intelligence and the other 
two variables is evaluated from (6.S.7) as 

R I . " = 0.8269. 

However. the simple correlation ' 13 is 0.8267, sO weight obviously plays 
little further part in explaining intelligence. • 

6.5.4 Measures of correlation between vectors 

In the univariate regression model defined by (6.5.1). that is when p = 1, 
we have seen that the squared multiple correlation coefficient R' repres
ents the " proportion of variance explained" by the model, and. from 
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1-R'=o'il/y'y. 

(We assume y is centred so that y = 0.) 
It seemS reasonable to seek a similar measure for the multivariate 

correlation between matrices X and Y in the model Y = XB + U. 
Let us start by writing D = (Y'Ytlu'U. (Again. we assume that Y is 

centred so that the columns of Y have zero mean.) The matrix D is a 
simple generalization of 1-R ' in the univariate case. Note that U'U = 
Y'PY ranges between zero, when all the variation in Y is "explained" by 
the model. and Y'Y at the other extreme. when no part of the variation in 
Y is explained. Therefore 1-D varies between the identity matrix and the 
zero matrix. (See Exercise 6.5.7.) Any ensible measure of multivariate 
correlation should range between one and zero at these extremes and this 
property is satisfied by at least two oft-used coefficients, the trace correla
tion r,.. and the determinant correlation 'd. defined as follows (see 
Hooper. 1959. pp. 249-250), 

r~=p- I tr(l - D). r1 = det(l- D). (6.5.13) 

For their population counterparts. see Exercise 6.5.8. Hotelling (1936) 
suggested the "vector alienation coefficient" (rA ). which in our notation is 
det D . and ranges from zero when U=O to one when U=Y. 

1f d I •.. . • d. are the eigenvalues of 1-D then 

,1=TId,. 'A=TIO-d,). 

From this formulation. it is clear that '0 or 'A is zero if just one d, is zero 
or one, respectively. but 'T is zero only if all the d, are zero. Note that 
these measures of vector correlations are invariant under commutation. 
viz. they would remain the same if we were to define D as equal to 
(U'U)(Y'yr 1 • 

6.6 Least Squares Estimation 

6.6.1 Ordinary Jeast squlU'es (OLS) estimation 

Consider the multiple regression model 

y =~ .,. u. (6.6.1) 

where u(n x 1) is the vector of disturbances. Suppose that the matrix 
X(n x q) is a known matrix of rank q. and let us relax the assumptions 
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about the disturbances, assuming merely that 

E(o) = 0, Vlo) =fi. (6.6.2) 

When 0 is not normally distributed then the estimation of 11 can be 
approached by tbe method of least squares. 

Definition 6.6.1 The ordinary least squares (OLS) estimator of 11 is 
given by 

(6.6.3) 

Differentiation shows that p minimizes the residual sum of squares 

(y- J(Il}'(y- )(Il). (6.6.4) 

hence the terminology. Note that Ii is exactly the same as the m.Le. of 11 
given in Theorem 6.2.1 (with p = 1) under the assumption of normalitJ. 
and the assumption fi =u'J •. 

Note that 

E(Ii) = (X'X)- 'X'(J(Il + Eo) = 11 

so thaI p is an unbiased eslimate of II. Also 

V(tl) =(X'X)- '(X'fiX)(X'X)- '. 

In particular, if fi = u'I •• this formula simplifies to 

V(tl)=u'(X'Xr' . 

and in this case Ii has the following optimal property. 

(6.6.5) 

(6.6.6) 

Theorem 6.6.1 (Gauss-Markov) Consider the multiple regression model 
(6.6.1) and suppose Ihe disturbance renns are uncorrelaled with one 
another. V(o) = u 21 •. Then the OLS estimator (6.6.3) has a covariance 
malrix which is smaller than that of any other linear estimator. • 

In other words the OLS estimator is tbe best linear unbiased estimator 
(BLUE). lbe proof of this theorem is outlined in Exercise 6.6.2. 

6.6.2 Generalized least squares estimation 

Wben 0 does not bave a covariance matrix equal to u'J, then. in general. 
the OLS estimator is not the BLUE. However. a straightforward transfnr
mation adjusts the covariance matrix so tbat OLS can be used. 

Let 

E(o)=O. V(u)=fi. 
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Suppose that fi is known aod consider the transformed model 

Z=fi-'I2J(1l+V. 
where 

(6.1i.7) 

'Since V(v) = I. this transformed model satisfies the assumptions of the 
Gauss-Markov theorem (lbeorem 6.6.1). Thus. the best linear unbiased 
estimate of II is given by 

p = (X'fi- 'X)- 'X'fi- ' I2Z = (X'fi- 'X)- ' x'a-', 
and the covariance matrix of P is 

V(tl) = (X'fi- 'X)- ' . 

(6.6.8) 

(6.6.9) 

The estimator defined by (6.6.8) is called the generalized least squares 
(GLS) estimator and is an obvious generalization of the OLS estimator. 
The fact that the GLS estimator is the BLUE can also be proved directly 
(Exercise 6.6.3). 

Note tbat (6.6.8) is not an estimator if fi is not known . However. in 
some applications. although a is unknown. tbere exists a consistent 
estimator il of fi. Tben il. may be used in place of fi in (6.6.8). 

6.6.3 Application to multivariate regression 

Multivariate regression is an example where OLS and GLS lead to the 
' arne estimators. Write the multivariate regression model (6.1.1) in vector 
form , 

yV =X*8 v +U", (6.6.10) 

"bere y" = (Y( l) •...• Yip»' is obtained by stacking tbe columns of Y on top 
o f one another. and X· = I. ® X. The disturbance U" is assumed to have 
mean 0 and covariance matrix 

V(UV
) =fi =:I®I.,. 

rhen the GLS estimator of B V is given by 

BV = (X*'fi - 'X*)- 'X*'fi- 'Yv 

= (1:®X'Xr'(:I- '®X')Yv 

= ll®(X'X)- 'X']yv. (6.6.11) 

Note that (6.6 .10) does not depend upon I and hence defines an 
estimator wbether I is known or nol. In particular, the OLS estimator is 
obtained when 1: = I. so tbe OLS and GLS estimators are the same in this 
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case. Further (6.6.11) also coincides with the m.Le. of B obtained in 
Theorem 6.2.1 under the assumption of normality. 

6.6.4 Asymptotic consistency of least squares estimators 

Let us examine the asymptotic behaviour of the GLS estimator as the 
sample size n tends to "'. Let X" 0.2 •... be a sequence of (fixed) "indepen
dent" variables and let u,. u, .... be a sequence of random disturbances . 
Writing X=X. =(x~ •...• x~)' . 0=0 ... and P =P •• to emphasize the depen
dence on ,~ suppose thal 

lim (X~O;;' X. )- ' =0. (6.6 .12) 

Then E(Jl.)=P for all n and V(Jl.)=(X~O~'X.)- ' ..... Oas n ..... "'.Hence 
Ii is eonsistenl. 

I! the "independent" variahles x, are random ratber than fixed. but still 
un correlated witb the random disturbances. then the results of Sections 
6.6.1-6.6.2 remain valid provided all expectations and variances are 
interpreted as "conditional on X " . In particular . suppose lhat 

E(u I X) = O and V(u I X)=O 

do nol depend on X. 
If we replace condition (6.6.12) by 

plim (X~O~'Xnr' = O. 

(6.6.13) 

(6.6.14) 

theo consistem.:y holus ill this situation also. (Here plim denotes limit in 
probability: that is. if A. is a sequence of random matrices and Ao is a 
constant matrix. then plim An = Ao or An ~ Ao if and only if 

for eacb 
6.6.5. 

If 

or 

P(IIAn -AoII> £) ->O as n ->"'. (6.6.15) 

" > O. where IIAII = L L a~.) The proof is outlioed ID Exercise 

(6.6.16) 

(6.6. I 7) 

where 'It(q xq) is non-singular. then (X~O;;'X.)- ' tends to zero at rate 
n- ' so that (6.6.12) or (6.6.14) holds . In this situation, witb some further 
regularity assumptions on X. and/or u •• it can be shown that in fact Ii. is 
asymptotically normally distributed. with mean P and covariance matrix 
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n . ''It- '. Note that (6.6.16) will hold . for example. if On = "'I,, and X .. is 
a random sample from some distribution with mean 11 and covariance 
matrix 1:. lening '" = 1:"" 1111'. 

6.7 Discarding of Variables 

6.7.1. Dependence analysi~ 

Consider the multiple regre ion 

y=xP +", l + o 

and suppose tbat some of the columns of X(" x q) are "nearly" collinear. 
Since rank (X) equals the number of linearly independent columns of X 
and also equals the number of non-zero eigenvalues 01 X'X. we see that 
in this situation some of the eigenvalues of X'X will be " nearly" zero. 
Hence some of the eigenvalues 01 (X·X)- ' will be very large. The variance 
of the OLS estimator Ii equals .,.'(X'X)- ', and so at least some of these 
regression estimates will have large variances. 

Clearly. because of the high cOllincarity, some of the independent 
variables are contributing little to the regression . Therefore. it is of 
interest to ask how well the regression can be explained using a smaller 
number of independent variables. There are two important reasons for 
discarding variables here ; namely 

(I) to IOcrease the precision of the regression estimates for tile retained 
variables. and 

(2) to reduce the number of measurements needed on similar data in 
the future. 

Suppose it has been decided to retain k variables lk < q). Then a 
natural choice of retained variables is the subset x" ..... ' •• which max
Imizes the squared multiple correlation coefficient 

(6.7. 1) 

Tbis choice wi ll explain more of the variation in y than any other set of k 
variables. 

Computationally. the search for the best subset of k variables is not 
simple, but an efficient algorithm has been developed by Beale et at. 
(1967). See also Beale (1970). 

The choice of k, the number of retained variables. is somewhat arbit
rary. One rule of thumb is to retain enough variables so that the squared 
multiple correlation with y using k variables is at least 90 or 95% nf the 
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squared multiple correlation using al\ q variables (bUl see Thompson, 
1978. for some test criteria). 

Further, aHhough tbere is usually just one set of k variables maximizing 
(6.7.1), there are often other k-sets which are "nearly optimal" , so that 
for practical purposes the choice of variables is not uniquely determined. 

An alternative method of dealing with multiCOllinearity in a multiple 
regression can be developed using principal components (see Section 8.8). 

Example 6.7.1 In a Study of" = 180 pitprops cut from the Corsican pine 
tree. Jeffe" (1967) studied the dependence of maximum compressive 
strength (y) on 13 other variables (Xl measured on each prop. The 
strength of pitprops is of interest because they are used to support mines. 

The physical variables measured on each prop were 

XI = the top diameter of the prop (in inches): 
x, = the length of the prop (in inches): 
x, = the moisture contenl of the prop, expressed as a percentage of the 

dry weight; 
X4 = the specific gravity of tbe timber at the time of the test. 
X, = the oven-dry specific gravity of the timber: 
X6 = the number of annual rings at the top of the prop ; 
x, = the number of annual rings at the base of the prop: 
x. = the maximum bow (in inches); 
"" = the distance of the point of maximum bow from the top of the prop 

(in inches); 
x",= the number of knOI whorls; 
X II =the length of clear prop from the top of the prop (in inches) : 
Xu = the average number of knots per whorl; 
x 13 = the average diameter of the knots (in inches). 

The columns o[ X have each been standardized to have mean 0 and 
variance 1 so that X'X, given in Table 6.7. I , represents the correlation 
matrix for the independent variables. The correlation between each of the 
independent variables and y is given in Table 6.7.2. The eigenvalues of 
X'X are 4.22, 2.38, 1.88. 1.11. 0.9\. 0 .82. 0.58. 0.44.0.35 , 0.19,0.05, 
0.04, 0.04, and clearly the smallest ones are nearly zero. 

For each value of Ie. the subset of k variables which maximizes (6.7.1) 
is given in Table 6.7.3. Note that if all the variables are retained then 
73.1 % of the variance of y can be explained by the regression. U only 
k = 6 variables are retained, then we can still explain 71.6% of the 
variance of y, which is (O.716/0.731 )X 100% or over 95% of the "exp
lainable" variance of y. 

=~£ 
Ioo(::::>C 
de 

N::ICC""'. o-.-.;ttn-f'lC...o 'X:...,. V)NV)N:.G~oNf'1 
-X --C C - C-N-
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Table 6.7.2 Correlation be
tween the independent vari
ables and y for pitprop data 

Variable Correlation 

I -0.419 
2 -0.338 
3 -0.728 
4 -0.543 
5 0.247 
6 0. 117 
7 0.110 
R -0.253 
9 -0.235 

10 -0. 101 
II -(J.05S 
12 -0.117 
13 - 0.153 

178 

Note that for th is data, the optimal (k + I)-set of variables eq uals the 
optimal k-set of variables plus o ne new variable. for k = l. .... 12. Unfor
tunately, this property does not ho ld in general. 

Further discussion of this data appears in Example 8.8.l. 

For the discussion of recent methods of discarding varillbles and rela ted 
tests see Thompson ( 1978). 

Table 6.7.3 Variables selected in multiple regression 
for pitprop data 

k Variables selected R' 

I 3 0.530 
2 3. 8 0.6 16 
3 3.6.8 0.684 
4 3,6.8. II 0.695 
5 l. 3. 6. B. II 0.706 
6 1. 2. 3. 6, 8. II 0.710 
7 l. 2. 3. 4. 6. 8, II 0.721 
8 1. 2. 3. 4. 6. R. II , 12 0.725 
9 1, 2,3,4 , 5,6.8. 11. 12 0.727 

10 1. 2. 3. 4. 5. 6. 8. 9. 11.12 0.729 
11 1. 2, 3. 4. 5. 6. 7,8.9.11. 12 0.729 
12 1. 2. 3. 4.5.6.7.8.9. 10. II. 12 0.73 1 
13 1.2.3. 4,5,6,7.8.9. 10, 11, 12.13 0.731 
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6 .7,2 Interdependence analysis 

Consider now" situation where q explanatory variables X are considered 
on their own. rather than as independent variables in a regression . When 
the columns of X are nearly collinear, it is desirable to discard some of the 
variables in order to reduce the number of measurements needed to 
describe the data effectively. fn this context we need a measure of how 
well a retained set of k variables. x ....... Xi., explains the whole data se t X. 

A measure of how well one rejected variable x;. is explained by the 
retai ned variables Xi , ..... lC •• is given by the squared multiple correlalion 
coefficient R ~" i ..... ". Thus. an overall measure of the ability of the 
reta ined variables to explain tne data is o btained by looking at the worst 
possible case; namely 

min R ~ ." .... ll. ,. (6.7.2) 

where /0 runs through all the rejected variables. Then the best chOIce for 
the retained variables is obtained by maximizing (6.7.2) over all k -sct. or 
variables. 

Comp utationally this problem i similar to the problem of cClion 
6.7. 1. See Beale et at. (1967) and Beale (1970) . 

As in Section 6.7.1 the cho ice of k is somewhat arbitrary. A possible 
rule of thumb is to retain enough variables so that the minimum R 2 with 
any rejected variable is at least 0.50. say . FlITther, although tbe best 
choice of k var iables is usually analytically well-defined. there are often 
several "nearly optimal" choices of k varIables maldng the selection 
non-unique for practical purposes. 

Another method of rejecting variables in interdependence analysis 
based on principal components is discussed in Section 8.7. 

Example 6.7.2 Let us carry out an interdependence a nalysis for the 13 
explanatory variables of Jeffers ' pitprop data of Example 6.7.1 . For each 
value of k = 1. .... 13 the optimal k -set of variables is given in Table 6 .7.4. 
together with the minimum value of the sq uared multiple correlation of 
any of the rejected variables with the retained variables. For example. 
e ight variables, namely the variables 3, 5.7. 8.9, II. 12. 13. are needed to 
~ xplain at least 50% of the variation in each of the rejected variables. 

Note from Table 6.7.4 that the best k-set of variables is not in general 
a subset of the best (k + I)-set. 

Further discussion of this data is given in Example 8.7.1. 
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Table 6.7..J V3Iiables selected in interdependence analysb fOT pitprop 
data 

k Variables selected 
min R2 wilh any rejected 

variable 

9 
2 4.10 
3 1,5. 10 
41,5.8.10 
5 \.4.7.11.12 
D 3.4,10, II. 12. 13 
7 2.3.4.8.11.12.1 3 
8 ].5.7.8.9. II, 12.13 
9 2.4.5.7,8.9,11 . 12,13 

10 \.3.5.6.8.9.10. 11.12.13 
II 2.3.S.6.7.8.9.1O.11.12.13 
12 1.3.4.5.6. 7.8,9.10.11.12,13 
13 1.2.3.4.5.6.7.8.'1.IU.11.12. 1J 

Exercises snd Complements 

0.002 
0.050 
0.191 
0.237 
0.277 
0.378 
0.441 
0.658 
0.751 
0.917 
n.9 19 
n.927 

6.1.1 (Box and Tiao. 1973, p. 439) For the muluvariate regression 
model (6.1.1) wilh normal errors. show tbat Bayesian analysis with a 
non-informalive prior leads to a posterior p.d.L for B which is propor
tional to 

Inl:+(8 - B)'X'X(8 - B)1 nn . 

wbere i and 8 are defined in (6.2.2)-(6.2.3). Hence the posterior 
distribution of B ;" a matrLx T distribution. 

6.2.1 Show that the (n x Il ) matrix P defined in (6.2.1) is symmetric and 
idempotent. Show that Pw = w if and only if " is orthogonal to all 
columns of X and that Pw = 0 if and only if .. is a linear combination of 
the columns of X. Hence I' is a projection onto the subspace of R" 
orthogonal to the columns of X. 

6.2.2 <a) From (6.2.6) show that I(B.l:) depends on Y o nly through 8 
and l:. and hence shOlv that (8 . l:) is sufficient for (B. X). 

(b) Is 8 sufficient for B wben l: is known'! 
(c) 1 i sufficient for I when B is known? 

6.2.3 Show the following from Theorem 6.2.3(a): 

(a) The correlation between ~" and ~., is p"g"I(g"g,,) In. where P,' = 
u,d(Uj,(TII) 1, 2 

181 MULTIVARIATE REGRESSION ANALYSIS 

(b) The covariance between two rows o[ B is C$ " ti.> = &.X. 
(c) The covariance between two columns of ti is C$ (il' til')) = O'"G . 

6.2.4 Show from (6.2.9) that 

8 - B = AU. 

where A =(X'Xr'X' and AA'=(X'Xr'= G. Hence, foUowing the ap
proach adopted in Exercise 3.3.4. show that 8 - B. thought of as a 
column vector, has the distribution 

(B - B)V - N(O, X®G), 

thus confirming T heorem 6.2.3(a) and Exercise 6.2.3. 

6.3.1 Verify formula (6.3.4) for the projection P"~ Hint: let Z = 
(Z" Zz) = XC- ' = (XC' ''. XC"') and let A = Z'Z. ote that CC- ' = I im
plies C,C''' = I and C,C'21=O. Show that P,- P = ZA- ' Z'- ZzA2~Z; and 
that P2 = ZA - '[I . O],(AlJ )- '[I, OJA - 'Z'. Hence using (A.2.4g), show that 
P , - P and P, can both he wriuen in the form 

[
A " 

[Z ,. ZJ A2 ' 
A I2 ]rZ'] 

A,,(A") ' A,z LZ; . 
6.3.2 In Theorem 6.3.1 verify that Y~Pz Y+ = UP, u. 

6.3.3 (a) Partition X =(X" Xz). Y =(Y,. Yz) and 

B = (8" B I ,). X= (1:." 1 12). 
\821 B 22 \x21 ~22 

and consider the hypothesis H": B,, = O. Let L,(Y; B . 1:) denote the 
likel ihood of the whole data et Y under the model (6.1.1). which is given 
by (6.1.3) . and let 1-,(Y ,: B". B2 , .X,,) denote the likelihood of the data 
Y, under the model (6.3.6). Show that 

max L, over (X, B) such that B" = 0 
max L, over C£. B) 

max 1-, over (X". Bz,) such that B" =0 
max Lz over (I ", BII • B,,) 

and hence the LRT for Ho is the same whether one uses the model (6.1.1) 
or (6.3.6). (Hint: Split the maximization of L, into two parts by factoriz
ing the joint density of (Y I, Yzl as the product of the marginal density of 
Y , (which depends on B". Bz,. and I " alone) times the conditional 
density of Y zl Y I (which when maximized over B12, Bn. I ,z. and I,z. 
takes the same value, whatever the value of B ", B2 " and III') 

(b) Carry o ut a similar analysis for the hypothesis C,BM, = D . 
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6.3.4 If Z(1I X p) is a data matrix from N ,,(O. 1:). and a is a fixed 
n -vector. sbow that Z 'a -N.(O. (a'a)1:). 

6.4.1 If a hypothesis matrix C, is testable in the sense of (6.4.2), show 
thaI the parameter matrix C ,B is uniquely determined in the model 
(6.1 . I) because EY = XB. Show that C , is testable if and only if Roy's 
criterion (6.4.3) holds. 

6.4.2 Ln Example 6.4.1 show that H = Y'P2Y and E=¥'PY are the 
"between-groups" and "within-groups" SSP matrice , respectively. which 
were defined in Seclion 5.3.33. (H int: Set "= 0 and N, = II, .... . -/I, for 
i = 1.. ... k. Consider the following orlbogonal basis in R". Let e = 1 . Let f " 
have +11(1-1) in the places N,_,+I. .... N, . -j-1. and -I in the 
( ,_I + j)th place and 0 elsewbere for j = 2 ..... 11,: i = I ..... k. Le.t g, have 
I/ N._ , in the places I. .... I/N, , and -1/11, in the places N, ,+ I, .... ;, 
wit h 0 elsewhere. for 1=2 ..... k. Then verify that P, e = P, f" = 0 and 
P , g, = g,. so that 

• 
P,= L (g;gY' g,~ 

Similarly verify that Pe = Pg, = 0 and Pf"=f,, so lhal P = I -n - ' U '- P!. 
Thus. verify that H and E are tbe "between-groups" and "within-groups" 
SSP ma trices from Section 5.S.3a.) 

6.4.3 Give the form for the simultaneous confidence intervals in Exam
ple 6.4.1 when the contrast c and/or the linear combination of variables a 
is given a prio,i. 

6.5.1 Let U be a data matrix frOID Np (I1. 1:) and set W = HU = U-lii' . 
Show that E (w;) = 0 for i = 1.. ... /I and that 

i = j , 
{
( \ -11 ')£, 

C(w" w, ) = E(w, wI) = ' ..-
-II ~. iI-i. 

Hence. writing W as 'I vector (see S~cLio" A.2.S). t1.,t1uce W"
N",,(O.1: @ H). 

6.5.2 (Population mUltiple correlation coefficient) If x is a random 
p -vector with covariance matrix I partitioned a. (6.5.5). show tha t the 
largest correlation between x, and a linear comhination of X2,"" x., equals 
(T I t~12l:;i~21 . 

6.5.3 (a) If R is a (2X2) correlation matrix show thaI R, ,=1,,,1. 
(h) If R is a (3 x 3) correlation matrix show that 

R i.n = ('i2 -+- r13 - 2r 12' 1.".,.,)/( 1- riJ). 
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6.5.4 Let R be the correlation matrix of X(II x p). Show that 

(a) O ... R ,., p"' l ; 
(b) R,., ... , =0 if and only if "< ,, is uncorrelated with each of It2' ..... >; .. : 
(c) R,., ... " = \ if and only if >; " is a linear combination of . ,,), .... . ,p" 

6 .5.5 Verify formula (6 .5.10) for the partial correla tion coefficien t and 
show that it can be expressed in the form (6.5.1 1). 

6 .5 .6 Let R be a (3 x 3) correla tion matrix. Show tha t 

(a) ' 12" = ( ' 12 - ' lJ,Z)I{( J - (;,)(1- ri,))'I2: 
(b) ' lD may be non-zero when " 2=0 and vice versa: 
(c) ' !2'3and '1 2 have different signs when '1 3 ' 23> Til> 0 or ' 13'23 < " 2 < 0 . 

6.5.7 (a) Show that the eigenvalues d, .... , d" of 1- D in (6 .5 .13) all lie 
between 0 and I. 

(b) If a and g are arithmetic and geometric means of d, .. ... d .. show 
that 

, :;-=a. 

(c) If a, and g, are arithmetic and geometric means of l - d " .... I - d". 
show thal 

a I = I-a and ' A = g~. 

(d) Hence show that '1""~ a nd 'A"'(l- r~)p. 

6.5.8 Let ~ = (' " X2) be a random (p + q )-vector witb known mean 11 and 
covariance matrix ~. U X2 is regressed 0 11 X I using 

then show that 

4. = l:2iX,2 .• = 1- l:2i I, I1:. !1:,,· 

The corresponding population values of PT. the trace correlation, and PD. 

the determinant correlation. are given by 

and 

6.6.1 If (6.6. 1) holds. show that E(y) =~. Show that the residual sum 
of squares (y -~)'(y-~) is minimized when Il = ~ . given by (6.6.3). 
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6.6.2 If t = By is any linear eStimator of P and y salisfies (6.0. l), show 
that 

(a) t is unbiased if BX = 1 and hence confum that the OLS estimator is 
unbiased: 

(b) the covariance of t is Bfl.B', and hence confirm (6.6.5)-(6.6.6): 
(c) t =P+Cy. wbere C=B-(X'Xt' X'. and hence show that t is un

biased if and only if CX =0. 
If now t is an unbiased estimator and n = ,,' I n' show tbat tbe covariance 
matrix of t is 

E[(t- Il)(t - Il)'i = E[(t - ~)(t - ~)']+ E[( ~ - Il)(~ - Iln 

and hence that Ii has smaUer covariance matrix than any other linear 
unbiased estimator. (This proves the Gauss-Markov result. Theorem 
6.6.1.) 

6.6.3 If t = By is a linear unbiased estimator of II where y satisfies 
(6.6.1) and j3 is given by (6.6.8), show that t = j3+Cy where 

e = B-(X'n- 'X)- 'X'fl.- '. 

Hence show that t is unbiased if and only if ex = 0 and that, if t is 
unhiased. lhen its covariance matrix is not less than that of a. 
6.6.4 If y -Nn(XII . n ) with known covariance matrix n, then show that 
the GLS estimator is the maximum likelihood estimator of II and that it is 
normal with mean II and variance (X'n-'X)- '. 

6.6.5 To prove the consistency of the GLS estimator tin under assump
tions (6.6.13) and (6.6.14) it is necessary and sufficient to prove thaI 
plim ~n.' = (3, for eacb component. i = 1, .... n. 

(a) Show thaI 

E(ji" l x.) =Il. v(ji. I Xn)= (X~n;;-tx" t'· 

(b) Let ,,~ denote the (i. ;)th element of (X~n~'X,,)- ', which is a 
function of the random matrix X •. Then. by (6.6.U), plim a~=O. 
Using Chebyshev's inequality, show that 

P(\/3n., -(3;\>e I X,,) < a~/e2. 

(c) Show that for all e> 0, Il > 0 

P(I~n. , - (3; I > e) .. P(I i3n.; - f3.J > E l a~ < Il)P(a~ < III + P(CT~;;' Il). 

Using (b) and (6.6.14) deduce that for any fixed e >0. the right-hand side 
of tbe above equation can be made arbitrarily small by choosing Il small 
enough and restricting f/ to be sufficiently large. Hence P(I~n . , - (3; I > e) ~ 
o a~ n ~ <Xl so that plim 13 •. , = (3;. 

7 
Econometrics 

7.1 Introduction 

Economic theory postulates relationships hetween economic variables. It 
is lhe purpose of econometrics to quantify these relationships. TypicaUy, 
an economic model might predict that one economic variable is approxi
mately determined as a linear combination of other economic variables. 
The econometrician is interested in estimating the coefficients in this 
relationship and testing hypotheses about it. 

At first 'ighL this framework appears similar to the regression model of 
Chapter 6. However. several complications can arise in econometrics (and 
also in other fields) which require special treatment. 

(t) Heleroscedaslicity The variance of the error term might not be 
constant. This problem can sometimes be resolved by transforming 
the data. 

(2) AulocorrelatiOlt If the data represents a series of observations taken 
over time then lhe error terms might be correlated with one another, 
in which case lime series techniques are appropriate. 

(3) Depeltdeltce In the usual multiple regression model. 

y=Xjl+ u, 

it IS assumed that X is independent of the disturbance term u. 
However, in econometrics this assumption is often not justifiable. 

Tn this cbapter we shall only be concerned with compl ications arising 
from (3). For this purpose. it is convenient to distinguish two sorts of 
economic variables. Suppose we are interested in modelling an economic 
system. Elldogenous variables are variables measured within the system. 
Their values are affected botb by other variables in the system and also by 
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variables outside the system. On the other hand. exoKellous uariables are 
variables which are measured owside the system. They can still affect the 
beha\'iour of the system, but are not themselves affected by fluctuations in 
the system. (Economists sometimes also consider the effect of lagged 
elldogellous variables. that is endogenous variables observed at an earlier 
time . These variables usually play the same role as exogenous variables. 
but [or simplicity we shall not discuss them here.) 

A typical equation in econometrics tries to e.'plain one of the endogen
ous variables in terms of some of the other endogenous variables and 
some of the exogenous variables. pl us a disturbance term . An essential 
assumption in this model states that because the exogenous variables are 
determined outside the system. they are ullcorrelared with the disturbance 
term. This assumption is nor made fo r the endogenous variables: one 
usually assumes that aU the endogenous variables are correlated with the 
disturbance term. 

Example 7.1.1 (Kmenta , 1971. p. 563) The supply equation in a 
'implified model I)f food consumption and prices is 

(7.1.1) 

where Q, =food consumptio n per bead , P, = ratio of food prices to 
general consumer prices, F, = ratio of farm prices to general consumer 
prices. A, = time in )lears (a trend term). and ", i~ a disturbance term. The 
subscript t = I •.. . ,20 represents observations over 20 years. Here Q, 
and P, are assumed to be endogenous; their values represent the state of 
tbe food market. On the other hand F, and A, are assumed to be 
exogenous variables; their values can affect but are not affected by the 
food market . Of course. the constant term 1 allowing for the mean effect 
is always taken to be exogenous. 

This example is discussed further throughout the chapter. 
One of the purposes of econometrics in the above regression-like 

equation is to estimate the parameters. However. because P, is assumed 
to be correla ted wi th u, the usual OLS regression estimates a re not 
appropriate. and other techniques must be sought. 

7.2 Instrumental Variables and Two-stage Least Squares 

7.2.1 Instrumental .ariahles (IV) estimation 

Unfortunately. when the independent variables are correlated with the 
random disturbances. the OLS estimator is in general not COllsistellt. 
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Consider the regression-like equation 

y = X~+ D, (7.2.1) 

where ). and 0 are (tl x 1). X is (11 x q). P is (q X 1). and X is correlated 
with u . An example in which tbe OLS estima tor i3 is not consistent is 
outlined in Exercise 7.2 .1. 

One technique which can be used to overcome this inconsistency is the 
method of instrumental variables (IV). Suppose we can lind a tie", set of 
variables Z (II x q) with the same dimension as X , sucb that Z is uncorre
la ted with the disturbances u . Then Z can be used to construct a 
consistent estimate of p . 

More specifically. suppose the following assumptions are satisfied for X. 
D. and the IVs Z : 

E(u I Z)= O, V( u I Z) = a'I. 

plim /I - 'Z 'X = 'if. non-singular as /I -> "'. 

plim tI 'Z 'Z = (i). non-singular as /1->"'. 

(7.2.2) 

(7.2.3) 

(7.2.4) 

Th us. the random disturbances are uncorrelated witb one anotber and 
with tbe instrumental variables Z: however. (7.2.3) states that Z is 
correlated with X . 

Tables 7.1.1 and 7.1.2 summarize the types of estima tion to be con
,ide red io tbis chapter. 

Definition 7.2.1 The instrumental variable (N) estimator of 1:1. usi/lg rhe 
;'.srrumelllS Z. is defined by 

P* = (Z 'X) ' Z ·y. (7 .25) 

Theorem 7.2.1 For the model (7.2.1) sa tisfying a.~.~umptio"s (7.2.2)-
7.2. 4), the instrumental variables esrinraror (7.2.5) is cOfuisrenl. i.e. 
plim p*= p . 

Table 7.l.1 General methods: of estimation fo r a single equation 

Method 

(1) Ordinary least squares (OLS) 
(2) Instrumental variables (IV) 
(3) Two-stage least squares 

Estimator 

Ii = (X'X)- 'X 'y 
11" = (Z'X)- ' Z 'y 
fl·· = CX' ~T'X'y 

Location 
in text 

(6.6.3) 
(7.2.5) 
(7.2.10) 
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Table 7.1.2 Methods of estimation for a simuttaneous system of equations 

Method 

(A) Single-equation methods 
(I) Indirect lea" squares (ILS) 
(2) Two-stage least squares (2SLS) 
(3) Limited information maximum likelihood (L1MU 

(B) System methods 
(I) Generalized least squares (GLS) and 

Zellner~s two-stage estimator for 
seemingly unrelaled regressions 

(2) Three-stage least squares (3SLS) 
(3) Full information maximum likelihood (FlML) 

Prool The IV estimator jl* ~-dl1 be expressed as 

jl* = (Z'X)- 'Z'(X(l+u) 

= jl +(Z'X) 'Z 'u. 

Location 
in (ext 

(7.3.19) 
(7.4.3) 
Section 1.4.2 

(75.3) and 
(7.5.7) 

(7.5.9) 
Section 7.5.3 

Thus to show consistency we must 'how that the second term converges 
in probability to 0 as "~"'. Since by (7.2.3) plim (Il-'Z'X)-' = 'l' - '. it is 
sufficient to show that 

plim Il - 'Z'u= O. 

oW from (7.2 .2), E(,, -'Z'u I Z) = 0 and 

V(n - 'Z'u I Z)=" -' Z' V(u I Z)Z = n-'u 2Z'Z. 

(7.2.6) 

Since. from (7.2.4), plim ,, -'Z 'Z = e, this conditional variance tends to 0 
at rate lin; hence (7.2.6) follows (see also Exercise 6.6.5). • 

Remarks (1) ole tbat although 11* is consistent, it is not necessarily an 
unbiased estimator of jl. We cannot evaluate the term E«Z'Xt 'Z'u) 
because X is correlated with u . 

(2) With some further regularity assumptions on X. Z , and D, it can be 
shown that 11* is asymptotically unbiased and normally distributed. 

jl* - N.<Il. n -'uz,p- '8('It')-' ). 

In practice 'lr and 8 can be estimated by ,,-'Z'X and n- 'Z'Z. respec
tively, and 0'2 can be estimated from the residual vector by 

u2 = (y - Xjl*)'(y - Xjl*)/(" - q). (7.2.7) 
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ElCllIIIple 7.2.1 (Errors in variables) Consider the simple regression 

y= Q +/3i.+ u. 

where i is a random sample from N(/J.. uil independent of u which is a 
random sample from N(O, 0':>. Suppose. however, that we can only 
observe ii and y subject to measurement errors, i.e. we observe 

y = y+ 1' aDd x= x-w. 

where" and w are random samples from N(O, 0';) and N(O. 0';) . and x. u, 
v and w are all independent. Then we are Irying to fit the regression line 
using the equation 

y=a + /3x+ £, £= u+ v-/3w. 

However. since C(E" x,) = - /3,,::. j = I. .. .. ,n, the OLS estimator of /3 
will not be consistent. Note that v and w can be considered "errors in 
variables" whereas u is an "error in equation". 

Suppose we can find a variable z which is correlated with i.. hut 
uncorrelated witb u, v. and w . Then using (1. z) as instrumental variables 
for (1. :x), the rv estimators of /3 and ('( are foond from (7.2.5) to be 

a* =y-/3*i. (7.2.1<) 

where .I,. is the ample covariance between z and y. (See Exercise 7.2.2.) 
This estimate of jl is also found in factor analysis (Chapter 9) in slightly 
disguised form when estimating the parameters for p =3 variables with 
k = I factor (see Example 9.2.1). 

Example 7.2.2 In a "cross-sectional" study of capital-labour substitu
tion in the furniture industry (Arrow er al., 1961: Kmenta, 1971. p. 313), 
the authors examine the relationship 

)Ii = a + (3.\:1 + l~, 

where y = log (value added "' labour input). x = log (wage rate'" price of 
product!. and , runs through different COUll tries. The data is given in 
Table 7.2.1. The OLS estimates for a and /3 lead to the estimated 
regression equation (with standard errors in parentheses underneath): 

y; = -2.28+0.84 x,. 

(0. 10) (0.03) 

However, as the explanatory variables may contain errors of measure
ment, it seems preferable to use instrumental variable estimation. The 
value of z = log (wage rate +price of product) for kniTting-mill products is 
an exogenous variable for the furniture industry and seems a plausible 
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choice of instrumental variable. since it is unlikely to he correlated with 
measurement errors for x or with the disturbance term in the regression. 

Table 7.2.1 Capital-labour suhstitut ion data (Krnenta. 
1971. p. 313) 

Country y x z 

United States (l .7680 3.5459 3.4241 
Canada 0.4330 3.2367 3.1748 
New Zealand 0.4575 3.2865 3.1686 
Australia 0.5002 3.3202 3.2989 
Denmark 0.3462 3.1585 3.1742 
Norway 0.3068 3.1529 3.0492 
United Kingdom 0.3787 3.2101 3.1175 
Colombia -O.llSS 2.6066 2.5681 
Brazil -0. 1379 2.4872 2.5682 
Mexico -0.200 1 2.4280 2.6364 
Argentina -0.3845 2.3182 2.5703 

The val ues of z are given in Table 7.2.1. The instrumental variable 
estimates from (7.2.7) and (7 .2.8) (with estimated standard errors) lead to 
the equation 

y, = -2.30 +0.84 "'. 

(0 10) (0.03) 

1t will be noted that IV estimates and OLS estimates are very similar. 
Thus. in this example. the measuremeot e rrors do not seem to be severe. 

7.2.2 'Two-stage least squares (2SLS) estimation 

The instrumental variable matrix Z( .. x k) in Section 7.2.1 is assumed to 
have the same dimension as the " independent" variable matrix X (n xq) , 
i.e. k = q. However, if k > q then an extension of 1V estimation may be 
given using the method of two·stage least squares (2SLS). This metbod is 
defined as follows. 

First, regress X on Z ilsing the usual OLS multivariate regression 
estimates to get a fitted vaJue of X, 

x = Z(Z'Z)-'Z'X. (7 .2.9) 

Note that X (n x q) is a linear combination of the columns of Z . 
Second. substitute X for X in the original equation (7.2 .1 ) and use OLS 
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to estimate ~ by 

/l '" = (X'X)- 'X.'y 
= [X 'Z (Z 'Z )- IZ 'Xrl(X 'Z)(Z'Z ) - ' Z 'y. 

Then /l" is called the 2SLS estimator of /l . 
ote that since X'X = X'X. we can write 

Ii" = (X'X)- IX'y. 
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(7.2.10) 

so that Ilu can be interpreted as an IV estimator using X as the 
instrumental variables lor X. In {act if k = q then Ii·' reduces to the IV 
estimator Il* in (7.2.5) (see Exercise 7.2.3). For general k;;. q it can be 
een that ~ •• is consistent , provided that Z IS uncorrelated with u, 

plim /I - I Z 'Z = 0 (k x k) non-singular , and plim /I - ' Z 'X = w (k x tl) of rank 
q. (See Exercise 7.2.3.) 

We have not yet commented on tbe choice 01 instrumental variables in 
practice. intuitively, it is clear that we should cboose Z to be as highly 
correlated witb X as possible, subject to Z being uncorrelated with u. 
However, in practice it is ohen difficult to determine lhe COTrelation 
between Z and 0 beca use the random disturbances u arc unobserved. 

1n the context 01 measurement errors (Examples 7.2. I and 7.2.2). the 
problem of choosing instrumental variables is often avoided by a~suming 
that the measurement errors are "negligible" compared to the equation 
errors. so that OLS may be safely used. However, we shall see in the next 
section that there are situations in which lhe use of instrumental variables 
estimation does play an important praclical role. 

7 .3 Simultaneous Equation Systems 

7.3.1 Structural form 

Imagine an economic sy tern which can be described by a collection of 
endogenous variables y, •. . • • y •. Suppose this system can also be affected 
by a number o{ exogenous variables x" .... x.' but these exogenous 
,'ariables are not affected by cbanges in the endogenous variables. 

An economerric model of this economic system consists 01 a system of p 
simultaneous eq uations in which certain li near combinations of the en
dogenous variables are approximately explained by linear combinations 
of some of the exogenous variables. More specificaUy. consider matrices 
Y (11 x p) and X (n x q). The II components 01 Y and X might represent 
observations on tbe same unit over different periods of time (longitudinal 
slud ies) or observations on different units at the same period in time 
(cross-sectional studies). Suppose that Y and X satisfy p simultaneous 
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equations 

YB+xr=u. (7 .3.1) 

Equation (7.3.1) is called the structural form of the model under study. 
Here B(p X p) = (/3,,) and r(q x pi = (-Y, j) are parameter matrices and 
U(n xp) is a matrix of disturbances. The jth column of (7 .3.1) represents 
the jth structural cquation on n observational units. j = I. ... . p. 

The parameters in each equation are defined only up to a scaling factor . 
and this indeterminacy .s resolved by taking one clement in each <-alumn 
~ ( t) equal to I. It is usually convenient to take /3, j = I so that the jth 
equation can be rewritten as a regression expressing Ihe jlh endogenous 
variable in terms of some of the other endogenous and exogeno"," 
variables. For example. the first equation can then be written 

(7.3.21 

We <hall suppa e one column of X is set equal to 1 in order to allow for 
an overall mean effect 

In the specification of the model sOme of the parameters in B and r 
will be known to be zero. Thus. not all of tbe variables appear in every 
equation. Also, some of the equations may be exact identities: that is. the 
parameters are known exactly and the error term< vanish identically for 
these equations. 

For the error term U =(u , •. . .. 0. )' we make the following assumptions 
for s, t = I. ... . /I : 

E(o, )= O. Yeo, ) = 1:. e(o,. u, ) = o. 
Thus the errors may be correlated between equations. but there is no 
corre lation between different observational units. li r of the structural 
equations are exact identities. then the corresponding entries in 1: are 
known to be O. and we suppose rank (1:) = p - r. When convenient we 
shall further suppose that U is multinormally distributed. 

An essential assumption of the model states tbal tl.e disturbance U is 
lI/1correlated witll tJoe exogenous variables X. However. in general , the 
disturbance U will be correlated with the endogenous V'.riables. Tbus in 
any equation containing more than one endogenous variable. the OLS 
e timates of the parameters will not be appropriate aod other estimates 
must be sought. 

Example 7.3.1 Consider a simple fwo-equation model consisting of an 
income identity 

w=c.+z (7 .3.3) 
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and a consumption function 

c =a+{3w + n.. (7 .3,4) 

Here w = income, c = consumption expenditure, and z = Don-consumption 
expenditure. In this model wand c are considered as endogenous vari
ables (determined inside the model), whereas z is considered as exogen
ous (perhaps determined by government policy). All the vectors are of 
length II, representing observations on n units. This model can be easily 
put into the form (7.3.1) by setting Y =(w. c), Z =(1.z), U=(O. o) and 

[ I -131 B= _I I' r =[ 0 
-1 

-a] 
o· 1: = [0 0]. o (Tn 

7.3.2 Reduced form 

If the structural model (7.3.1) is well-defined. the endogenous variables 
will be determined by the values of the exogenous variables and the 
random disturbances. In particular when U vanishes then Y has a unique 
value (as a function of X) representing the equilibrium behaviour of the 
economic model. and any non-zero random disturbances reflect r~rlllfb"
(iolls away from this equilibrium. 

To solve (7.3. 1) for Y we assume B is non-singular. Then (7 .3.1) 
becomes 

Y = XTI + V, (7.3.5) 

where we set 

n = - rB ' (7.3.6) 

and V = UB- '. Equation (7.3.5) is called the reduced form of the model 
and n (q x p) is called the matrix of redllced parameters. ote that the 
row of V are uncorrelated each with mean 0 and covariance matrix 
(B- '),1:B '= 'It, say. Furthermore, the disturbances V are uncorrelated with 
X. so that (7.3.5) satisfies the assumptions of the usual multivariate 
regression model (6.1. I). Hence we may estimate the reduced parameters n 
using. for example. the usual OLS estimator 

(7.3.7) 

(We shall suppose throughout that X'X is non-singular so that the 
reduced parameter matrix n is uniquely defined.) 

However. the interesting problem is how to transform an estimate of n 
into estimates of B and r . We shall discuss this problem in the next 
section. 
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Example 7.3.2 In Example 7.3.1, we can solve (7.3.3) and (7 .3.4) for w 
and C 10 get 

Thus for this model 

all 
w = --+--z+--n, 

1-/3 1- /3 1-/3 

a /3 I 
c=--+--z+-- u. 

1-/3 1-/3 1-/3 

1112]= [a/(1-/3) a/(1-/3)] 
"'" 1/(1 - /3) /3/(1 - 13>' 

(7 .3.8) 

(7.3.9) 

(7.3.10) 

Note that it is clear fIom (7.3.8) that wand u are correlated. sO that OLS 
estimation applied directly to (7.3.4) is not appropriate . 

7.3.3 The identification problem 

Since we are supposing X'X is non-singUlar, the parameter matrix II for 
the reduced model (7.3.5) is uniquely defined . However, the parameters 
of interest are B and r. sO the question here is whether we can solve 
(7.3.6) for B and r in terms of II. If so. the structural parameters B and r 
are well-defined. 

Equation (7.3 .6) can be rewri tten 

IIB = -r or IIIi,,,= - 'Y(j,' j = I, ... , p. (7.3.11 ) 

We shall attempt to solve (7.3.11) for B and r in terms of n one co lum n 
at a time . Note that the jth columns lim and 'Y(,) correspond to the 
parameters for the jth structural equation in (7.3. 1). For notational 
simpl icity we shall look at the first equation ; solving for Pm and 'Y(II and 
we suppose that th is equation is not an exact identity. 

Write Ii = Po, and 'Y = 'YO)' Some of the components of Ii (p x 1) and 
'Y(q x l) will he known to be O. Without loss of generality let the 
endogenous variables y, • ...• y" and the exogenous variables x, ....• Xq 

be ordered in sucb a way that 

= [ 'Yo] "Y O ' (7.3.12) 

Then Po and 'Yo include all the components of Ii and 'Y wbich have not 
been explicitly set to zero . Let p, and q, denote the lengths of Pn(PI X l ) 
and 'Yo(q , x I). respectively. 
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Partitioning lI(q x p) as 

lI=rnoo 1I0, ], 
ln lO I111 
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(7.3.13) 

where IIoo is (q, X p,), we see that the equation IijI = -'Y becomes 

Doo~o= -'Yo, 

D,oPo= O. 

(7.3.14) 

(7.3.15) 

Note that if we can solve (7.3.15) for ~o, we can immediately get 'Yo from 
(7.3.14). 

Now (7.3.15) consists of q-q , equations, stating that lio(p, x I) is 
orthogonal to each of the rows of IIoo«q-q,) x p ,). Thus, (7.3.15) can be 
solved uniquely for Po if and only if 

rank (II w) = p, -1, (7.3.16) 

in which case ~o lies in the one-dimensional subspace orthogonal to the 
rows of II lO• usually normalized by /3 " = 1. 

Since we are supposing that II is the true reduced parameter matrix for 
the structural parameters Band r, (7.3.1 5) holds; that is, tbe rows of 010 
SIe p,-vectors lying in the subspace of R O, orthogonal to Po. Hence, it is 
always true that 

rank (lIlll)';; p,- L (7.3.17) 

Also, since II,. is a « q - q » X p,) matrix, it is always the case that 
q-q,i> rank(IIIO)' Thus it is convenient to distinguish the foUowing three 
mutually exclusive and exhaustive possibilities: 

(1) If rank (IIw) < p,-1. the first equation is said to be under
identified. 

(2) If rank (II 10) = p,-1 and q -q) = p, -1. the first equation is said to 
be exactly identified. 

(3) If rank (II IO) = p, -1 and q -q, > P, - 1, the first equation is said to 
be over- idenrified. 

An equation is said to be identified if it is either exactly identified or 
over-identified. 

7.3.4 Under-identified equations 

To say tbe first equation is under-identified means that there is more than 
one set of values for the parameters Po and 'Yo which correspond to a 
given value of II . Thus, the parameters of the structllral model SIe not 
uniquely defined ; different values for the structural parameters define the 
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same model. Hence no estimation of the structural parameters is possible 
here. In this case the equation defining the structural model are incom
plete and the econometrician must rethink his model. The problem is 
similar to the lack of uniquenes.' for the parameters in a regression when 
the design matrix is singular. 

We shall assume for the rest of the chapter that none of the equations 
in the system is under-identified. 

7.3.5 Exactly identified equations and indirect least squares (II.S) 
estimation 

If the first equation is exactly identified then the p, - I equations of 
(7.3. 15) may be solved for the p, - 1 unknown elements of 130. Note tbat 
in this case n '0 is a «p,- I ) x PI) matrix of full rank p, - 1. Also. 'Vn may 
be fo und from (7.3.14). 

Suppose now that n is unknown. A natural estimate of n is the OLS 
estimate 

(7.3.18) 

Then , with probahility I. iT", will have full rank p, - 1 (the same rank as 
0 10), so that the equations 

~ 11 = 1 (7.3.19) 

can be solved for Po and -y". These estimates are called the illdirecr leasr 
squares (lLS) estimates of 13 .. and 'Vu. If regularity conditions are satisfied 
so that Ii is consistent, then Po and 'Vn will a lso be consistent. 

7.3,6 Over-identified equations 

Suppose the first equation is over-identified. Then (7.3.15) consists of 
q - q, equations to be solved for the p,-1 unknown parameters of 130. 
where q -q, > p,-1. When n , .. is known exactly. this excess of equations 
is irrelevant. 

However, if n is unknown and is estimated by fJ in (7.3.6) . then a 
problem arises. For in general il,o is a «q -q,) x pj) matrix of full rank 
PI' wbereas n,o has rank p,- I. Thus the equations 

(7.3.20) 

are inconsistent and an exact solution for Ii. does not exist. Renee the 
method of lLS does not work bere and an approximate solution to 
(7.3.20) must be sought. Techniques to deal with this situation will be 
considered in Sections 7.4-7.5. 

197 ECONOMETRICS 

7.3,7 Conditions for identifiability 

Conditions for the identifiability of the first structural equation have been 
given above in terms of the reduced parameter matrix 0 ,0. Tn practice 
one is usually more interested in the structural parameters Band r , so it 
is useful to describe the conditions for identifiability in terms of these 
parameters. Partition 

B = [13" B,,] o B,' 
(7.3.2 1) 

and define O «p - PI + q - ql) X (p -1) by 

O=lr:l (7.3.22) 

Then it can be shown that 

rank (ll w) = rallk (O)-(p - p;). (7.3.23) 

(See Exercise 7.3.2.) 
Thus, the identifiability conditions can be rephrased as follows. For 

completeness, we give tbe conditions for any struclUral equatioll whicb is 
not an exact iden tity. (The identification problem does not arise for exact 
identities in tbe system because there are no parameters to be estimated.) 

Consider the jtb structural equation of (7.3.1). Let p, and 'I, denote the 
number of components of 13(;) and 'VOl. respectively, wbich are not 
explicitly set to zero. Let B \;)«p-p,)X(p-l) and r'i'«q-q;)x (p-I) 
denote the matrices obtained £rom Band r by delering the jth column 
and by de/ering all the rows ~ . for which i3'i" O. and all the rows 'V, for 
which ),,;""0, respectively. Set Olil =(B\"', r'i")'«p-P;"'q-q,)x(p - l». 

Theorem 7.3.1 Suppose the jtll strucrural eql<arron of (7.3.1) is not all 
exact idenriry. Tlten rltis equarion is 

(a) under-identified if rank (0 ''') < p - 1, 
(b) exactly idenrified if rank (0 ''')= p-l and q -q, =p, -1, 
(c) over-identified if rank (0 1;)= p -1 and q - qi> Pi -1. • 

Note that q - q, = P, -1 if and only if Oli> is a square matrix. Also 
q-q;< p,-1 impl ies lhat rank (OUl)<p-l, so tbat tbe jth eq uation is 
under-identified in this case. 

Example 7.3.3 Let us illustrate this theorem on the equations of Exam
ple 7.3.1. Only the consumption equation (7.3.4) is not an exact identity 
here. Checking the second column of B and r we see that P2 = 2. q2 = 1 so 
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that B \2l is empty and I'," = (-1). Thus 0 121 = (- 1) is a (I X 1) square 
matrix of full rank, so this equation is exactly identified. 

Example 7.3.4 (Kmenta, 1971, p. 563) Consider the following model 
01 food consumption and prices: 

Q, =a.-a2P,+a.)D, +Un 

Q, = b, ~b,P,+b,F,+ b4 A, + ",2 
(demand), 

(supply). 

where D, i~ disposable income at constant prices and r ranges from I to 
20 years. The supply eq uation has already been discussed in Example 7.1.1 
and the other variables are defined there. The variables Q, and P, are 
endogenous. whereas I, D,. F" and A, are exogenous. This model can be 
put into the form (7 .3 .1) by setting 

Ll 
[

-a l -b,] 
- a, 0 

r = 0 -b,' 

o -b, 

ote tbat Q, has been interpreted as the "dependent" variable in both 
the demand and supply equations. 

II is easily checked that, in the notation of Theorem 7.3.1, 

D'''=C:J 
so that the demand equation is over-iden tified and the supply equation is 
exactly identified. 

In most practical situations the structural equations will be over
identified. We now turn 10 methods of estima tinn for such cases, and shall 
give two cia ses of estimators-single -equation methods and system 
mell,ods. Single-equation methods give estimates for one equation at a 
time, making on ly limited USe of the otber equations in the system. 
whereas system methods give simultaneous estimates for all the parame
ters in the system. 
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7.4 Single-equation Estimators 

7.4.1 Two-stage least squares (2SL.<;) 

A structural equation can be written a a regression-like equa tion by 
putting one endogenous variable on the left-hand side and all the o ther 
variables on the right-hand side, as in (7.3.2). Unfortunately, OLS is not 
usually applicable here because Some of the endogenous variables appear 
amongst the explanatory variables, and the endogenous variables are 
correlated with the disturbance term. One way to deal with tbis problem 
is the method of two-stage least squares (2SLS) given in Section 7.2.2. 
where we choose our instrumental variables from al/ the exogenous 
variables. 

For notational convenience let us work 00 the first structural equation 
and take the first endogenous variable as the "dependent" variable, so 
(3" = I . This eq uation can be written in the fo rm of a regression as 

Y ( I )= - Y:Jl:t:- X fl'VO+ U (I)' (7.4. J) 

Here Y. and X" denote those endogenous and exogenoll~ variahles. 
respectively. appearing in the first structura l eq uation (other than YlII) ' [n 
the notation of Section 7 .3, ~'= $ 0, 0' ) = (J, ~*. 0') and V" = (y",. V *). 

Since X" is exogenous and hence uncorrelated with the random distur
bance. it can serve as its own instrument. On the other hand. V. should 
be replaced in (7.4.1 ) by its fitted val ue after regressing V. on X: that is. 

y. = X(X 'X)-'X'Y • . 

After inserting, V. in (7.4.1) we get the new eq uation 

(7.4.2) 

where ii,,, = 0,,, -(Y * - y .) ~ •. Using OLS on (7.4.2) we get the estimator 

(7.4.3) 

which is called the two-stage least squares estimator of ~*. 'Yo. 
Note that (7.4.3) can be written 

[ -~.J = (Z"l.}-'Z'Yco» 
- -Yo 

where Z= <Y •. x.,). Then the variance of $ .. , Yo)' given X can be 
estimated by 
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where 6" is an estimate of (7" obtained from the residual vector by 

Il-p,+l 

The denominator here of course represents the degrees of freedom of the 
chi-squared distribution that the residual sum of squares would have if Y * 
were equal to Y *. that is if Y * were non-random given X. 

(f tbe first structural equation is exactly identified then the 2SLS 
estimator of 11. and 'Yo reduces to the n..s estimate (Exercise 7.4.J). 

7.4.2 Limited information maximum likelihood (UML) 

Another method. which is applicable when the errors are normally 
distributed. is maximum likelihood estimation. In this section we look not 
at the likelihood of tbe whole system. but only at the likelihood of those 
endogenous variables. y" ...• Y.,. occurring in the first structural equa
tion. We wish to obtain m.l.e.s for the structural parameters 11" ,. 'V' I>' 
and Ull' 

For simplicity suppose that none of the first p, equations is an identity. 
Then the disturbance terms ¥flh" . ,vfp,J in the reduced equations are 
normally distributed with likelihood 

12"wuol-..n exp (-~ tr "'iH~VoVCI)' 

where V,,=(v'I>'" " v'o,,) and "'00>0. Writing Vo in terms of the ob
served quantities Yo= (y") .... • Y'o,') and X=~, X,). /I x [q, +(q-q,l]. 
the likelihood becomes 

12""'001-"" exp [ -~ tr w iiJ(Yo- XoII..,- X,fi ",),(y 0-""fioo - X,fi llll]. 

(7.4.4) 

This quantity is 10 be maximized with respect 10 W,,,,(p, x p, 1. Doo(q, x PI)' 
and fi lO«q-q,)xp,) subject to the constTaint that fi ,o has r.ank P,-1. 
The constraints on D imposed by the other structural equatJons to the 
system are ignored in this maximiZ,!'-tion; _ 

Denote the resulting m.Le.s by"'",,, 000, D,o' Then the m.l.e .s of the 
structural parameters of interest are given by solving 

ii ,clio = 0, 

normalized by ~" = 1. say, and setting 

The details of this maximization are a bit intricate and will not be given 

~ .. "i RhL - trrLA I 
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here. (See. for example. Dhrymes. 1970. pp. 344-34lS.) In particular it 
can be shown that ~o minimizes the ratio 

110 Y;'( I - Xo(X(,X.,)- ' Xu)Y 0110 
1l0Y;,(1- X(X'X)- 'X'lY oIlu (7.4.5) 

and that Yo and "" are then obtained by regressing the linear combina
tion Y,i-n(n xl) on "',. 

Note that the numerator of (7.4.5) is the residual sum of sq uares for the 
regression of the linear combination Y c$ on Xo. and the denominator for 
the regression on X . For this reason the UML estimate of Il is also called 
the least variance rario (L VR) estimate. Since "', is a submatrix of X. the 
ratio (7.4.5) is always greater than 1. If we write (7.4.5) as Il:'Allo/ll;.CIlo, 
it is easily seen that ~o is the eigenvector of C- ' A corresponding to the 
smallest eigenvalue. which for convenience we have standardized by 

all = I. '. 
An explicit estimate 01 the covariance matrix of <Il:,. Yo,), can be given. 

but we shall not consider further details here. (See. for example. Kmenta. 
197 1, pp . 567-570.) 

It is clear that aside from the normalization constraint /311 = 1. the 
LlML estimator ii .. is a symmetric function of Y,I\ •... . Y'D,) ' Hence it does 
not matter which endogenous variable is chosen as the "dependent" 
variable in the first structural equation. This invariance property is not 
shared by the 2SLS estimator. 

However. it can be shown (for example. Dhrymes. 1970, p.355) that. 
under mild regularity condition,. the 2SLS and LIML estimators are 
asymptotically equivalent (0 one another: thus they are both asymptoti
cally unbiased with the same covariance matrix. When the first structural 
equation is exactly identified. the LIML estimator is identical to the 2SLS 
estimator (and hence the same as the ILS estimator). See Exercise 7.4.2. 

Example 7.4.1 (Kmenta. 1971. pp. 564. 572-573) To iUustrate the 
2SLS and LIML estimators let us return to the food consumption and 
prices model of Example 7.3.4. Twenty observatiolls were simulated from 
the multinormal distribution using the true parameters 

0, = 96.5 - 0.25P, ~ 0.30D, + u" 

0, =62.5 + O.15P, + 0.201'; +O.36A, + II" 

with covariance matrix for U, I and u", 

= r3.125 3.725] 
I 3.725 4.645 . 

(demand). 

(supply), 
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Table 7.4.1 Data for food consumption and 
prices model 

Q, P, D. F, A. 

98.485 lOO.323 87.4 98.0 1 
99.187 104.264 97.6 99 .1 2 

102.163 103.435 96.7 ':/9 .1 3 
101.504 104.506 98.2 98.1 4 
104.240 98.001 99.8 110.8 5 
103.243 99.456 100.5 108.2 Ii 
103.993 101.066 103.2 105.6 7 
99.900 104.763 107.8 109.8 8 

100.350 96.446 96.6 108.7 9 
1()2.820 91.228 88.9 100.6 10 
95,435 93.085 75.1 81.0 1\ 
92.424 98.801 76.9 68 .6 12 
94.535 102.908 84.6 70.9 13 
98.757 98.756 90.6 81.4 14 

105 .797 95.119 103.1 102.3 15 
100.225 98.451 105.1 105.0 16 
103.522 86.498 96.4 1 lO. 17 
99.929 104.016 104.4 92.5 18 

105.223 105.769 1111.7 89.3 19 
106.232 113.490 127.1 93.0 20 

Table 7.4.2 Estimators (with standard errors) for food consumption and prices 
modci 

True 
coefficient OLS 2SLS LIML 3SLS F1ML 

Demand equarioll , 
Constant 96.5 99.90 94.63 93.62 :3 ~ 

(7.9) (8.0) '" ~ 

P -0.25 -0.32 -0.24 -0.23 '" ~ ~ 

(0.10) (0.10) " " " " D 0.30 0.33 0.31 0.31 E E 
(0.05) (0.05) " " '" '" 

SuPVl}' equation 
Constant 62.5 58.28 49.53 52.11 51.94 

(12.01) '" (11.89) (12.75) ..J 
D 0.J5 0.16 0.24 '" 0.23 0.24 

'" (0. 10) ~ (0.10) (0. 11) 
'" F 0.20 0.25 0.26 " 0.23 0 .22 

(0.05) E (0.04) (0.05) 
" 0\ 036 0.25 0.25 '" 0.36 0.37 

(0.10) (0.1)7) (0.08) 
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Values for D, and F. are taken from Girschick and Haavelmo (1947) and 
the data is summarized in Table 7.4. L 

The estimated coefficienlS using various procedures are summarized in 
Table 7.4.2. Note that 2SLS was carried out using Q, as the dependent 
variable in each equation. 

Standard errors are not given for the (inconsisten t) OLS estimators and 
it can be seen how inaccurate these estimates are compared with the 
other procedures. ote that 2SLS and LlML estimates for the supply 
equation are identical because this equation is exactly identified. (See 
Exercises 7.4.1 and 7.4.2.) The 3SLS and FIML estimatnrs will be 
described in the next eelion. 

7.5 System Estimators 

7.5.1 Seemingly unrelated regressinns 

Before we turn to general system estimators we first consider the special 
case when only olle endogenous variable appears in each equalion. With 
a slightly different notation from the previous sections we can write this 
model as 

j=l, .... p. (7.5 . 1 ) 

where X i(n x q,) denotes those exogenous variables occurring in Ihe jth 
equation. Note that since only exogenous variables appear on the right· 
hand side of each equation, this model is already in reduced form. Hence 
the assumptions of tbe multiple regression model are satisfied and OLS 
applied to each equation separately will give consistent estimates of the 
parameters. However, since the disturbances are assumed correlated 
between equations, greater efficiency can be attained by treating the 
system as a whole. 

Write the model (7.5.1) as a single multiple regression 

(7.5.2) 

where y V = (Yi", . . . ,Yi.,)' denotes staclcing the columns of Y on lOp of 
one another and set 

X, 0 ... 0 
0 X2 ,,· 0 

X= 

0 0 '" X. 
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The covariance matrix of UV is e (UV )= l:® I=O, say. If l: is known, 
then estimation of ~ in (7.5.2.) can be carried out by generalized least 
squares to give the estimate 

(7.5.3) 

(See Section 6.6.2.) Note that ~. is also the m.l.e. of ~ when the data is 
normaUy distributed. 

The OLS estimate ..i of ~ is given by 

(7.5.4) 

that is, 

i = I, ... , p. (7.5.5) 

There are two special cases in which the GLS estimate ~ * and the OLS 
estimate A are the same: 

(a) X, = ... = Xp. In this case (7.5.1) reduces to the multIVariate regres· 
sion (6.6.1) . See Section 6.6.3. 

(b) 1: is diagonal. See Exercise 7.5.1. 

In general both the GLS and OLS estimators are consistent. but by the 
Gauss-Markov theorem ~. has a smaller covariance matrix and hence is 
preferred. 

In practice l: is not usually known, so that the GLS estimate (7.5.3) 
would appear 10 be of limited use. However, it is possible to estimate l: 
and to use this estimate of l: in (7.5.3) to give a modified GLS estimate. 

First, we estimate ~ by OLS, and use the resulting residuals to estimate 
l: by i;, where 

(7.5.6) 

and 

Using this estimate. n =t®l , in (7.5.3), we get the new estimate of ~, 

(7.5.7) 

which is known as Zellner's two-stage estimator. Under mild regularity 
conditions the variance matrix of .i v can be consistently estimated by 
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Example 7.5.1 (Kmenta , 1971, p.527) Consider data on the invest
ment performance of two firms, General Electric Company and Westing
house Electric Company. over tbe period 1935-1954. Each firm's in· 
vestment (1) is related to the value of il~ capital stock (e), and the value 
of its shares (F). The assumed relationship is 

I, = aC, + 13F, +')' + u" 1=1935 .... ,1954. 

The results for General Electric are as follows (standard errors m 
parentheses): 

(a) Using ordinary least squares, 

1, = O.152e +0.0271=; -9.956. 
ttl (1261 IJt.31'1 

(b) Using Zellner', two·stage method. 

I, = O. 139C, +0.038F, - 27.72. 

The r,:slIlts for Westinghouse were as follows: 

(a) Using ordinary least squares. 

I, = O.092e, + O.053F, -0.509. 
111 .1;1,., j~'lIlftl (EtOOl 

(b) Using. Zellner's two·stage method, 

I, = O.058C, + O.064F, - 1.25. 
IOH~~1 WUl~' P5S) 

It can be seen that in the case of each of the six coefficients, Zellner's 
estimate has a lower estimated standard error than does the ordinary least 
squares estimate. 

7.5.2 Three-stage least squares (3SLS) 

The method of three·stage least squares involves an application of 
Zellner's estimator to the general system of structural equations. 

As in Section 7.4.1. write each of the structural equations as a 
regression·like equation. 

Y'i.= ZIIi("+ u,,ih j=l, ... ,p-r. 

Here Z , = (Y •. " Xu,) denotes those endogenous and exogenous variables 
(other than Yu.l appearing in the jth equation and 1i0)=( - P*.U)' -Yo.mY 
represents the corresponding structural coefficients. Also, r denotes the 
number of exact identities in the system which we omit from considera
tion. 
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This system can be written more compactly as 

y"'= ZAV + UV
, 

where 

and similarly for A v and U V
. 

The covariance matrix of UV is given by 
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say, which suggests using the method oE generalized least squares. The 
correlation between the disturbance terms can be eliminated by malting 
the transformation 

(7.5.8) 

Since Z is correlated wilh U V
, OLS is not appropriate here. However 

2SLS can be used to replace Z in (7 .5.8) by its fi tted va lue after regressing 
on X; that is, let 

Z, = (Y *~, X".j). where 

and set 

z, o 

o 

This substitution leads to the estimate of A v 

(Z'n- 'Z)Z'n- 'Yv. where n = I®1. 

Note that this application of 2SLS, which assumes a knowledge of I. is 
different {rom the single-equalion application of 2SLS in Section 7.4.1. 

O[ course in practice n is unknown, but it can be estimated by 
0= l:®I. where 

.. . .. , .. 1/2 
G" i = (y(l) - Z ,8(i) (Y(il -Z,8u,)/[(n - p, + 1-qi )(n - PJ + 1 - q,)] 
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and g(" and gm are the corresponding single equation 2SLS estimators 
from Section 7.4 .1. Then the estimator 

(7.5.9) 

is caUed tbe rhree -slage least squares estimator. Under mild regularity 
conditions it is consistent and the variance can be consistently estimated 
by 

For notational convenience we have used tbe jth endogenous variable 
as tbe "dependent" variable in tbe jth structural equation. In fact any of 
the endogenous variables appearing in the jth equation can be chosen as 
the "dependent" variable. However, different cboices will in general lead 
to different estimates of the structural parameters (beyond the differences 
of scaling). 

Example 7.5.2 The application of 3SLS to the food consumplion and 
prices model of Example 7.4.1 is summarized in Table 7.4.2 with Q , 
chosen as the "dependen'" variable for both equations. ote that for the 
demand equation 3SLS gives the same estimales as 2SLS. This occurs 
because the supply equation is exactly identified and hence adds nO 
information when estimating the over-identified demand equations. (See 
Exercise 7.5.2.) 

7.S.3 Full information maximum likelihood (FIML) 

Maximum likelihood estimalion can also be applied to the whole system 
of equations. For simplicity suppose there are no exact identities in the 
system. Then the likelihood of the reduced form residuals is given by 

121r'l'I-nn exp [ -1 tr NrJV' V)] 
=121r'l'I-"" exp [ -hr {'I'- ' (y - Xll),(y - XII)}]. (7.5. 10) 

This likelihood is then maximized with respect to '1' > 0 and ll(q x p), 
satisfying the constraint 

llB =-r (7.5.11) 

for some pair of matrices B(p x p) and r(q x p). Each column of B usually 
normalized by /3 .. = 1, i = 1, .. . , p and some of the elements of Band r 
are known to be 0 from the structural form of lhe model. The resulting 
maximizing value of Band r is called the ft.1I infomla/ioll maximum 
likelihood (FIML) estimator of lhe slruclural parameters. 

Unfortunately this maximization cannot be carried out analytically, and 
an iterative procedure must be used . ole that (7.5 .10) is the li kelihood 
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of all the equations in the system, whereas (7.4.4) included only some of 
the equations, and that (7.5.11) is a more restrictive set of conditions on 
D than those given in Section 7.4.2. 

It can be shown that, under mild regularity oonditions, for large n the 
FlML estimator is asymptotically the same as the 3SLS estimator; hence 
they are both asymptotically unbiased with the same covariance matrix. 
(See Dhrymes, 1970, p. 371.) 

Example 7.5.3 Consider again the food supply and demand model of 
Example 7.4.1. The FIML estimates are given in Table 7.4.1. Note that 
the FIML and LIML estimates of the demand equation are identical 
because the supply eq uation is exactly identified and system methods 
offer no advantage over single equation methods in this situation. (See 
Exercise 7.5.3.) Also, the FlML and 3SLS estimates for the supply 
equation are similar to one another. 

7.6 Comparison of Estimates 

To summarize this chapter, we compare the different estimators u ed in a 
simultaneous system of equations. First. OLS and GLS applied directly to 
the system generally lead to biased and inconsistent estimates. Single
equalion methods such as 2SLS and L1ML are consistent but ignore the 
information provided by the system as a whole . On the other hand, 
system methods such as 3SLS and FlML take this information into 
account and have smaller asymptotic variances than single-equation 
methods. However, system methods require larger sample sizes, more 
complicated calculations, and mOre computing time. 

The asymptotic advantage of system methods persists in small samples 
to some extent, although the improvement over single-equation methods 
is not so marked here. However. system methods. especially FTML, are 
more sensitive to mis-specification of the model (for example omitting a 
relevant explanatory variable from some of the equations). 10 particular, 
2SLS is more robust than the other methods to this sort of error. 

For more detailed comparisons, see. [or example, Kmenta (1971, 
pp. 381-385) or Dhrymes (1970. pp.372-380). 

Exercises and Complements 

7.2.1 (Inconsistency of OLS estimator) Consider the equation y = 
)$+ u. Suppose that the rows of X(n x q) are a random sample from 
some distribution with meaD 0 and covariance matrix I> 0, and suppose 
that 
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V(u I X)= 0-
2 1., E(u l X)=X9, 

where 9 = (0, . ... ,O.)':t 0 does not depend on n 
(a) Show that 

E(u)=O, V(u) = (,,2+ 9'1:9)1., 

ECONOMETRICS 

so that the random disturbances have mean 0, constant variance, and are 
uncorrelated with one another, but are correlated with X. 

(b) Show that the OLS estimator of p satisfies 

(c) Show that 

EolIX)=fh-9, 

p = P + (X'X)- 'X'u. 

vol I X) = o- ' (X'X)- ', 

T hus, using Exercise 6.6.5. deduce that plim P = P + 9 , and hence that Pis 
inconsistent. 

7.2.2 (a) In Example 7.2.1 , show that the OLS and IV estimators, 
respectively, of /3 and a are given by 

~ = s,,/I'm a = y - ,lx 
/3*= •• ,/ • .,. a*=y-/3$i 

(OLS) , 

(IV). 

(b) Show that C(y" x,) = /3(T~ and hence deduce that 

plim S = /30-11(0-1 ~ IT; ), 

so that B is inconsistent if /3'" O. 
(c) If /3'" 0 and IL" O. show that a is also inconsistent. 
(d) Supposing C(x,. z, )= u" ",O and C(E,. z.)=O. show that /3* and a * 

are consistent estimates of /3 and a. 

7.2.3 (a) If the "independent" variables X(" Xq) in (7.2. 1) are regres
sed on new variables Z (n x k) using the multivariate regression model 
x = zr+ v , where r(k x q) is the parameter matrix, show that thc OLS 
e<tima te of r is r = (Z'Z)- 'Z'X (see Section 6.6.3) and that the fitted 
val ue of X is given by (7.2.9). 

(b) Lf k = q and Z'X is non-singular, show that the 2SLS estimator p'
in (7.2.10) reduces to the IV estimator 1\" in (7.2.5). 

(c) For k;;. q, show that p.' is consistent, provided that Z is 
uncorrelated with D, plim " - 'Z 'Z = 9 (k x k) non-singular, and 
plim n- 'Z'X= W(k xq) of rank q. 

7.2.4 Show that the 2SLS estimator 11·' in (7.2.10) is unaltered if 
Z( .. x k) is replaced by ZA, where A is a (k X k) non-singular matrix. 
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7.3.1 Suppose the jth structural equation of an e"onomie system in
cludes only one endogenous variable. Sbow that this equation is iden· 
tified. If it is also supposed that all the exogenous varia bles are included. 
show thaI tbis equation is exactly identified . 

7.3.2 Partition the structural parameter matrices B and r as in (7.3.2 1) 
and define D =(B'" r i)' as in (7.3.22). Partition B- ' as 

_ , = rp"'" p(lV] 
BloW) B(n ' 

where p,n, is a p,-vector. Expanding 88- 1 = 1 and rn-I = n. show that 

8
1
8 ,fI)= 0. 

Hence 

I" . B (ll)= I1 I0• 

(0 . O)B- ' = ro 
min le- •• J. 

nIl 
Since B- ' is non-singular, D . CO. 0 ) and the above matrix all nave tbe 
same rank. Hence show that 

rank (0) = p - p , + rank (0 In). 

7.3.3 Consider a model consisting of two simultaneous equations 

Y41l= a 1x. 1)+ u(1) ' 

Y(1,= b1YC2l+ b'2 ~ l + b"l.xn\+ Ucll' 

where YO)' YC!) are endogenous and ~ nt Xc2) are exogenous. 
(al Describe the structural parameter matrices B and r for this model. 
(b) Write these equations in reduced form. 
(c) Show that the first equation is over-identified and the second is 

under-identified. 
(d) What happens to the identifiability if a term a~",,) is added to the 

first eq uation? 

7 ,4.1 Suppose that the first structura l equation of an economic system is 
exactl y identified (so lbat p,- I = q - q,) . _ 

(a) Using Exercise 7.2.4 show that the instrumenta l variables (Y •• Xu) 
in the 2SLS estimator (7.4.3) can be replaced by X =(X". X,). Thus. we 
can write 

-~. = (I. O)(X'Y*. X'X.,)- 'X'Y"10 

- .yo = (0, I)(X'Y *' X' x,.t' X'Y<I" 

in tbe same way that (7.2.10) ca n be sim plified to (7.2.5). 
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(b) Show that 

(~:)~IJ = - (~o) = (~)(O.I)(X'Y*. X' Xot' X'y"" 

where (fI~, fI ;0)' = (X'X)- 'X'(Y(I), Y,.) is tbe OLS estimate of the reduced 
parameter matrix and ~*, .yo are given in (al. (Hint: pre-multiply this 
equa tion by (X' X) and, using X(I, 0)' = Xo, sbow that it reduces to an 
identity.) 

(c) Hence deduce that the 2SLS estimates of 110 and Yo coincide with 
lLS estimates (7 .3.19) in this situation. 

7.4.2 If the first structural equation is exactly identified, show that the 
restriction rank (0 10) = P, - 1 is irrelevant in maximizing the likelihood 
(7.4.4). Hence deduce that the LIML estimates of p and y coincide with 
the fLS estimates in this case. 

7.4.3 (a) In Example 7.4.1. show that if the covariance matrix of the 
sltuctural form disturbances is 

1:= p.125 3.725] 
8.725 4.645 . 

then the covariance matrix of the reduced form disturbance~ is 

v=[ 4 -2]. 
-2 2 

(b) Calculate the matrix of reduced form parameters using the equa
tion n = - rB-J

• 

7.5.1 Conside r the system o[ seemingly unrelated regressions (7.5.1). If 
1: is diagonal. then show that the OLS and GLS estimates of the 
parameters are the same. 

7.5.2 (a) Consider the following two seemingly unrelated regressions 

y", = X ,11(1) + "< I)' 

Ym = X,llm + X2Q + "<2). 

where Xi X2 = 0 . Sbow tbat the OLS estimates of P'" and Pm eq ual the 
GLS estimates. but the OLS estimate of Q does not in general equal 
the GLS estimate. Also. show that the first eq uation is over-identified 
and the second is exactly iden tified Hint: let 1:(2 x 2) denote the 
known or estima ted covariance matTix for the disturbances. Write 

X = [~' o 
X, 
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Using (7.5.3), show that the GLS estimates of the parameters are 

(b) Consider a general two-equation economic system where the first 
equation is over-identified and the second is exactly identified . Show that 
the 2SLS estimates equal the 3SLS estimates for the structural parame
ters of the firs' equation (but not the second). (Hint: see Exercise 7.4.1.) 

(c) Generalize this result to a p-equation system with no identities, 
where the first equation is over-identified and all the o tbers are exactly 
identified. 

7.5.3 Consider a p-equation economic system with no identities, where 
the first equation is over-identified and all the others are exactly iden
tified. Show that the LIML and FIML estimates of the structural parame
ters of the firs' equation are equal. (Hint: Write the likelihood as 

Lo(lloo, " 10, 'l'oo) L,(llul, "". '1'), 

where the first factor is the density of V 0 = ("" t, ... , " (P')' and the second 
factor is the density of V I I Yo. Show tbat in this situation the constraint 
(7.5.11) merely states that rank (ll1O) = P, - t, and hence the second 
factor takes the same value when maximized over "01> "II' "'0.' '1'". for 
any values of the parameters in the first factor. (See Exercise 6.3.3.) The 
first factor is simply the likelihood (7.4.4).) 

7 .5.4 (Kmenta, 1971, p. 530) A set of three " seemingly unrelated 
regression equations" is specified as 

YCII = 0: 1 + (31X( U + Uo ). 

y (2) = Q2 + fl2"<2l + ~2)' 

Yut = OJ + fl, ll(" + 0 (3). 

The covariance matrix of the disturbances is known. Consider the es
timator of fl, obtained by using Zellner's method on all three equations, 
and the estimator obtained by using this method on just the first two 
equations. Compare tbe variances of the two estimators. 

8 
Principal Component 
Analysis 

8.1 Introduction 

Chapter I has already introduced the open/closed book data, which 
involved the scores of 88 students on five examinations. This 
data was expressed in Table L2.l as a matrix having 88 rows and five 
columns. One question which can be asked concerning this data is how 
the results on the five different examinations should be combined to 
produce an overall score. Various answers are possible. One obvious 
answer would be to use the overall mean, that is the linear combination 
(x I ~ X2 I XJ -I x, + x,)/5. or, equivalently, I'x, where I is the vector of 
weights ~l =GHH)'. But can one do better than this? That fs one of the 
questions that principal component analysis seeks to answer. We call a 
linear combination I'x a standardized linear combination (SLC) if I l~ = I. 
This teChnique was developed by Hotelling (1933) after its origin by 
Karl Pearson (190 I) . 

As a first objective principaJ component analysis seeks the SLC of the 
original variables which has maximal variance. In the examination situa
tion this might seem sensible-a large variance "separates out" the 
candidates, thereby easing consideration of differences between them . 
The students can then be ranked with respect to this SLC. Similar 
considerations apply in other si tuations, such as constructing an index of 
the cost of living. 

More generally, principal component analysis looks for a few linear 
combinations which can be used to summarize the data, losing in the 
process as little information as possible. This attempt to reduce dimen
sionality can be described as "parsimonious summarization " of the data. 
For example, we might ask whether the important features of the 
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open/closed book data can be summarized by. say, two linear combina
tions. If it were possible. we would be reducing the dimensionality from 
p =5 to p=2. 

8.2 D efinition and Properties of Principal Components 

11.2.1 Popolation principal component, 

Section 1.5.3 introduced the so-called principal component transforma
tion in the cnntext of sample data. This was an orthogonal transformation 
which transforms any sel of variables into a se t of new variables whicb are 
uncorrelated with each other. Here we give its population counterpart. 

Definition 8.2.1 lf x is a random vec ror with mea II j1 WId covariance 
matrix 1:. thell ti,e principal component transformation is tile Iralls(orma 
riol! 

x-> y =r'(~ - j1). (8.2. l) 

... lIere r is orthogollal, I"1:r = A is diagollal and A ,;;' A,;. .. . ;;. A.;' O. 
The strict posilivity of tl,. eigellvalues A, is guarallteed if 1: is positive 
defi"ite. TI,is represelltation of I follows from Ille spectral decomposition 
rheorem (TIleorem A.6.4). The ith principal component of x ma y be 
defined as Ihe i th elemenr of tile veClor y. namely as 

(8.2.2) 

Her" 'YU) L, rhe ith columll of r, and may be called rhe ith vecror of 
principal component loadings . Ti,e (uncrio" y. may be called the last 
principal compOllellt of Y. 

Figure A.1O.2 gives a pictorial representations in two dimensions of the 
principal components for j1 = O. 

Example 8.2.1 Suppo e tbat x) and X2 are standardized to have mean 0 
and variance 1, and have correlation p. The eigenvalues of this covariance 
matrix are 1 ± p. If p is positive then the first eigenvalue is A) = 1 + p, and 
the first eigenvector is (I , 1). Hence the first principal component of x is 

y, =T"'(x\ +x,), 

which is proportional to the mean o( the elements of x. Note that y, has 
variance (1 + pl, which equals the first eigenvalue. The second principal 
component corresponding to the second eigenvalue I-p is 

Y2 = T'f2(x,- x2 ). 

which is proportional to the difference between the elements of x. and has 
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variance (J - pl. wbicb equals tbe second eigenvalue. If p is negative. then 
the order of the principal componen ts is reversed. For a p-variate 
extension of this example. see Example 8.2.2. 

In the above example l', and Y2 are uncorrelated. This is a special case 
of a more geoeral result, which is proved in part (c) of the following 
theorem. 

Theorem 8.2.1 If x - (11. 1:) and y is as defined in (8 .2.1 ), Illell 

(a) E(y,) = 0; 

(b) V (y,) = Ai: 

(c) C(y,. YI)=O. iF j: 

(d) V(l',) ;;' V(l',);. ... ;. V(Yp) ;' O: 
p 

(e) I V(y,)= tr I : 

• 
(f) n V(y,)=i1:i . 

i"" l 

Prool (a)-(d) follow from Definition 8.2.1 and the properties of the 
expectation operator. (e) follows from (b) and the fact that II I is the .<um 
of the eigenvalues. (f) follows from (b) and the fact that 11:1 is tbe product 
of the eigenvalues. • 

It is instructive to confirm tbe results of the above theorem with respect 
to Example 8.2.1. Note particularly that V (y,)+ V(Y2)=2, and that 
V(l',) x V(Y2) = (J _p2), thus confirming parts (e) and (f) of the theorem. 

Section (d) of Theorem 8.2. 1 states that l'\ has a larger variance than 
any of the other principal components. (Here and elsewhere we shall use 
"larger" somewhat loosely to mean " not smaller".) However, we sball 
now prove a stronger resul t. 

Theorem 8.2.2 No SLC of x has a va riallce larger than A ,. tile variallce 
of the /irst principal component. 

Prool Let the SLC be a'x. where a'a = 1. We may write 

(8.2.4) 

wbere 'Y(1), ••.• 'Y(P) are the eigenvectors of 1:. (Any vector can be wrinen 
in this form since the e igenvectors constitute a basis for R P.) oW, if 
a = a/x, then 

(8.2.5) 
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using the spectral decomposition of X (Theorem A.6.4). Now Y(nYu> = Ii" . 
the Kronecker delta. Inserting (8.2.4) into (8.2.5) we find that 

V (a) = LA,c? (8 .2.6) 

But we know that 

~ c' =1 L., , (8.2.7) 

since a is given by (8.2.4) and satisfies a'a = I. Therefore. since A I is the 
largest of the eigenvalues. the maximum of (8.2.6) subject to (8.2.7) is '\, . 

This maximum is obtained wben c, = 1 and all the other c, are zero. 
Therefore V(a ) is maximized when a=y(1). • 

For a multinormal random vector, the above theorem may be inter
preted geome trically by saying that the first principal component repres
ents the major axis of the ellipsoids of concentration . (See Figure 2.5.1). 

A similar argument shows that tbe last principal component of x has a 
variance which is sma Her than that of any other SLC. The intermediate 
components bave a maximal variance property given by the following 
theorem . 

Theorem 8.2.3 iJ a = a'x is (I SLC of x which is l",coTTelated with the 
firSl Ie principal compOne"lS of x, lhen Ille variance of a is maximized whet! 
a is the (k + l )th principal component of x. 

Proof We may write a in the form given by (8.2.4). Since a is uncorre
lated withy(, )" for i = 1 •... , Ie. we know that a'Ym = 0 and therefore that 
c,=O for i = I, . . . , k. Therefore. using the same argument as in (8.2.6) 
and (8.2.7). the result follows. • 

Example 8.2.2 We now extend the bivariate example of Example 8.2.1. 
Suppose that X is the equicorrelation matrix, viz. X= ( I-p)l+pU'. If 
p>O then A,= i- (p - l)p and A, = A] = .•. = Ap =l-p. The eigenvector 
corresponding to A, is 1. Hence if p > 0, the first principal componenl is 
proportional to p - 'l'x. tbe average of the x. This may be taken as a 
measure of overall " size", while "shape" may be defined in terms of the 
other eigenvectors wbich are all orthogonal to 1 (i.e. vectors containing 
some negative signs). (For a further discussion of size and shape see 
Section 8.6.) • 

1t is clear that a 'x always has the same variance as -a'l<. and therefore 
that in terms of variance we are uninterested in the difference between 
the two vectors 8 and -8. As mentioned before. we consider only SLCs. 
so th,1t La ~ = 1. However. some authors scale a differently. e.g. in such a 
way that L a; is equal to the corresponding eigenvalue. 
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8.2.2 Sample principal components 

We turn now to consider the sample. based counterpart of the previou.< 
section. thus building on Section 1.5.3. Let X = (x •• .. . • ,," )' be a sample 
data matrix, and a a standardized vector. Then Xa gives 11 observations 
on a new variable defined as a weighted sum of the columns of X. The 
sample variance of this new variable is a'Sa. where S is the sample 
covariance matrix of X. We may then ask which such SLC has the largest 
variance. ot surprisingly the answer is that the SLC with largest variance 
is the first principal component defined by direct analogy with (8 .2.2) as 

(8.2.8) 

Here 1:< 1) is the standardized eigenvector corresponding to tbe largest 
eigenvalue of S (i.e. S=GLG'). This result may be proved in the same 
way as Theorem 8.2.2. Similarly. the ith sample principal component is 
defined as y(o) = (X -li')Il(; ). and these components satisfy the straightfor
ward sample extensions of Theorems 8.2.1-8.2.3 (see Exercise 8.2.5). 

Putting the principal components together we get 

y = (X - li')G . 

Also X -li' = YG' since G is orthogonal ; that is. G has transformed one 
(11 x p) matrix (X -ti') into another one of the same order (Y). The 
covariance matrix of Y is given by 

where 

Sy = 1I- ly'RY = II-'G'(X - li')'H(X - li')G 

= tI - ' G 'X'HXG = G'SG = L. 

tbat is, the columns of Yare uncorrelated and the variance of Ym is ~. 
The rth element of Y(1)' y". represents the score of the ith principal 

component on the rth individual. In terms of individuals we can write the 
principal component transformation as 

Often we omit the subscript r and write y; = g(.,(x- i) to emphasize the 
transformation rather than its effect on any particular individual. 
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Example 8.2.3 Consider the open/closed book examination data (rOm 
Table 1.2.t. It has covariance matrix 

302.3 125.8 100.4 105.1 116.1 

170.9 84.2 93.6 97 .9 

s= 111 .6 ltO.8 120.5 

217.9 153.8 

294.4 

and mean i' = (39.0, 50.6, 50.0. 46.7. 42.3). A spectral decomposition of 
S yields principal components 

y, = 0.51x, +0.37.>:.,+ 0.35x, +0.45x. + 0.53.<,-99.7 . 

Y2= 0.75x, + 0.21x. -0.08x,-0.30x, -0.55x,+ 1.5. 

y, = -0.30.<, +0.42x2-+0.15x, +0.60x.-0.60x., -19.S. 

y. = 0.30x, - 0.78x2 -O.OOx, + 0.52x, -0. 18x,+ 1l.1. 

y,= 0.08x, +0.19x2 -0.92x, +0.29x, +0.1 5x,+ 13.9 , 

with variances 679.2, 199.8, 102.6, 83.7, and 31.S, respectively. Note 
that the first principal component gives positive weight to all the variables 
and thus represents an "average" grade. On the other hand, the second 
component represent a contrast between the open-book and closed-book 
examinations, with the first and last examinations weighted most heavily. 
Of course the difference in performance due to the two types of examina· 
tion ;s also confounded with the differences between the individual 
subjects. 

*8.2.3 Further properties of principal components 

Tbe most important properties of principal components have already 
been given in Theorems 8.2.I-S.2.3. along with the corresponding state· 
ments for sample principal components. We now turn to examine several 
other useful properties, each of which is briefly summarized as a heading 
at the beginrung of the relevant section. 

(a) The sum of the first k eigenvalues divided by the sum of all t',e 
eigenvalues. (.I., + ... + .I.. )/(.1., + ... + .I..). represents the "proportioll of 
total variation" explained by the first k principal components. 

The "total variation" in this statement is tr I, and the rationale for trus 
statement is clear from part (e) of Theorem 8.2.1. A justification for the 
use of trl: as a measure of multivariate scatter was given in Section 1.5.3, 
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and the proportion 01 total variation defined here gives a quantitative 
measure of the amount of information retained in the reduction from p to 
k dimensions. For instance, we may say in Example 8.2.1 that the first 
component "explains" the proportion 4(1 + p) of the total variation , and 
in Example 8.2.2 the proportion explained is {I +(p -1)p}/p. 

In Example 8.2.3 the first principal component explains 
679.2/1097.1 =61.9% of the total variation. and the first two components 
SO.l %. (Compare this with the fact that the largest of the original 
variables comprised only 302.3/1097 .1 =27 .6% of the total variation, 
and the largest two only 54.4%.) 

(b) The principal componelllS of a ralldom vector are 1101 scale ·illvariallt. 
One disadvantage of principal component analysis is that it is /lot scale 
invariant. For example, given three variables , say weight in pounds, 
height in feet, and age in years, we may seek a principal component 
expressed say in ounces. inches, and decades. Two procedures seem 
feasible: 

(a) multiply the data by 16.12. and t\;, respectively, and then carry out 
a principal component analysis ; 

(b) carry out a principal component analysis and then multiply the 
element' of the relevant component by 16, 12. and .'0. 

Unfortunately procedures (a) and (b) do not generally lead to the same 
result. This may be seen theoretically for p = 2 by considering 

1=( u~ fWl:2.). 
PU1U2 U2 

where p >0. The larger eigenValue is .I., =i(~+~)+1d, where d = 

{(O'i-0'~f+40'fO'~p2}'n. with eigenvector proportional to 

(a" a.)=(0'~-0'1+d, 2fXT,O'') (8.2.9) 

(see Exercise 8.1.1). When 0',/0'2 = 1. the ratio u2/a , given by (8. 2.9) is 
unity. If O'c = 0'2 and the first variable is multiplied by a factor k, then for 
scale·invariance we would like the new ratio a.,lu, to be k. However, 
changing 0', to kO', in (8.2.9) shows that this is not tbe case. 

Alternatively. the lack of scale·invariance caD be examined empirically 
as shown in the following example. (See also Exercise 8.2.4.) 

Example 8.2.4 From the correlation matrix of the open/closed data. the 
first principal component (after setting the sample mean to 0) is found to 
be 

0.40u , +0.430.2 +0.50"3 +0.46 .. _ + 0.440.5 , 
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Here U" ... , Us are the standardized variables. sO thaI t~ = :o;/s,. Re
expressing the above components in terms of tbe original variables and 
standardizing, we get 

Y ,= 0.023x I +0.033x,+ 0.048x] + 0.031 X4 +O.026x,. 

or 

y! = 13.4y, = 0.31x, + 0.44x2+0.64x3 +0.42x. +0.35xs· 

The first component of the odginal vadables obtained from the 
covariance matrix is given in Example 8.2.3 and has different coefficients. 
(The eigenvalues are also different-they account for 6l.9, 18.2,9.3,7.6, 
and 2.9% of the variance when the covariance matrix is used and for 
63.6, 14.8, 8.9, 7.8, and 4.9% when the correlation matrix is used.) 

Algebraically, the lack of scale in variance can be explained a~ follows . 
Let S be the sample covariance matrix. Then if the itb variable is divided 
by di' the covariance matrix of the new variables is OSO, where 0 = 
diag (di'). However, if x is an eigenvector of S, then 0 - '" is 1101 an 
eigenvector of OSO. In other words, the eigenvectors are not scale 
invariant. 

The lack of scale-invariance illustrated above implies a certain sensitivity 
to the way scales are chosen. Two ways out of this dilemma are possible. 
First, one may seek so-called "natural" units, by ensuring tbal all vari
ables measured are of the same type (for instance, all heights or all 
weights). Alternatively, one can standardize all variables so that they have 
unit variance, and find the principal components of the correlation matrix 
ratber than the covariance matrix. The second option is the one most 
commonly employed, although this does complicate questions of 
hypothesis testing---see Section 8.4.4. 

(c) If Ihe covariance marrix of x has rank r < p, rhen Ihe roral va riarion of 
.I carl be ellrirely explailled by rhe firs r r prillcipal compollellls. 

This follows from the fact that if I has rank r, then the last (p - r) 
eigenvalues of 1: are identically zero. Hence the result follows from (a) 
above. 

(d) The vecror subspace spanned by rhe firsr k pri>lcipal compOI.ellls 
(1';; k < p) has smaller mean square deviarion from rhe popularion (or 
sample) variables rhan a>lY olher k -dimensional subspace. 

If 1-(0, 1:) and a subspace HeR" is spanned by orthononnal vectors 
bill, ... , h, .\> then by projecting" onto this subspace we see that the 
squared distance d' from x to R has expectation 
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k 

E(d2) = E(x'x) - L E(h~,)<). 
1-' 

Let ' u, = 1"11,1), j = 1. ... , k. We have 

• 
E(d') = tr l:,- L E(f(I)Y) 

r~' 

p • 

= trl:,- L L ti,}., (8.2.10) 
i=] j=1 

since the ' ,1) are also orthonormal. Exercise 8.2.7 then shows that (8.2 .10) 
is minimized when t.; = 0_ i = k + 1, ...• p. for each j = 1, ... . k; that is 
when the 1m span the subspace of the first k principal components. Note 
that the case k = L is just a reformulation of Theorem 8.2.2. 

(e) As a special case of (d ) for k = P - 1, rhe plane perpendicular ro rl.e 
las/ principal componenr has a smaller meall square deviarion from 
the popularion (or sample) variables rhan allY orher plane. 

(Of course, the plane perpendicular io the last principal component 
equals the subspace spanned by the first (p -1) principal components.) 

Consider the multiple regression x.= p'x.+u of x, on (x" ... , Xp )'= 
"2' say, where u is uncorrelated with .I, . The linear relationship x, = ~'s., 

defines a plane in R " and tbe parameter ~ may be found by minimizing 
E(d') where d = lx, - ~'x,1 is the distance between the point" and the 
plane, with d measured in rite direcrion of rl.e "dependelll varia ble" . On 
the other hand, the plane perpendicular to the last pri ncipal component 
can be found by minimizing E(d'), where d is measured perpendicular ro 
rhe plane. Thus principal component analysis represents "orthogonal" 
regression in contrast to the "simple" regression of Chapter 6. 

As an example where this point of view is helpful, consider the 
following bivariate regression-like problem, where both variables are 
subject to errors. (This problem bas already been discussed in Example 
7.2.1. using the metbod of instrumental variables.) 

Example 8.2.5 Suppose an observed vector :<;= (x", x,.), r= 1, . . . , n, is 
modelled by 

Xf"l =~+B'l. X,2 = a + (3f. + e,2, (8.2. 1I ) 

where f. is the (unknown) "independent" variable, E" - N(O, T~), E,,

N(O, T il, and the ES are independent of one another and of the !;s. The 
problem is to find the linear relationship (8.2.1 1) between x, and X2, that 
is to estimate a and {3. However, because x. is subject to error, a simple 
regression of X2 on x, is not appropriate. 
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There are two ways to approach this problem. First the ~s can be 
viewed as " unknown additional parameters to be estimated. in which 
case (8.2.11) is called a f unctional relations/lip. Al ternatively, the ~s can 
be regarded as a sample from N("" 0"), where JJ. and 0'2 are two 
additional parameters to be estimated. in which case (8.2.11) is called a 
strucrural relations/lip. (See Kendall and Stuart, 1967. Chap. 29.) 

If the ntio between the error variances A = T2/T, is known. then the 
parameters of both the functional and structural relationships can be 
estimated using maximum likelihood. In both cases it is appropriate to 
use the line through the sample mean (x" x2 ) whose slope is given by the 
first principal component of the covariance matrix of (A ' I2XL, x,). (With 
this scaling }he error variance is spherically symmetric.) Explicit form ulae 
for Ii and f3 are given in Exercise 8.2.8. 

Remarks (I) Unfortunately, if the error variances are completely un
known, it is "ot possible to estimate the parameters. In particular, 
maximum likelihood estimation breaks down in both cases. Ln the func
lional relationship case the likelihOOd becomes infinite for a wide cboice 
of parameter values, whereas in the structural relationship case there is an 
inherent indeterminacy in the parameters; that is, different parameter 
values can produce the same distribution for the observatio"-•. 

Thus, in this situation more information is needed before estimation 
can be carried out. For example. if it is possible to make replicated 
observations, then information can be obtained about the error variances. 

Alternatively. it may be possible to make observations on new variables 
which also depend linearly on the unknown e. The use of one additional 
variable x, in a structural relationship was discussed in Example 7.2.1 in 
terms of instrumental variable estimation. 

(2) More generally. the linear relationship in (8.2. 1 I) can be ex
tended to any number of dimensions p >2 to express variables x" .. . ,x" 
each as a linear function of an unknown ~ plus an error term, where all 
the error terms are independent of one another. If the ratios between the 
error variances are known, then the above comments on the use of the 
first principal component remain valid , but again, with unknown error 
variances, the estimation of the parameters of tbe functional relationsbip 
breaks down here also. (However, the structural relationsbip with unknown 
error variances can be considered as a special case of factor analysis. and 
estimation of the parameters is now possible. See Chapter 9. especially 
Exercise 9.2.7 .) 

8.2.4 Correlation structure 

We now examine the correlations between x and its vector of principal 
components. y. defined in Definition 8.2. L For simplicity we assume that 
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x (and therefore y) has mean zero. The covariance between x and y is 
then 

E(xy') = E(nT) = l:r = rAr'r = rA. 

Therefore the covariance between x, and Y, is y"A,. Now x, and y, have 
variances 0'" and Ai' respectively. so if their correlation is Pi, then 

(8 .2.12) 

When l: is a correlation matrix. 0'" = I so p" = Yi, AI' 
We may say that the proportion of variation of x, "explained" by y is 

2 Th . ' Pi, . en smce the elements of yare uncorrelated. any set G of compo-
nents explains a proportion 

(8.2. 13) 

of the variation in x,. The denominator of this expression represents the 
variation in X, which is to be explained. and the numerator gives the 
amount explained by the set G. When G includes all the components the 
numerator is tbe (i. i)th e lemen t of rAT", whicb is of course ju 1 iT ... so 
that the ratio in (8.2.13) is One. 

ote that the part of the total variation accounted for by the compo
nents in G can be expressed as the sum over all p variables of the 
proportion of variation ill each variable explained by the components in 
G, wbere eacb variable is weighted by its variance: that is. 

• L Ai = L (TIIP!., (8.2.14) 
I£G 1""' 1 

See Exercise 8.2.9. 

8.2.S The effect 01 ignoring some component, 

In the open/closed book data of Example 8.2.3, the final two components 
explain barely 10% of the tOlal variance. It therefore seems fair 10 ask 
what if anything would be lost by ignoring these components completely. 
This question can be broken down into several parts. by analogy with 
those considered in Section 8.2.4. 

First we might ask what aTe the values of the correlation coefficients. 
which by anaiogy with (8.2.12) are given by . 
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Calculations for the openJclosed book data lead to the foUowing values 
for ' H and rr" (Note that the rows of the second table sum to 1 except for 
rounding error.) 

Component i 
f li 2 3 4 5 

1 0.758 0.609 -0.175 0.156 0.026 
2 0.734 0.224 0.322 0.548 0.081 

Variable 3 0.853 -0.136 0.139 -0.003 -0.493 
4 0.796 -0.288 0.409 0.321 0.109 
5 0.812 -0.451 -0.354 -0.094 0.050 

Component j 

f~ 1 2 3 4 5 

1 0.574 0.371 0.030 0.024 0.001 
2 0.539 0.050 0.104 0.300 0.007 

Variable 3 0.727 0 .018 0.019 0.000 0.243 
4 0.634 0.083 0.168 0.103 0.012 
5 0.660 0.204 0.125 0.009 0.002 

[n other words. the first component for thIS data explains (0.758), = 
57.4% of X,. 53.9% of ~, 72.7% of x." 63.4% of x •. and 66.0% of x,. 
The first two componenls taken together explain 94.5% of X" etc. Note 
also that whereas the last component explains only a small proportion of 
the variables I, 2, 4, and 5, it accounts for (0.493)2 = 24.3% of the varia
tion in variable 3. Hence ··throwing away" the last component is in fact 
rejecting much more information about variable 3 than it is about tbe 
others. Similarly, "throwing away" the last two components rejects most 
about variables 2 and 3, and least about variable 5. 

Anotber example using these correl ations is given in Exercise 8.2.2. 
A common practical way of looking at the contributions of various 

principal components (due to CatteU, 1966) is to look at a "scree graph " 
such as Figure 8.2.1 (that is, one plots A, versus j). Such a diagram can 
often indicate clearly where "large" eigenvalues cease and "small" eigen
values begin. 

Various other "rules of thumb" for excluding principal components 
exist, including the following: 

(a) include just enougb components to explain say 90% of the total 
variation; 

(b) (Kaiser) exclude those principal components whose eigenValues are 
less than the average, i.e. less than one if a correlation matrix has 
been used. 
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It has been suggested that when p.;; 20, then Kaiser 's criterion (b) tends 
to include too few components. Similarly, Cattell's scree test is said to 
include too many components. Thus a compromise is often used in 
practice. 

The isotropy test (Section 8.4.3) can also give some indication of the 
number of components to include. 

Example 8.2.6 Consider the Jeffers' (1967) pine pitprop data of Exam
ple 6.7.1. A principal component analysis of tbe correlation matrix yields 
the eigenvalues and eigenvectors given in Table 8.2.1 together with the 
associated percentages and cum ulative percentages 01 variance explained. 
A look at Cattell's scree graph (Figure 8.2.1) suggests that three or six 
components should be retained whereas Kaiser's criterion suggests the 
number four. Note tbat seven components are needed to explain 90% ot 
tbe variance . Jeffers decided to retain the first six components. 

In this example the first six principal components turn out to have 
natural physical interpretations. For eacb component j consider tbose 
variables which bave relatively bigh positive or negative weighting (say 
tbe variables i for which !:Ij'" 0.70 max. &oj) as constituting an index of 
the com bined action, or contrast, of the original variables. (However. it 
must be warned that this approach does not always lead to meaningful 
interpretations.) The first component weights highly variables 

Percen.toge ot varIance 
e"plQJned ~ each 

i! tgen...alUe \a/.1 

• 

Figure 8.2.1 Scree grapil for Ih. Corsica" pilprop daUJ of Table 8.2.1 
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1,2,6,7,8,9, and 10, and represents the overaU size of the prop. The 
second component, weighting highly 3 and 4, measures the degree of 
seasoning. The third component, weighting 5 and 6. is a measure of the 
rate of growth of the timber. The fourth, fifth, and sixth components are 
most easily described as a measure of variable 11, a measure of variable 
12, and an average of variables 5 and 13, 

8.2.6 Graphical representation of principal components 

The reduction in dimensioos afforded by principal component analysis 
can be used graphically. Thus if the first two components explain " most" 
of the variance, then a scattergra m showing the distribution of the objects 
on these two dimensions will often give a fair indication of the overall 
distribution of the data. Such plots can augment the graphical methods of 
Section 1.7 on the original variahles. 

Figure 8.2.2 shows the 88 individuals of open/closed book data plotted 
on the first two principal components of the covariance matrix (Example 
8.2.3). ote that the variance along the y, axis is greater than the 
variance along the Y2 axis. 
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FIgure 8.2.2 The 88 individl4als of rite open/dused book data plotted on the first 
two principal comvonel1ls. 
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As well as sbowing tbe distribution of objeers on the first two principal 
components. the variables can also be represented on a similar diagram, 
using as coordinates the correlations derived in Section 8.2.5. 

Example 8.2.7 The values of r
' l 

for the open/closed book data were 
calculated in Section 8.2.5. Hence variables 1-5 can be plotted on the 
first two principal axes, giving Figure 8.2.3. Note that all of the plotted 
points lie inside the unit circle and variables I and 5. which lie fairly close 
to the unit circle, are explained better by the first two principal compo
nents than variables 2, 3,4. 
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Fig~'e 8.2.3 Correlations betwee" the ""nables and principal compo".nts for the 
open/ closed book dlUa. 
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8 .3 Sampling Properties of Principal Componenls 

8.3 .1 Maximum likelihood estimation for normal data 

The small-sample distribution of eigenvalues and eigenvectors of a 
covariance matrix S is extremely complicated even wben all parent 
correlations vanish. One reason is that the eigenvalues are lIoll - rational 
functions of the elements of S. However, some large sample results are 
known, and many useful properties of the sample principal components 
for normal data stem from the following maximum likelihood results. 

Theorem 8,3.1 For nonnal data wllell the eigenvalues of 1: are distiller, 
tire sample prillcipal cQmpOllenlS and eigenvalues are the maximum likeli 
hood estimators of the corresponding population parameters. 

Proof The principal componenlS and eigenvalues 01 l: are related to 1: 
by means 01 a one-to-one lunction , except when 1: has coincident 
eigenvalues. Hence the theorem follows from the invariance of maximum 
likelihood estimators under one- to-one transformations . • 

When the eigenvalues of 1: are not distinct the above theorem does not 
hold. (This can easily be confirmed for tbe case l:=a2 1.) Tn such cases 
there is a certain arbitrariness in defining the eigenvectors of 1:. Even if 
this is overcome, the eigenvalues of S are in general distinct, so the 
ejgenvalues and eigenvectors of S would not be the same function of S as 
the eigenValues and eigenvectors of 1: are of :to Hence when the eigen
vectors of 1: are not distinct, the sample principal components are nor 
maximum likelihood estimators of their population counterparts. How
ever, in such cases the following modified result may be used. 

Theorem 8.3.2 For Iwrmal data, when k> 1 eigenvalues of 1: are not 
distiller, but rake the COl11mOn value A. then 

(a) r/,e m.l.e 0/ A is T, rhe arirllmeric mean of the correspolldillg sample 
eigenvalues, and 

(b) the sample eigenvectors corresponding to tile repeated eigelwalue are 
m.l.e.s, although riley are 1101 tlte U/lique m.l.e.s. 

Proof See Anderson (1963), and Kshirsagar (1972, p. 439). • 

Although we shall not prove the above theorem here, we may note that 
(a) appears sensible in the light of Theorem 8.3.1, since if A, is a distinct 
eigenvalue then the m.Le. of A, is I" and since if the last k eigenvalues are 
equal to A, then 
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and 

trS=I,+ ... + I. _. + kT. 

Part (b) of the theorem also appears sensible in the light of Theorem 
8.3.1. 

Example 8.3.1 Let l: =(l- p)I +pll', p >O. We know from Example 
8.2 .2 that the largest eigenvalue of 1: is A, = 1 + (p - l)p and that the 
other (p -1) eigeDvalues aU take the value A = (1- pl. 

Suppose we assume nothing about 1: except that the smallest p- l 
eigenvalues are equal. Then the m.l.e. of A, is I" the first sample 
eigenvalue of S. and the m.l.e. of ~ is 

T =(trS - I,)/(p - I). 

Note that the corresponding estimates of p. namely 

(l, - l)/(p - J) aDd 1- T 
are not equal. (See Exercise 8.3.3.) 

8.3.2 Asymptotic distributions for normal data 

(8.3 .21 

For Large samples the following asymptotic result. based on the central 
limit theorem, provides useful distributions for the eigenvalues and eigen. 
vectors of the sample covariance matrix. 

Theorem 8.3.3 (Anderson , 1963) LeI 1: be a posi/ive-de!illlte matrix 
with dislinct eigenvalues. Let M - Wp(l:, III) and sel V = III - 1M. Consider 
speclTal decompositions l: = rAT" WId U = GLG', and let ~ and I be Ihe 
vectors of diagonal elemenls in A alld L. 11rell Il,e fol/owing asymptotic 
dislributions hold as III ..... "' : 

(3) 1- ptA, 2A~/ m); Ihat is Ihe eigellvalues of are asymplOlicall}' 
normal, unbiased, and illdependent, with I, having vMiance 2A Nm. 

(b) Il<.,- Np{-y" V ,/III). where 

Ihat is, rile eigelweclOrs of U are asymptolically normal and UIl

biased, and have the staled asymptotic covariallce matrix V J m. 
(c) TI,e covariance between til. rth element of 1:<" aPld the sth elemellt of 

Il< j) is - A,A,yoY';! 111 (A, - A, J' . 
(d) The elements of I are asymptotically independellt of Ihe elemellts of 

G. 
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PrOilf We shall only give the proof of parI (a) here , and we shall use the 
0 .0 and 0.(-) notation given in (2 .9.1) and (2.9.2). 

If M - Wp(l:, m), then M* =r'Mr - Wp(A, m); that is. M* has a 
Wishart distribution with diagonal scale matrix. Set U* = m- IM". 
Then using Exercise 3.4.17 it is easily seen that E(u~) = Ai' 
V(u~) =2m -1Af, E(u~)=O, V(u~)=m- IA''\i' and C(u~, !l~)=0 
for i4 j. Since M* can be represented as the sum of m independent 
matrices from Wp(A, I ), it follows from the ceDtral limit theorem that 
if we write u' = (uf!> ... ,u!J' and A = (,I." ... ,Apl', then 

(8 .3.3) 

and 

Hence 

i# j. (8.3.4) 

Thus, the roots, I,> ... > 1., of the polynomial IV"-111 converge in 
proba bility to the roots. A, > ... > Ap , of the polynomial IA -III; that is 

U:-li ~O, i=I, . . . , p. 

To gel more precise bounds on u~ - t., use (8.3.4) in the standard 
asymptotic expansion for determinants (A.2.3a) to write 

• 
\U*-vI\= n (ut- 0)+0.(11'-'). (8.3.5) 

where 0 is any random variable bounded above in probability 0 = Op(1). 
lD particular, because 4.;;trU*=trU for all i =1, ... , p, it is clear from 
(8.3.4) that Ii = 0 .(1). SiDce I" ... , lp are the eigenvalues of U", setting 
0= 4 in (8.3.5) yields 

p n (uj;-l,) = O.(m- l
), i= 1, .. ", p. 

Now the true eigenvalues A, are distinct so for i ~ j, u~ -I, is bouDded 
in probability away from O. Hence tbe nearness of the above product to 0 
is due to only one lactor, U;, - 4; that is 

i=l, . . . t p· 
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Inserting this result in (8.3.3) gives 

In "'(1 - >.) = ", '/2(0- - >')+ Q,(m - ' i2) ~ NV(O, 2A') 

because the second term, a .(m- II'), converges in probability to 0 . Hence 
part (a) is proved. • 

For a sample of size 01 from a multinormal distribution, the unbiased 
covariance matrix Su = (n -1)-' nS satisfies the assumptions 011 U in tbe 
above theorem with OIl = 01 - 1 degrees of freedom. Thus. the eigenvalues 
I, > ... > l" of Su with eigenvectors Iklh ···, Ikp) have the asymptotic 
distribution stated in the theorem. Of course, asymptotically, it does not 
matter whether we work with S or Suo 

Example 8.3.3 Let I, . .. . , Ip denote tbe eigenvalues of Su for a sample of 
size n. From part (a) of the theorem we deduce tbat, asymptotically, 
I, - N(A .. 2,1.:1(11-1)). Therefore, using Theorem 2.9.2, asymptotically. 

log I, - N(lo.g A" 2/(n - t». 
This le ad~ to. the asymptotic confidence limits 

log A, = log 4 ± z(2/(n _1)"2. 

where z is the relevant critical value from the standard normal distribu
tion. 

For instance, consider the open/closed book data from Example 8.2.3 
where" = 88. Putting z = 1.96 gives (4e-O

.
291

• 4eO.297
) as an asymptotic 

95% confidence interval for A,. Use of the five sample eigenvalues of Su, 
687.0.202.1, 103.7, S4.6, and 32.2, leads to the following intervals: 

(510.925). (150,272), (77.140). (63,1 14). and (24,43). 

Example 8.3.4 Theorem 8.3.3 can also be used for testing hypotheses 
on the eigenvectors of I. Consider, for example, the null hypothesis that 
the ith eigenvector 'Y(i) takes a given value r, where r'r = 1 and we suppose 
that A, has multiplicity L If the null hypothesis 'Y(i)= r is true, then, by 
part (b) of Theorem 8.3.3, asymptotically. 

(n _l)'n(I:(,)-r)- N(O, V,). 

Note that V , has rank (p -1); its eigenvectors are 'Y(n with eigenvalue 0 
and 'Ym with eigenvalue (,1.,,1. ~' + Ai' Ai - 2)- ' for j'" i. Thus, (see Section 
A.S). a g -inverse V~ is defined by the same eigenvectors, and by 
eigenvaJues zero and Aj A. il+ A ~1 A.f- 2 ; thatis~ 

Vi = I ('\,,1.,' + ,1.;-' ,1., - 2Nm'Y;j) = .I.,I-' +A~'l: -21. 
,.,.i 
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Hence, by a modified version of Theorem 2.5.2 on Mahalanobis distances 
(see specifically Exercise 3.4.11), asymptotically, 

(n -l)(g", -r),(A,r' + A;'I- 21)(1:(,) - 1') - X~ ' I' (8.3.6) 

Let W,-=~S- '+I;'S-21 denote the sample version of V,-. Since 
(n - 1)'12(1:(,,- r) = 0 .(1) and V;-= Wi ~op(J), tbe limiting distribution in 
(8.3.6) remains the same if we replace V~ by Wi. As 1:(, ) i, an eigenvector 
of W~ witb eigenvalue 0, (8.3.6) implies. asymptotically, 

(8.3.7) 

8.4 Testing Hypotheses about Principal Components 

8.4.1 Introduction 

It i ' often useful to have a procednre for deciding whether the first k 
principal components include all the important variation in x. Clearly one 
would be happy to ignore the remaining (p - k) components if their 
corresponding popUlation eigenvalues were all zero. However, this hap
pens only if I has rank k, in which case S must also have rank k. Hence 
this situation is only trivially encountered in practice . 

A second possible alternative would be to test the hypothesis that tbe 
proportion of variance explained by the last (p- k) components is less 
than a certain value. This possibility is examined in Section 8.4.2. 

A more con~enient hypotbesis is the question whether the last (p - k) 
eigenvalues are equal. This would imply that the variation is equal in all 
directions of the (p- k)-dimensional space spanned by the last (p-k) 
eigenvectors. This is the situation of isotropic varia/ion, and would imply 
that if one component is discarded , then all the last k components should 
be discarded. The hypothesis of isotropic variation is examined in Section 
8.4.3. 

In all these sections we assume that we are given a random sample of 
normal data of size n. 

8.4.2 The bypothesis that (A, +. , . + A.)/(A, + ... + A.)= t/J 

Let I" . . . , Ip be the eigenvalues of Su and denote the sample counterpart 
of ;JJ by 

.? = (1,+ ... -r 1.)/(1, + ... + ~). 

We seek the asymptotic distribution of .j,. From Theorem 8.3.3 we know 
that tbe elements of I are asymptotically normal. Using Theorem 2.9.2 
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with t = I, II- = A, f( t) = 'l'(1) and /l replaced hy /I - I, we see that V = 2A 2, 
and 

d = dob = {O-I/J)/tr 1: 
I ai, -1il/tT 1: 

for i = 1. , .. , k, 

for i = k + J , ... , p. 

Therefore oj, is asymptotically normal with mean [(Al = I/J, and with 
variance 

,,2 (n -l~(tr 1;)2 {(I -I/J)'(A ~ ... . . . HD+ 1/J2(A; + I + ... H~)} 
2 Ir 1:2 

2 
(n-l )(tr 1:)z (1/J -2 .. 0/1+"), (8.4 .1) 

wbere .. =(A~ + .. . +A;J/(Ai+ . .. +A;). Note that .. may be interpreted 
as the proportion of variance explained by the first k principal compo
nents of a variable whose covariance matrix is 1;2. Results similar to the 
above have also been obtained by Sugiyama and Tong (1976), and 
Kshirsagar (1972, p. 454). Notice that since we are only interested in 
ratios of eigenvalues, it makes no difference whether we work with the 
eigenvalues of S or of Su' 

Example 8,4.1 Equation (8.4.0 may be used to derive approxima te 
confidence intervals for 0/1. This may be illustrated using the open/closed 
book data . Let k = 1 so that we seek a confidence interval for the 
proportion of variance explained by the first principal component. Here 
/I = 88 and we have, 

trSu=l, + . .. + I. = 1109.6, tr S~ =Ii + .. . +I~ = 5.3176 x 10'. 

oj, = 687 .0/tr So = 0.619. 

If we estimate .. and T2 by a and .p, using the sample eigenValues 
I" .. . , I., then we find 

a = 0.888, 1" = 0 .148/87 = 0.0017. 

Thus, the standard error of ob is (0.0017)' 12 =0.041, and an approximate 
95% confidence interval is given bv 

0.619 ± 1.96(0.041) = (0.539,0.699). 

In other words. although the point estimate seemed to indicate that the 
first principal component explains 61% of the variation, the 95% confi
dence interval suggests that the true value for the population lies between 
54% and 70%. 
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8.4.3 The bypotbesis tbat (p - k ) eigenvalues of 1: are equal 

It should be noted that any non-zero ei~envalue, however small, is 
"significantly" different from zero, because il A. = 0 then the scatter of 
points lies in a lower-dimensional hyperplane and so I. = 0 with probabil
ity one. Hence a test of the hypothesis A. = 0 has no meaning. However. a 
test of whether A. = A._, is meaningful. This would be testing the 
hypothesis that the scatter is partially isotropic in a two-dimensional 
subspace. 

We consider the more general bypothesis that A. = Ap _ , = . .. = Ak + ,. 
The isotropy test is usefuJ in determining the num ber of principal compo
nents to use to describe the data. Suppose we have decided to include at 
least k components, and we wish to decide whether or not to include any 
more. The acceptance of the null hypothesis implies that if we are to 
incl ude more than k principal components we should include aU p of 
them because each of the remaining components contains the same 
amount of information. 

Often one conducts a sequence of isotropy tests, starting with k = 0 and 
increasing k until the null hypothesis is accepted. 

The likelihood ratio for this hypothesis can be found in the same 
manner as that used for the one-sample hypotheses on 1: which were 
discussed in Chapter 5. As Theorem 5.3.2 indicated , the LRT is given by 

-210gA = I/p (a - 1 - log g), 

where a and g are the arithmetic and geometric means of the eigenvalues 
of i - 's, where i is the m.l.e. of 1: under the null hypothesis. Now in our 
case, by virtue of Theorem 8.3.2, t and S have the same eigenvectors, 
and if the e igenvalues of S are (I Lo ...• Ip), then the eigenvalues of i are 
(I, •... , Ik' ao, . . . , ao), wbere ao = (I~ " + ... ... Ip )l(p - k) denotes the 
arithmetic mean of the sample estimates of tbe repeated eigenvalue. (In 
our problem, we assume that the repeated eigenvalues come last, al
though there is no need for this to be so.) It foUows that the eigenvalues --, of 1: S are (1, . . . , I , Ik .. /an, . . .. Va n). Therefore a = 1 and g = 
(go/ao)(p- k)l., where 80 =(lh' X ... X 1,.),,··-0, is the geometric mean 
of the sample estimates of the repeated eigenvalue. inserting these values 
in the above equation we deduce that 

-2 log A = I/(p-k) log (a o/go). (8 .4.2) 

Now the number of degrees of freedom in the asymptotic distribution of 
-2 log A might appear to be (p - k -1), the difference in the number of 
eigenvalues. However, this is not so because HI) also affects the number 
of orthogonality conditions whicb 1: must satisfy. In fact (see Exercise 
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8.4.1) the relevant number of degrees of freedom is 1(p - k T 2J(p - k -I). 
Also, a better chi-squared approximation is obtained if " in (8.4.2) is 
replaced by n' =" -(2p + 11)16 to give Bartlett's approximation, 

( 
2P+ll) (ao) 2 

/I 6 (p- k) log g;; - X (p-k'2)<p-k-'>l2, (15.4.3) 

asymptotically. Note that the ratio ao/go is the same whether we work 
with the eigenvalues of S or Suo 

ElUlJIIple 8.4.2 The three-dimensional data [rom Jolicoeur and 
Mosimann (1960) relating to /I = 24 male turtles given in Example 5.3.4 
may be used to test the hypothesis tbat A2 = A , • Using S, given in 
Example 5.3.4, it is found that I, = 187.14, 12 = 3.54, '3 = 1.05. The values 
of a " and go in (8.4.2) are 

ao =~(3.54 + 1.05) = 2.29. g" = (3 .54 X 1.05)"2 = 1.93. 

Also, ,,' =24-17/6=21.17. Thus, the test statistic is given by 

-2 log A = (21.17)(2) log (2.2911.93)=7.24, 

which under Ho has a chi-sq uared distrihution with i(p-k +2)x 
(p - k -1) = 2 degrees of freedom . The observed value lies between tbe 
95th percentile (=5.99) and the 99th percentile (=9.2 1). 

8,4.4 Hypotheses concerning correlation matrices 

When the variables have been standarized. the sample correlation matrix 
R may be regarded as an estimate of the population correlation matrix P. 
The hypothesis that all eigenvalues of P are equal is equivalent 10 the 
hypothesis that P = I. In (5.3.17) we described a test of this hypothesis 
due to Box (1949). This uses the statistic -/l'logIR I, where /1'= 
It - (2 p + 11)/6. This statistic has an asymptotic chi-squared distribution, 
with !p(p - 1) degrees of freedom. 

Considerable difficulties arise if a test is required of the hypothesis that 
the (p-k) smallest eigenvalues of P are eq ual, where O<k<p-1. 
Bartlett (1951) suggested a test statistic similar to (8.4.2), namely 

(/I - I)(p - k) log (a,Jgo), (8.4.4) 

where ao and go are the arithmetic and geometric means of the (p-k) 
smallest eigenvalues of R . (See also Section 5.3.2a.) Unfortunately, this 
statistic does not have an asymptotic chi-squared distribution. Neverthe
less, if the first k components account for a fairly high proportion of the 
variance, or if we are prepared to accept a conservative test, we may treat 
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tbe above expression as a c1u-squared statistic with !(p - k + 2)(p- k -1) 
degrees of freedom (Dagnelie. 1975. p. 181; Anderson, 1'163). 

Example 8.4.3 The correlation matrix of the openlclosed book data has 
eigenval ues 3.18, 0.74.0.44,0.39. and 0.25. Use of (8.4.4) leads to the 
following test statistics: 

for the hypothesis A~ = A, = A. = As, 

{or the hypothesis 

X~= 26. 11, 

xi= 7.30. 

The former is significant at tbe ! % level, but tbe latter is not even 
significant at the 5% level. Thus we accept tbe hypothesis A, = A. = As. 

8.S Correspondence Analysis 

Correspondence analysis is a way of interpreting contingency tables which 
ha~ ,everal affinitie with principal component analysis. We shall intro
duce this techniq ue in the context of a botanical problem known as 
"gradient analysis". This concerns the quantification of the notion that 
certain species of flora prefer certain types of habitat, and that the ir 
presence in a particular location can be taken as an indicator of the local 
conditions. Thus one species of grass might prefer wet conditions, while 
another might prefer dry conditions. Other species may be indifferent. 
The classical approach to gradient analysis involves giving each species a 
" wet-preference scorc", accord ing to its known preferences. Thus a 
wet-loving grass may score to, and a dry-loving grass 1, with a fickle or 
ambivalent grass perhaps receiving a score of 5. The conditions in a given 
location may now be estimated by averaging the wet-preference scores of 
the species that are found there. To formalize this let X be the (rt x p) 
one-zero matrix which represents the occurrences of n species in p 
locations: that is, x;, = I if species i occurs in location j, and x;; = 0 
otherwise. U r, is the wet-preference score aUocated to the ith species, then 
the average wet-preference score of the species fo und in location j is 

S. a:. L ~/l/x' i' where x' l = L ~J. 
I 

This is the estimate of wetness in location j produced by the classical 
method of gradient analysis. 

Olle urawback of the above method is that the r, may be highly 
subjective . However, they themselves could be estimated by playing the 
same procedure in reverse-if s, denotes the physical conditions in 
location j, then r, could be estimated as the average SCOre of the locations 
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in which Ihe ith species is found; thaI is 

The tecimiqlle of correspondellce analysis effectively rakes both the above 
relatiolls/lips Sin", ltaneollsly. and uses them to deduce scorillg vectors r alld 
S which satisfy both the above eqllatiolls. The vectors rand s are gellerated 
i,tremally by the data, ,a,her Ihan beil1g extemally glVell. 

To see how correspondence analysis is related to principal component 
analysis. let us wTite the above equations in matrix form. Letting A = 
diag (x, .), B =diag (x-;l. the above two equations are 

r 0: A- IXs. 

If both these eq uations hold simultaneously then 

r o:: A - LXB- 1X'r 

and 

(8.5.1) 

18.5 .2) 

Therefore r is an eigenvector of A - IXB- IX'. a matrix which depends only 
on the elements of X. Similarly s is an e igenvector of B- 'X'A-IX. 

Of course one wou ld like the coefficients of proportionality in each of 
the above eq uations to be unity. SO that r and s can be interpreted as 
arithmetic means. This would lead one to choose r and 8 as the eigenvec
tors corresponding to an eigenvalue of unity. Unfortunately however. 
although uni ty is indeed an eigenvalue. the corresponding eigenvectors 
are each 1. Hence this requirement would involve all scores being made 
identical, which is not a very sensible req uirement. 

Therefore we are led to consider solutions of (8.5.1) and (8.5.2) which 
involve an e igenvalue p'" 1. The correspondence analysis technique is to 
choose the largest eigenvalue less than I . One then uses the correspond
ing (right) eigenvectors of A- 1XB-IX' and B- IX'A-' X to order the 
wet-preferences of the species and locations, respectively. 

It is not difficult to show that if r is a standardized eigenvector of 
A- 'XB- 'X' with eigenvalue p (p >O), then s = p-l/2B- IX'r is a standar
dized eigenvector of B- IX' A - ' X with the same eigenvalue. Further if 
p<1 then r'A1 =0 and s'B1 =0. See Exercises 8.5.1-8.5.3. 

For more details of the method of correspondence analysis see Hill 
{I 974). 

Example 8.5,1 In an archaeological study there are six graves containing 
five types of pottery between them. It is desired to order the graves and 
the pottery chronologically. Let X;, = 1 if the ith grave contains the jth 
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pottery and 0 otherwise. Suppose 

1 2 3 4 5 

A 0 0 1 1 0-

B I 1 0 0 1 

C 0 1 1 L 
X = 

D 0 0 I I 0 

E I 0 0 0 

F 1 0 1 

The largesl eigenvalue of A-IXB-IX' less than one is 0.54, giving 
standardized eigenvectors r ' = (0.515, - 0.448, 0.068, 0.515. -0.513, 
0.009) and 8'=( - 0.545, - 0.326,0.476,0.476, -0.380), thus leading to 

chronological orders «A, 0) , C, F, B, E) and «3,4),2,5,1). Re-ordering 
the columns of X. we get 

3 4 2 5 

A L 0 0 0 

D 0 0 0 

C 1 1 0 

F I I 0 1 

B 0 0 1 1 1 

E 0 0 0 1 1 

Columns 3 and 4 are indistinguishable, as are rows A and D. Also, the 
direction of time cannot be determined by this technique. otice that the 
I s are clustered about the line between the upper left-hand corner of the 
matrix and the lower right-hand corner, agree ing with one's intuition that 
later graves are assodated with more recent types of potte ry. Thus the 
correspondence analysis seems reasonable. 

8 .6 AUometry-the Measurement of Size and Sbape 

One probLem of great concern to botanists and zoologists is the question 
of how bodily measurements are best summarized to give overall indica
tions of size and shape. This is the problem of " allometry", which is 
described in considerable detail by Hopkins (1966). Sprent (1969, p. 30. 
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1972), and Mosimann (1970). We shall follow the approach of Rao 
(1971). 

Define a size faclOr to be a linear function s = a'x such that an increa e 
in s results "on average" in an increase in each element of x. Similarly, a 
sltape faclOr is defined as a linear function h = b'x for which an increase in 
It results "on average" in an increase in some of the elements of x and in 
a decrease in others. 

The phrase "on average" is to be interpreted in the sen e of a 
regression of x On s (and h). The covariance between s and X; is 
E(a'x>; ) = a'a" where a , is tbe ith row of the covariance matrix 1:= V(x). 
Therefore tbe regression coefficient of X; on s ,s 

C(x" s) a'a , 
V(s) a'l',a . 

[f ~ is a pre-assigned vector of positive elements which specify the ratios 
of increases desired in the individual measurements, then to determine a 
such that a'x represents size. we must solve the equation 

1:a '" ~. 

Tben !; is called a size veceor. Note the difference between the size 
veC/OT ~ and the size factor a'L in practice we often use standarized 
vectors x sO that 1: is replaced by the sample correlation matrix R. In 
these circumstances it is plausible to take!; to be a vector of ones. so tbat 
a "' R- Il. 

Using similar argwnents Rao suggests Lbat a shape factor should be 
h = b'x. where the elements of b are given by R- ' ..... where .... is a 
pre-assigned vector of plus and minus ones, with possibly some zero. Of 
course, it is possible to consider several different shape factors. Note that 
the interpretation of a sbape factor is given by looking at Lbe components 
of the sbape veceor .... , not the coefficients b of the shape jac/or b'x. U the 
variables are uncorrelated so that R = I, then the two vectors coincide. 

Since it is only the relative magnitude of the elements of Ii and .... which 
are of interest, both sand h may be re-scaled without affecting their 
interpretive value. If a and b are scaled so that sand h have uni t variance 
(and if each column of the data X is scaled to have mean 0 and unit 
variance), then the correlation betwo!en s and II is given by 

A shape factor corrected for size can be obtained by considering 

11'= Il - ps. 
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The values of s and I,' are uncorrelated , and can be plotted on a 
two-dimensional chart. 

An alternative approach to allometry based on principal components 
has been suggested by Jolicoeur and Mosimann (1960). If all tbe coeffi
cients of the first principal component are positive, then it can be used to 
measure size. In this case tbe other principal components will have 
positive and negative coefficients, since they are o rthogonal to the first 
principal component. Therefore second and subsequent principal compo
nents may be taken as measures of shape. (Note that if all the elements of 
the covariance matrix are positive. then the Perron-Frobenius theorem 
ensures that all the coefficients of the first principal component are 
positive-see Exercise 8.6.1.) 

One advantage of principa l components is that the principal component 
loadings have a dual interpretation in Rao's framework. First, if III 1\ is the 
first eigenvector of R , that is 1l< 1l is the loading vector of tbe first principal 
component, then ~ = g, 1\ can play the role of a size vector. Moreover, sInce 
a = R- 1g,n '" g,1). Il<n can also be interpreted as the coefficient vector of a 
size faclOr s = gI"x. The other eigenvectors can be used to measure 
,bape, and the sizes of the eigenvalues of R give some indication of the 
relative magnitude of the varjous size and sbape variations within the 
data. 

Unfortunately, the interpretation of principal components as size and 
shape vectors is not always straightforward. One's notions of size and 
shape are usually given in terms of simply-defined ~ and TJ (usually 
vectors of ± Is and Os), hut the principal component loadings can behave 
'00 arbitrarily to represent size and shape in a consistent way (Rao, 
1964). 

Example 8_6_1 [n an analysis nf 54 apple trees, Pearce (1965) considers 
the following three variables: total length of lateral shoots, circumference 
of the trunk, and height. Although the variables can all be measured in 
the same units, it is sensible in this case to use standardized variables 
because the variances are clearly of different orders of magnitude. 

The correlation matrix is 

0.5792 0.2414] 
1 0.5816 , 

I 

~iving principal components 
Y ,= 0.554x , + 0.65\ x., + 0.520x,. 

y, = -0.657x, -0.042x, + O. 753x" 

Y3 = -0.51Ix, +0.758x2 - 0.404x, 
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with corresponding variances 1.94, 0.76, and 0.33 (64, 25, and 11 % of 
the total, respectively). Note that the first principal component is effec
tively the sum of the three variables, the second principal component 
represents a contrast between X, and x" and the third is a contrast 
between x2 on the one band and x, and x, on the other. 

If we use a size vector ~=(1, 1, 1)" then we get a size factor 

s = 0.739x, + 0. 142x~ + 0.739x" 

which is similar to the first principal component y" although the second 
coefficient is perhaps low. Similarly a shape vector 11 , = (1. 0, - 1), con
trasting X, with -', leads to a shape factor 

which is similar to the second principal component. However, if we use a 
sbape vector .... 2 =(1, -1, 0)' to study the contrast between x , and x2 , we 
obtain a shape factor 

h, = 2.56x , - 3.21x2+ 1.25.>:, 

which bears no resemblance to any of the principal components. 

8.7 Discarding of Variables 

In Section 6.7 we gave a method of discarding redundant variables based 
on regression analysis. We now give a method based on principal compo
nent analysis. 

Suppose a principal component analysis is performed on the correlation 
matrix of all the p variables. lnitially, let us assume tbat k variables are to 
be retained where k is known and (p- k ) variables are to be discarded. 
Consider the eigenvector corresponding to the smallest eigenvalue, and 
reject the variable with the largest coefficient (absolute value). Then the 
next smallest eigenvalue is considered. This process continues until tbe 
(p - k ) smaUest eigenvalues have been considered. 

In general, we discard the variable 

(a) which has the largest coefficient (absolute value) in the compone nt, 
and 

(b) which bas not been previously discarded . 

This principle is consistent with the notion that we regard a component 
with small eigenvalue as of less importance and , consequently, the vari
able whiclt dominates it should be of less importance or redundant. 
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However, the choice of k can be made more realistic as follows. Let Ao be 
a thresltold value so that eigenvalues ~ .. ~ f' can be regarded as contribut
ing too little 10 the data. The metltod in essence is due to Beale el al. 
(1967). Jolliffe (1972) recommends Ao= 0.70 £rom various numerical 
examples. 

Example 8.7.1 Consider Jeffers' (1967) pine pit-prop data of Example 
6.7.1. From the principal component analysis on the correlation matrix 
(see Example 8.2.6). it can be seen that the firs t six components account 
lor 87% of the variability. The other seven eigenvalues are below the 
threshold val ue of .0.0 =0.70, so seven variables are to be rejected . The 
variable with the largest coefficient 011:(13)' the eigenvector corresponding 
to the smaUest eigenvalue, is the second and so x., is rejected. Similarly, 
the variabl~ with largest coefficients in K\1 2) • ... '~7) are X4~ X7. XIO• X6 , 

X., X'2, respectively. aDd as these are aU distin.ct, these are successively 
rejected. 

An alternative method of discarding variables based on the multiple 
correlation coefficient was given in Example 6.7.2, and the two methods 
give different sets of retained variables. For example, to retain six 
variables the above principal component method chooses variablC$ 
l, 3, 5, 8, J 1,13 whereas lrom Table 6.7.4. the multiple correlation 
metbod chooses variables 3,4, In, ll, 12, 13. Variahles, 3, J I, and 13 arc 
retained by both methods. 

Remarks (1) Instead of using Ao, k may be SCI equal to the number of 
components needed to account for more than ~ome proportion, a o. of total 
variation. Jolliffe found in his examples that An appeared to be better than 
ao as a criterion lor deciding bow many variable to reject. He finds 
a,,=O.80 as the best value if it is to be used . Further, using either 
cri terion. at least four variables sbould always be retained . 

(2) A variant of this method of discard ing variables is given by the 
following iterative procedure. At each stage of the procedure reject tlte 
variable associated with the smallest eigenvalue and re-perform the 
prinCipal component analysis o n the remaining varia hies. Carryon until 
all the eigenvalues are bigh. 

(3) T he relation between tbe "smaUness' of !.I,x, and the rejection of 
one particular variable is ratlter open to criticism. However, present 
studies lead us 10 the beliel that various different methods of rejecting 
variables in order to explain the variation within X produce in practice 
almost the same results (see Jolliffe, 1972, 1973). Of course. the method 
selected to deal with one's data depends upon tbe purpose or the study, as 
the next section makes clear. 
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8.8 Principal Component Analysis in Regression 

In the multiple regression model of Chapter 6 it was noted that if the 
independent variables are higbly dependent, then the estimates of the 
regression coefficients will be very imprecise . In this situation it is 
advantageous to disregard some of the variables in order to increase the 
stability of the regression coefficients. 

An alternative way to reduce dimensionality is to use principal compo
nents (Massy, 1965). However, the choice of components in the regres
sioo context is somewbat different from tbe choice in Section 8.2.5. In 
that section the principal components with the largest variances are used 
in order to explain as much of the total variation of X as possible. On the 
other hand, in the con text of multiple regression it is sensible to take 
those components having the largesl correia lions with the dependent 
variable because the purpose in a regression is to explain the dependent 
variable. In a multivariale regression the correlations with each of the 
dependent variables must be examined . Fortunately, there is often a 
tendency in data for the components witb the largest variances to best 
explain the dependent variables . 

If the principal components have a natural intuitive meaning. it is 
perhaps best to leave the regression equation expressed in terms of the 
components. In other cases , it is more convenient to transform back to 
the original variables. 

More specifically. if II observations are made on a dependent variable 
and on p independent variables (y(n x 1) and X(II x p» and if the obser
vations are centred so that y = it = 0, i = 1, ... , p. then the regression 
equation is 

y =xp+£, where £-N.(0.o-'8) and 8=I- n ' I11' . (8.8.1) 

If W = XG denotes tbe principal component transformation then tbe 
regression equation may be written 

y=Wa+£, (8.8.2) 

where a= G'II . Since the columns of W are orthogonal, tbe least squares 
estimators 6; are unaltered if some of the columns of Ware deleted from 
tbe regression. Further, their distribution is also unaltered . The full vector 
of least squares estimators is given by 

ci=(W'W)'IW'y and £=y-Wci, 

or 

J =1 •.. .• P. (8.8.31 
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where ~ is the itb eigenvalue of the covariance matrix. n " X 'X . Then 6, 
has expectation Q i and variance O" /(nl,). The covariance between W; and 
y. 

(8.8.4) 

can be used to test whether or not the contribution of Wi to the regression 
is significant. Under the null bypothesis, Q i = 0, 

aj(nU t12 weoY 
(E'E/(n - p-l»IJ2 (i;nE'i /(ll-p -J))," (" '.'1' 

(8.8.5) 

regardless of the true values 01 the other Q j . 

Because the components are orthogonal to one another and orthogonal 
10 the residual vector J we can write 

p 

y'y = I 6;Wij\W(O+ E'E 

• 
=- L II~Q i+ E'E. (8.8.6) 

i=l 

Thus, n46f/y'y = corr' (y. we. » represents the proportion 01 variance 01 y 
accounted lor by component i. 

Selecting those components for which the statistic in (8.8.5) is signific
an t is a straigbtforward way to choose which components to retain . 
Procedures wbich are more theoretically justifiable have also been de
veloped (see Hill et al., 1977 ). 

Example 8.8.1 Consider the Jeffers' (1967) pitprop data of Examples 
6.7.1. 6.7.2, and 8.2.6. The proportions 01 the variance 01 y accounted for 
by each of the components and by the residual vector (times 100%) are 
give n by 7.56. 33.27, 3.05. 0.26 , 13.70, 6.13, 3.24. 1.28, 0.03,0.00,0.07, 
4.56, 0.00. and 26.84; and ci is given by 

ci = (0.134" . -0.374",0.128*' , -0.048. -0.388". 0.274". -0.237*'. 

-0.170'·.0.031 . 0.000, -0.1 15, - 1.054*', 0.002). 

Using the distributional result (8.8.5). we can check from Appendix C, 
Table C.2 whether eacb 6, is significantly different from zero, and' (") 
indicates significance at the 5% (1%) level. 

By a procedure similar to Example 8.2.6, Jeffers decided to retain six 
components in his analysis. Of these components, 1.2,3.5. and 6 bad 
significant regression coefficients, so leffers carried out his regression on 
tbese five components. 

However, from the above discussion a more valid analysis would be 
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obtained by including components 7, 8, and 12 as well. Letting J = 
{1, 2, 3. 5. 6. 7.8, 12} denote the set of retained components. the reo 
stricted least squares estimator Ii for a is given by a, = af lor j E J and 
a;=O for jeJ. Then ~ =Gii . If a, =0 for jeJ, then the variance of each 
~, is given by 

je l 

otice that '12=0.04 is very small compared to the other retained 
eigenvalues. Thus, for several variables (namely, 1,2,3,4, and 5). V(~i ) 
is drastically increased by including component 12. (However. these high 
variances are partly balanced by the resulting large correlations between 
these ii,.) Hence. for this data. the regression is more easily interpreted 
in terms of the principal components than in terms of the original 
variables. 

The problem of redundant information in a mUltiple regression can also 
be approached by discarding variables, and Example 6.7.1 describes this 
technique applied to the Jeffers' data. Note that the regression based on 
the eight most significant principal components explains 72.8% of the 
variance of y. which is slightly better than the 72.5% obtained from Table 
6.7.3. using the optimal choice for eight re tained variables. However. for 
fewer than eight retained variables or components. the discarding vari· 
abies approach explains a higber percentage of the variance of y than 
the principal componen ts approach. 

[n general, it is perhaps prelerable to use the discarding variables 
approach because it is conceptually simpler. 

Another tecbnique for dealing with redundant information in a regres· 
sion analysis is the method of ridge regression (HoerJ and Kennard, 
1970). See Exercise 8.8.1. 

Exercises and Complements 

8.1.1 For 

p>'O. 

show that the eigenvaJues are 

!(T~ + (Til ±t.1, where .1 = {«T~ -(Til' + 4(Ti(Tip2},11 

with eigenvectors proportional to (2p<r,(T2, (Ti-(T~ +.1) and «Ti- (Ti +.1, 
- 2p<r,(T2)' 
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8.1.2 Find the eigenval ues and eigenvectors of 

I = [(3 2;il I ~il ~]. 
(3 1 1+1l 

(Hint: 1:-il l =«(3. l. 1)'((3, I , 1) is of rank 1 wit h non·zero eigenvalue 
(3'+ 2 and eigenvector «(3. 1,1)'. Therefore I has eigenvalues (3 2+8+2. 
Il. Il. and the same eigenvectors as 1:-81.) 

8.1.3 Suppose that x' = (x " x,) has a bivariate multinomial distribution 
with ,,= l. so that x ,= 1 with probability p. and x ,= 0 with probability 
(I = 1- p. and x, always satisfi es X2 = I - X , . 

(a) Show that the covariance matrix of x is 

( 1 -1) 
pq - 1 l' 

(b) Show that the eigenvalues of this matrix a re 2pq and zero. and that 
the eigenvectors are (I. -1), and (1 , 1)" respectively. 

8.2.1 (DagneJie, 1975. p. 57) Berce and Wilbaux (1935) collected 
measurements on five meterologica l variables over an I I-year period. 
Hence II = 11 and p =5. The variables were 

x I = rainfall in ovember and December (in millimetres). 
x, = average July temperature (in degrees Celsiu ) 
x, = rainfall in Jul y (in millimetres). 
x. = rad iation in July (in milJili tres of alcohol). 
Xs = average harvest yield (in quintals per hectare). 

The raw data was as foUows: 

Year X, x, x, x. x, 

192()-Z I H7.9 19.6 1.0 1661 28.37 
192 1-22 89.9 15.2 90. 1 968 23 .77 
1922-23 153.0 19.7 56.6 1353 26.04 
1923-24 132.1 17.0 91.0 1293 25.74 
1924-25 88.S lR.3 93.7 1153 26.6g 
1925-26 220.9 17.8 106.9 1286 24.29 
1926-27 117.7 17.8 65.5 1104 28.00 
1927- 28 109.0 18.3 41.8 1574 28.37 
1928-29 156.1 17.8 57.4 1222 24.96 
1929-30 181.5 16.8 140.6 902 21.66 
1930-31 181.4 17.0 74.3 1150 24.37 
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Show tbat this data leads to the mean vector. covariance matrix, and 
correlatioo matrix given below: 

x = (138.0. 17.75, 74.4, 1242.25.66). 

1794 -4.473 726.9 -2218 -52. OJ 

-0.087 1.488 - 26.62 197.5 1.577 

RIS = 0.491 -0.624 1224 -6203 -56.44 

-0.239 0.738 - 0.808 48104 328.9 

-0.607 0.640 -0.798 0.742 4.087 

(This matrix contains correlations below the main diagonal. variances on 
the. main diagonal, and covarianoes above the main diagonal.) 

8.2.2 (Dagnelie, 1975. p . 176) Using the correlation matrix for the 
meteorological variables x, to x. in Exercise 8.2.1, verify that the principal 
components Yo to y. explain 65,24,7. aDd 4%. respectively, of tbe total 
variance, and that the eigenvectors (x 1000) are. respectively. 

(291, -506, 577. -571), (871. 425,136,205), 

(-332,742.418. -405), (-214, -1 11. 688, 685). 

Following Section 8.2.5, show that the correlations between x, and Y, 
are given by the elements of the following matrix (+ 1000): 

[ 

468 862 -177 -81j 
-815 420 397 -42 

930 135 223 260 

-919 202 -216 259 

Hence calculate the proportion of varianoe explained by y, and Y. for 
each of XlJ X2, x3, and X4' 

8.2.3 (Dagnelie . 1975. p . 178) Using the covariance matrix for the 
meteorological variables Xl to ;(. used in Exercise 8.2.2, show that eigen
values are 49023, 1817 . 283, and 0.6, and that the eigenvectors (XIOOO) 
are, respectively, 

(-49,4, - 129, 990). 

(-296, -8,949.109), 

(954,3.288, 84), 

(-5,1000,8, -3). 

Interpret the principal components, and compare them with those 
based on the correlation matrix found above. Which interpretation 
is more meaningful? 
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8.2.4 Exercise 8.2.2 gives the first principal component in terms of tbe 
standardized variables u, = xJs,. Express this linear combination in terms of 
the original variables X;, and standardize the coefficients so tbeir squares 
sum to 1. Compare this new linear combination with tbe first principal 
component using the covariance matrix (Exercise 8.2.3), to illustrate that 
principal component analysis is not scale invariant. 

8.2.S U X is a sample data matrix, show that no SLC of the observed 
variables has a variance which is larger than that of the first principal 
component. Also prove resul t~ corresponding to the other parts of 
Theorems 8.2.1-8.2.3. 

8.2.6 (a) Extending Example 8.2.3, show that tbe first four students io 
Table 1.2.1 have lhe following SCOres on the first two principal compo
nents. 

St.udenr 

I 
2 
3 
4 

Principal 
component 

66.4 
63.7 
63.0 
44 .6 

2 

6.5 
-6.8 

3.1 
-5.6 

(h) Show that tbe score on the first principal component is zero if aDd 
only if 

O.5ix, +0.37 x. + 0.35x,+ 0.45x. + 0.53xs -99. 7 = 0 

and the score On the second principal component is zero if and only if 

O. 75x, +0.21x2 -0.08.<, -0.30x.-0.55xs + 1.5 =0. 

8.2.7 Suppose F is a (p x k) matrix (/''''' p) with orthonormal columns 
and let A,:;' A, ... :;. Ap. Set 

" 
h, = I f~, i =1 .. , . . PI .. , 

and set 
• • k 

d> (h) = I ,,,A, = I I f~A ,. 
i - I I - I i" " 1 

Show that 
p 

0,,;; h. ""1 and I h,=k. 
,- 1 
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Hence deduce that c/>(b) is maximized when h, = ... = "" = 1, and h •. , = 
... = lip =0; that is, when fhe columns ofF span the subspace of the first 
k rows of F. 

8.2.8 In Example 8.2.5, the regression with both variables subject to 
error, let S denote the (2 x 2) covariance matrix of the data X. Using 
Exercise 8.1.1, show that the first principal component of the covariance 
matrix of (Ax" x,) is given in terms of (x J , x2 ) by the line with slope 

a = [522 - ASIl +{(S21- ASII)'+4 AS~2}'I2J/2s 12' 

Show that 

ISl2llsll <> lal<> s22/Is" I; 
that is. the slope lies between the slopes of the regression lines of X, on x, 
and of x, on x,. Also show that the line goes through the sample mean 
(x" j.J if we take Ii = x,-ax,. 
8.2.9 Verify formula (8.2.14) to show that the correlations between 
all the variables and a group G of components can be combined to give 
that part of the total variation accounted for by the components in G. 

*8.3.1 (Girshick, 1939) The p .d.f. of the eigenvalues of a W.(l, m) 
distribution is 

f(1 ..... , t,,)=c Ii Ijrn - . - I>n f1 (~-I,)exp( -1 t I;). 
, - l i<, l ozo l 

Show that this may also be written 

{(I ..... , 1,,) = cg·1m
- . - OIl exp (-iap) n (4 -/j), 

i <, 

where a and g are the arithmetic and geometric means of the eigen
values. Show that the eigenvectors of the Wishart matrix have the Haar 
invariant distribution on the space of orthogonal matrices. 

8.3.2 Show that in the situatioo of E aml'ie 8 .3.3, alternative confi
dence intervals could in 'principle be obtained [rom the fact that, asymp
totically, 

(Hn - 1)'12(1, - AJ/.I.; - N(O, 1). 

Show that this leads to confidence intervals which can include negative 
values of Ai' and hence that the variance·stabilizing logarithmic transform 
used in Example 8.3.3 is preferable . 

8.3.3 If p, and P2 are the two estimates defined in (8.3.2), show that 

p,=p,+ {(p-trS)/( p -I)}. 
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Hence the estimates are equal if and only if tr S = p. 
Compare these estimators with the m.1.e. of p given in Exercise 4.2.12, 

where X is assumed to be of the form ~=<T'[( l-p)l +pll·]. 

8.4.1 Show that -2 log A given by (8.4.2) has an asymptotic chi-squared 
distribution with ~(p - k + 2)(p - k - 1) degrees of freedom. (Hint: Under 
Ho, X is determined by k distinct eigenvalues and one common eigen
value, and the k eigenvectors each with p components which correspond 
to the distinct eigenvalues. This gives k + 1 + kp parameters. However, 
the eigenvectors are constrained by i,k(k + 1) orthogonality conditions, 
leaving k + 1 +kp-~k(k ... 1) free parameters. Under H , the Dumber of 
free parameters is obtained by putting Ie = p -1, viz. p + (p - l)p
i,(p-l)p =~p(p+l). By subtraction and using Theorem 5.2.1, we find 
that the number of degrees of freedom is i(p- Ie + 2)(p - k -1).) 

8.4.2 (Dagnelie. 1975, p. 183) An (86 )< 4) data matrix led to the 
covariance matrix 

s ~ ['"'''''' 

-0.008545 0.001 143 - 0.006 594] 
0.003 318 0.000533 0.003 248 

0.004 898 0.005231' 
0.008463 

Here the variables relate" to the number of trees, height , surface area. and 
volume of 86 parcels of land. The eigenvalUes of S are 

1,=0,033687, 1,=0.01l163, 1,=0.000592, and 1.=0.000241. 

Calculate the 'percentage of variance explained' by the various principal 
components and show that 

tr S = 0.045 683 and lSI = 0.536 41 x 10 '0. 

Show that if the hypothesis is A, = ,1.2, = A, = A" then using (8.4.3) 
gives as a test statistic 

(86 -~) log 317.2 = 477 , 

which is highly significant against X~· 
Show similarly that the hypothesis A, = A, = A. gives a X; statistic of 

306, and the hypothesis ,1., = 44 gives a X~ statistic of 16.2. Since all these 
are highly significant we conclude that the eigenvalues of X are all 
distinct. 

8.4.3 (See Kendall, 1975. p. 79). Let D, be the determinant of S so that 
D,=I,I, .. . Ie' Let D 2 be the determ"inant of the m.l.e . of X tbat would 
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have arisen had the last (p - k) eigenvalues of l: been assumed equal. 
Show that 

D = II ,("+' + ... +"')P-> , '2'''' p-k . 

Hence show that 

where ao and go are the arithmetic and geometric means of the last 
(p- k) eigenvalues of S. Hence show that" log (D,/D,) = - 2 log A. where 
-Zlog A is given by (8.4.2). 

8.4.4 Consider tbe special case of (8.4.1) where k = I. Sbow that ill this 
case () = tb' tI' ~/tr 1;2. so that 

Confirm that this form ula leads to tile same numerical results as obtained 
in Example 8.4.1. 

8.5.1 Show that the matrices A-lXB 'X' and B 'X'A 'X in (8.5.1) and 
(8.5.2) bave an eigenvalue of unity and that each of the corresponding 
eigenvectors is a vector of ones. 

8.5.2 Show that each eigenvalue p of A -IXB- IX' lies between () and 1, 
and if p < 1 then tbe corresponding eigenvector r satisfies l' AJ = O. Prove 
a similar result for the matrix B- 'X'A-' X. (Note that A "21 is an 
eigenvector of the symmetric posltrve semi-dehnite matrix 
(A -I/'XB-1/2)(A-I/'XB- II' )' and all other eigenvectors must be or
thogonal to this one.) 

8.5.3 If r is a standardized eigenvector of A -IXB- IX' with eigenvalue 
p (p > 0), show that p- InB-1X'r is a standardized eigenvector of 
B- 1 X' A - I X with the same eigenvalue. 

8.6,1 (perron-Frobenius theorem) If A is a symmetric matrix with 
positive elements, then aU of the coefficients of the first eigenvector of A 
have the same sign. (Hint: Let I be the first eigenvector and define m 
by ,,~= IH Then m'Am;;.I'A1.) 

8.7.1 The following principal components were obtained from the cor
relation matrix of six bone measurements on 276 fowls (Wright. 1954). 
Show that by taking the threshold value A,,= 0 .70 we reject variables x •. 
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X., Xl' and X, in that order. 

Component numbers . 
-Measurements 2 3 4 5 6 

X,. skull length 0.35 0.53 0.76 -0.05 0.04 0.00 
' " skull breadth 0.33 0.70 -0.64 0.00 0.00 -0.04 
X3. wing humerus 0.44 -0.19 -0.05 0.53 0.19 0.59 
x,.. wing ulna 0.44 -0.25 0.02 0.48 -0.15 -0.63 
\: .. , leg 0.43 -0.28 -0.06 -0.51 0.67 -0.48 
x,,, leg tibia 0.44 -0.22 -0.05 -0.48 -0.70 0.15 

Eigenvalues 4.57 0.71 0.41 0.17 0.08 0.06 

Show that the six components can be interpreted as overall size, head 
size versus body size, head shape, wing size versus leg size, leg shape, and 
wing shape (although these last two interpretations are perhaps dubious). 
Verify thai the successive elimination of variables reduces the number of 
these features wb.ich can be discerned. 

8.8.1 Hoerl and Kennard (1970) have proposed the method of ridge 
regression to improve tbe accuracy of tbe parameter estimates in the 
regression model 

y = XIl+ '" 1 + u, u - N. (0, ,,21). 

Suppose the columns of X have been standardized to have mean 0 and 
variance 1. Then the ridge estimate of ~ is defined by 

jl"= (X'X + kl)-'X'y, 

where for given X, k;;. 0 is a (small) fixed number. 
(a) Show that ~. reduces to the OLS estimate P = (X'Xl-'X'y wben 

k=O. 
(b) Let X'X = GLG' be a spectral decomposition of XX and let W = 

XG be tbe principal component transformation given in (8.1:1.2). If 0. = 

G'~ represents the parameter vector for the principal components, show 
tbat the ridge estimate Cl* of Cl can be simply related to the OLS estimate 
.. by 

j = 1 ~ ... • p. 

and hence 

jl*= GDG'p , where D=diag(V(lj+k» . 
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(c) One measure of the accuracy of II" IS given by the trace mea,. 
square error, 

" 1>(k)=tr E[P* -II)(P*-II)']= L E(f3~-f3.)2 . 
I- I 

Show that we can write cb(k)='YI(k)+'Y,(k), where 

P • I 
'Yl(k) = L V(f3~) = CT' L '2 

. _ 1 I- I (I,+k) 

represents the sum of the variances of f3~. and 

" • 1 

'Y2(k)= L [E(f3~-f3.)]2 =k2 L a ; 2 
._ , ;_I(I,+k) 

represents the urn of the squared biases of f3r 
(d) Show that the first derivatives of 'Y1(k) and 'Y2(k) at k = 0 are 

I 
'Y'I(O)= - 2CT2 L " 1'2(0) = 0. I, 

Hence there exist values of k > O for which 1>(k) < q,(O), that is for which 
1\* has smaller trace mean square error than ~. Note that the increase in 
accuracy is most pronounced when some of the eigenvalues I, are near O. 
that is. when the columns of X are nearly collinear. However, the optimal 
choice for k depends on the unknown value of II = Ga . 

9 
Factor Analysis 

9.1. Introduction 

Factor analysis is a mathematical model which attempts to explain the 
correlation between a large set of variables in terms of a small number of 
underlying faclOrs. A major assumption of factor analysis is that it is not 
possible to observe these factors direcUy ; the variables depend upon the 
[actors but are also subject to random errors. Such aD assumption is 
particularly well-suited to subjects like psychology where it is not possible 
to measure exacUy tbe concepts one is interested in (e.g. "intelligence"). 
and in fact it is often ambiguous just how to define these concepts. 

Factor analysis was originally developed by psychologists. The subject 
was first put on a respectable statistical footing in the early 1940s by 
restricting attention to one particular form of factor analysis. that based 
on maximum likelihood estimation. In this chapter we shall concentrate 
on maximum likelihood factor analysis and also on a second method. 
principal factor analysis, which is closely related to the technique of 
principal component analysis. 

In order to get a feel for the subject we first describe a simple example. 

Ex.ample 9.1.1 (Spearman. 1904) An important early paper in factor 
analysis dealt with children's examination performance in Classics (x,). 
French (x2 ), and English (x,). It is found that the correlation matrix is 
given by 

0.83 
1 

0.78) 
O.~7 . 

Although this matrix has fuJI rank its dimensionality can be effectively 
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reduced from p = 3 to P = l by expressing the three variables as follows; 

X,=A,/+U,. (9.1.1l 

In these equations f is an underlying "common factor" and A, . )." and A3 
are known as "[actor loadings". The terms " I' ",. and '" represent 
random disturbance terms. The common [actor may be interpreted as 
"general ability" and", will have small variance if x, is closely related to 
general abil ity. The variation in u. consists of two parts which we shall not 
try to disentangle in practice. First. this variance represents the extent to 
which an individual's ability at Classics. say, differs from his general 
abili ty, and second. it represents the fact that the examination is only an 
approximate measure of his ability In the subject. 

The mode l defined in (9.1.1) will now be generalized to include k> I 
common factors. 

9.2 The Factor Model 

9.2.1 Definition 

Let x(p x I ) be a random vector with mean I'- and covariance matrix :t. 
Then we say that tbe k-factor model holds fo r x if x can be written in the 
form 

s=Ar+ n + ..... (9.2.1) 

where A(p x k) is a matrix of constants and I (k )( 1) and nIp x l) are 
random vectors. The elements of f are called common factors and the 
e lements of u specific or unique factors. We shall suppo e 

E(f) = 0. VIr) = I. 

E (n)= 0, C(u" II,) = O. 
and 

C(I. u)= O. 

; # i, 
(9.2.2) 

(9.2.3) 

(9.2.4) 

Denote the covariance matrix of u by V(uJ = '" = diag (1/1" .. ... 1/1,,,,). 
Thus, all of the factors are uncorrelated with one another and further the 
common factors are each standardized to have variance 1. It i~ sometime~ 
convenient to suppose that f and u (and hence x) are multinormally 
distr ibuted. 

Note that , 
x, = L A,J, + I', + iJ. .. i = l. .... p, 

,-I 
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so that • 
U ii= L A ~+ tVii' 

i= 1 
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Thus, the variance of x can be split into two parts. First, 

• 
hf= L A ~ ,-I 

is called the communaliry and represents the variance of X, which is 
shared with the other variables via tbe common factors. In particular 
A ~= C(x" ti ) represents the extent to which x.. depends on the jth com
mon factor . On the other hand tjJ" is called the specific or unique variance 
and is due to the unique factor 11; ; it explains the variability in X; Dot 
shared witb tbe other variables. 

The validity of the k-factor model can be expressed In terms of a 
simple condition on :t. Using (9.2 .1)-(9.2.4) we get 

:t=AA'+ 'If. (9.2.5) 

The converse also holds. If 1: can be decomposed into the form (9.2.5) 
tben the k-factor model holds for x. (See Exercise 9.2 .2;) However. l and 
u are not uniquely determined by x . We shall discuss this point further in 
Section 9.7 on factor scores . 

9.2.2 Scale invariance 

Re-scaling tbe variables of x is equivalent to letting y = Cx, where 
C = diag(c,). If the k-factor model holds [or x with A = A and'" = 'If 
then x J:' 

y = CA, I+Cu+ CI'-
and 

V(y) = C1:C = CA, A~C + C'If. C. 

Thus the k-factor model also holds for y with factor loading matrix 
A, = CA, and specific variances 'If v = Cqr. C = diag (ci' tjJ,,). 

Note that the factor loading matrix for tbe scaled variables y is 
obtained by scaling the factor loading matrix of the original variables 
(multiply the ith row of A, by e,). A similar comment holds for the 
specific variances. In other words, factor analysis (unlike principal compo
nent analysis) is unaffected by a re-scaling of the variables. 

9.2.3. Non.uniqueness of factor loadings 

If the k-factor model (9.2 .1) holds, then it also hold!> if the factors are 
rotated; that is, if G is a (k x k ) orthogonal matrix, then x can also be 
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written as 

,, = (AG )(G'f) + 0 + ... (9.2.6) 

Since the random vector G'I also satisfies the conditions (9 .2.2) and 
(9.2.4). we see that the k -factor model is valid with new factors G 'f and 
new factor loadings AG. 

Thus. if (9.2.6) holds, we can also writel: as l: = (AG )(G 'N ) + IjI. In 
fact. for fixed 'It , this rotation is the on ly indeterminacy in the decomposi
tion of l: in terms of A and '1' : that is, if l: = Ai\' + 'It = A' A" + '1' , then 
A = A *G for some orthogonal mat rix G (Exercise 9.2.3). 

This indeterminacy in the definition of factor loadings is usually resol
ved by rotating the factor loadings to satisfy an arbitrary constraint such 
as 

A' 'It- ' A diagonal. (9.2.7) 
or 

A 'O - ' A is diagonal. 0 = diag (<1" •.... <1",,). (9.2.8) 

where in either case, the diagonal elements are written in decreasing 
order. say. Both constraints are scale invariant and. except for possible 
changes 01 sign of the col umns, A is then in general completely deter
mined by eit her constraint. (See Exercise 9.2.4.) ote that when the 
number 01 factors k = 1. the constrai nt is irrelevant. Also. if some of the 
0/1" equa l O. then the const rain t (9 .2.7) cannot be used: an alternative is 
given in Exercise 9.2.8. 

n is of interesl to compa re the number of parameters in l: when ~ is 
unconstrained. with Ihe number of free parameters in the factor model. 
Let 5 denole the difference. At firsl sight A and 'I' contain pk + P free 
parameters. However (9.2.7) or (9 .2.8 ) introduces 4k(k - l ) constraints. 
Since the number of distinct elements of ~ is !p(p + I ) we see that 

.t = ! p(p + I )-{pk + p - 4k(k -I)} 

(9.2 .9) 

Usually it will be the case that 5 > O. Then 5 will represent the extent to 
which the factor model offers a simpler interpretation for the behaviour 
of " than the alternative assumption Ihat V(x) = 1:. If s :;' 0 and (9.2.6) 
holds and A and 'I' are known. then ! can be written in term of A and 
'1'. subject to the constraint (9.2.7) or (9.2.8) on A. 

9,2,4 Estimation of tbe parameters in factor analysis 

fn practice. we observe a data matrix X whose information is summarized 
by the sample mean i and sample covariance matrix S. The location 
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parameter is not of interest here, and we shall estimate it by ;.. = i. The 
interesting problem is how to estimate A and 'I' (and hence l: = Ai\' + '11 ) 
from S: that is, we wish to find estimates A and -it satisfying tbe 
constraint (9.2.7) or (9 .2.8), for wbicb the equation 

(9.2.10) 

is satisfied. at least approximately. Given an estimate A, it is then natural 
to set 

" ~ti = Sjl - I A ~, i = 1 . . ..• p, (9.2.11) ,- I 
so that the diagonal equations in (9.2.10) always hold exactly. We shall 
only consider estimates for which (9.2.11 ) is satisfied and ob :;. O. 
Setting f = AA' +-it. we get " 

~o that (9 .2.11) is equivalent to the condition 

i = 1. .. . ,p. (9 .2. 12) 

Three cases call occur in (9.2.10) depending on tbe value of 5 in (9.2.9). 
If s < 0 then (9.2.10) contains more parameters than equations. Then, in 
general, we expect to find an infinity of exact solutions for A and 'It , and 
bence, the factor model is 1I0r well -defined . 

If 5 = 0 then (9.2.]0) can generally be solved for A and 'I' exactly 
(subject to the constraint (9 .2.7) or (9.2.8) on A). The lactor model 
contains as many parameters as l: and hence offers no simplification of 
the original assumption that V(x)= 1:. However. the change in viewpoint 
can sometimes be very helpful. (See Exercise 9.2.7.) 

If s> II, as will usually be the case, then there will be more equations 
tba~ para'lleters. Thus, il is not possible to solve (9.2.10) exactly in terms 
of A and '1', and we must look. for approximate solutions. [n this case the 
factor model offers a simpler explanation for the behaviour of x than the 
full covariance matrix. 

9,2.5 Use of the correlation matrix R in estimation 

Because the factor model is scale invariant. we sball only consider 
estimates of A = A, and 'I' = 'It, which are scale invariant. It is then 
convenient 10 consider the scaling separately from the relationships 
between the variables . Let Y = HXD:s·12 where Os = diag (s u .. .. . 5",), 
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denote the standardized variables so that 

r = l 

1 " 
and - L y~= 1, 

n ,"" I 

j= 1, .... p. 

Then Y will have estimated factor loading matrix A, = DoI/2A. and 
estimated specific variances >It , = DoS ' ''' L' and (9 .2.10) can be written in 
terms of the correlation matrix of x as 

R=A,A;+ >It,. (9.2.13) 

Note that (9.2.11) becomes 

i = 1 .... . p (9.2.14) 

so that"', is not a parameter of the model any more, but a function of 
A, . However. R contains p fewer free parameters than S so that '. the 
difference between the number of equations and the number of free 
parameters in (9.2.13). is still given by (9.2.9). The p equations for the 
eslimates of the scaling parameters are given by (9.2.12). 

Since in practice it is Ihe relationship between the variables which is of 
interest rather than their scaling. the data is often summarized by R 
rather tban S. The scaling estimates given in (9.2.12) are then not 
mentioned explicitly, and the estimated factor loadings and specific var
iances are presented in terms of the standardized variables. 

Example 9.2.1 Let us return to the Spearman examination data wilb one 
factor. Since s=I(3-1)'-1(3+1)=0, there is an exact solution to 
(9.2.13), which becomes 

R= [
A~+tb" 

(9.2.14) 

The unique solution (except for the sign of I At, .12, .13» is given by 

(9.2.15) 
- '2 tP" = I-A ,. 

With Ihe value of R given in Example 9.1.1. we find thaI 

.1,=0.983, .1,= 0.844. '\3= 0.794 

tbll =0.034. $22 =0.287. .b,,=0.370. 
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Since tb;; = 1 - ,j~. the model explains a higher proportion of tbe variance 
of x, than of x~ and X3' 

For general (3 x 3) correlation matrices R, it is possible for A I to exceed 
I (see Exercise 9.2.6). When this happens .bit is negative. However. this 
solution is unacceptable because tPll is a variance. Hence we adjust AT to 
be 1, and use an approximate solution for the other equations in (9.2.14). 
This situation is known as a "Heywood case". 

We shall describe two methods of estimating the parameters of the 
factor model when s > O. The first is principal {actor a.w/ysis and uses 
some ideas from principal component analysis. The second method. 
maximum likelihood factor analysis, is applicable when the data is as
sumed to be normally distributed. and enables a significance test to be 
made about the validity of the k-factor model. For further techniques see 
Lawley and Maxwell (1971)_ 

9.3 Principal Factor Analysis 

Principal factor analysis is one method of estimating the parameters of 
the k-factor model when s given by (9.2.9) is positive. Suppose the data is 
summarized by the correlation matrix R so that an estimate of A and'" is 
sought for tbe standardized variables. (We are implicitly assuming that 
tbe variances for the original variables are estimated by u;, = s;, in 
(9.2.12).) 

As first step. preliminary estimates 11; of the communalities Ii:. i = 
1 .... ,p, are made. Two common estimates of the itb communality are 

(a) the square of the multiple cnrrelation coefficient of the Hh variable 
witb all tbe other variables, or 

(b) the largest correlation coefficient between tbe ith variable and one 
of tbe otber variables ; that is. maxi ~ ' Ir,.I. 

Note that the estima ted communality fir is bigher when Xi is highly 
correlated with the other variables. as we would expect. 

The matrix R - -It is called the reduced cOffelarion matrix because the 1s 
on the diagonal have been replaced by the estimated communalities 
ii~ = 1-,fJ,;. By the spectral decomposition thenrem (Theorem A.6.4), it 
c<ln be written as 

(9.3.1) 

where a J;>< . • • ;>< a. are eigenvalues of R - >It with ortbonomlal eigenvec
tors YOlo' .. , Ytp,· Suppose the first k eigenvalues 01 R - >It are positive. 
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Then the ith column of A is estimated by 
... _ 1/2 At" - a I 'Vhh i = l. ... , k; (9.3.2) 

that is, ~h) is propOrtional 10 the ith eigenvector of the reduced correla
tion matrix. In matrix form. 

/\ = r I A ~ /2 . 

where r J = ('Yw •... , 'Y, ,,) and A I = diag (a I' . .. , a.) . Since the eigenvec
tors are orthogonal, we see that A'A is diagonal , so the constraint (9.2.8) 
is satisfied. (Recall that we are working with the standardized variables 
here, each of whose estimated true variance is 1.) 

Finally, revised estimates of the specific variances are given in terms of 
A by k 

" , "2 0/11 = 1- L Aij, i = l, .... p. (9 .3.3) 
, =1 

Then the principal factor solution is pennissible if all the .j,,, are non
negative. 

As a motivation for the principal factor method, let us consider what 
happens when the communalities are known exactly and R equals the 
true correlation matrix . Then R - 'IT = AN exactly. The constraint (9.2.8) 
implies that the columns of A are eigenvectors of AN, and hence A is 
given by (9.3.2). Further the last (p-k) eigenvalues of R - 'IT vanish, 
ak ~1 = . .. = up = 0. This property can be helpful in practice when R and 
'IT are not exactly equal 10 their theore tical values and k is nol known in 
advance. HopefuUy, lor some value of k. a .. .... a. will be "large" and 
positive. and the remaining eigenvalues, U._ J , •••• ap. will be near zero 
(some possibly negative). Of course, k must always be small enough that 
s»U in (9.2.9). 

Example 9.3.1 Consider Ihe open/closed book data of Table 1.2.1 with 
correlation matrix 

0.553 0.547 0.410 0.389

1 
I 0.0 to 0.485 0.437 

I 0.7110.665 . 
1 0.607 

I 

If k > 2 then s < 0 and the faclor model is nol well defined. The principal 
factor solutions for k = 1 and k = 2, where we estimate the ith communal
ity h~ by max, lr" l. are given in Table 9.3.1. The eigenvalues of Ihe 
reduced correlalion matrix are 2.84. O.3l!. 0.08 . U.02. and - 0.05, sug
gesting thai lhe two-factor solulion fits the data well . 
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Table 9.3.1 Principal factor sol utions for the open/closed book data 
with k = I and k = 2 factors 

k=1 k = 2 
Variable 

11 ; )., ,, II ? )., 1\ )." , 

I 0.417 0.646 0.543 0.046 0.354 
2 0.506 0.711 0.597 O.711 0.303 
3 0.746 0.864 0.749 0.864 -0.051 
4 0.618 0.786 0.680 0.786 -0.249 
5 0.551 0.742 0.627 0.742 -0.276 

The first factor represents overaU performance and for k = 2. the 
second factor, which is much less important (a2=0.38« 2.84=a l ). rep
resents a contrast across the range of examinations. Note that even for 
the two-factor solution h~« 1 for aU i, and therefore a fair propOrtion of 
the variance of each variable is left unexplained by the common factors. 

9.4 Maximum Likelihood Factor Analysis 

When the data under analysis X is assumed La be normally distribuled . 
then estimates of A and 'IT can be found by maximizing Ihe likelihood. If 
11 is replaced by its m.l.e . ji.=i. then. from (4 .1.9). the log likelihood 
function becomes 

(9.4.1) 

Regarding l: = AA'+'IT as a function of A and 'IT. we can maximize 
(9.4. 1) with respecl to A and 'IT . Let A and'" denote the resulting m.l.e.s 
subject to the constraint (9.2.7) on A. 

Note that in writing down the likelihood in (9.4.1) we have summarized 
the data using the covariance matrix S rather than the correlation matrix 
R. However

J 
it can he shown that the maximum likelihood estimates are 

scale invariant (Exercise 9.4.1) and that the m.l.e.s of the scale parame
ters are given by u ;; = s;; (see Theorem 9.4.2 below). Thus. (9.2.12) is 
satisfied. and the m.l.e.s for the parameters of the standardized variables 
can be found by replacing S by R in (9.4.1). 

However. it is more convenient in our theoretical discussion to work 
with S rather than R. Consider the function 

(9.4.2) 

where 

l:=AA'+ 'IT . 
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This is a linea r function of the log likelihood I and a maximum in r 
corresponds to a minimum in F. Note that F can be expressed as 

F=p(a-Iogg-l). (9.4.3) 

where a and g are the aritbmetic and geometric means of the eigenvalues 
of ,rIS. 

The minimization of tbis function F(A . 'IT) can be facilitated by pro
ceeding in two stages. First. we min imize F(A. 'IT) over A for fixed 'IT . and 
second, we minimize over 'IT. This approach has the advantage that the first 
minimization can be carried out analytically although the minimization 
over 'IT must be done numerically. It was successfully developed by 
Joreskog (1967). 

Theorem 9.4.1 Ler 'IT >O be fixed and rer S" = 'IT- I" S'IT- IJ
'. Using tlte 

spect.,al decomposition theorem. write 

s *= r8r' . 

Then rI,e value of A satisfying rhe consrrainr (9.2.7). which mrnrnuzes 
F(A , 'IT) occurs when rI,e ith column of A"= 'IT- I12A is gillen by ).*",= 
c, 'Ym, where C. = [max (8, -1. 0)]'12 for i = I. . . .. k. • 

Proof Since A*A" (p xp) has rank at most k it may be written as 

A*A*'= GBG'. 

where B =diag(b" ...• b,) contains (non-negative) eigenval ues and G = 
(&til' ... , 1:<,,) are standardized eigenvectors. Let 

M = GT. 

so that G may be written in terms of r as G = rM'. We shall m inimize 
F(A. 'IT) over possible choices for M and B. in that order. 

Since G'G = 1 •. we see that MM' = I ,. From (9.2.5). 

= rM'BMr' + 1 = reM'BM + 1)1". 

Using (A.2.4.!). we can write 

:£*- 1 = r(1 - M'B(I + B)- I M)r'. 
Also 

• 
1:£*1 = n (h, + I). 

' - J 
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F(A. 'IT) = C+ I log(b, + 1)-trM'B(I+ B)-IM6 
I 

-:' -:' blJ 
= C + 4.. log (b, + I) - 4.. --'--b' mr;. 

I I.J 1+ i 

where C depends only on S and 'IT. If the eigenvalues {b,} and {e,l are 
written in decreasing order. then. for fixed {b,} and {e,l this quantity is 
minimized over M when 1tI;, = 1 for i = I, . ..• k, and m" = 0 for ij j. Thus 
M = (I", 0) and so G = I'M' = ('Y(I) ' ...• 'Y(k»' Then 

F(A. 'IT)=C+ I [Iog(b, + I)~]. 
b, +1 

The minimum of this function over b, .. 0 occurs when 

b, = max (0, - 1. 0), (9.4.4) 

(although tbe value 0 in fact occurs rarely in practice). and so the 
minimizing value of A * satisfies 

• *A*' - -:' b ' .a - L. I 'Y(i )""1(1)' (9.4.5) 

If the constraint (9.2.7) is satisfied then the columns of A' are the 
e igenvectors of A*A·'. and the theorem follows . • 

When 1"'1 = 0, the constraint of Exercise 9.2.8 can be used and special 
ca re must be taken in the minimization of F(A. 'lit). As in Example 9 .2 .1, 
We sball term a si tuation in which 1"'1 = 0, a Heywood case. Usually. the 
estimate '" will be positive definite, although Heywood cases are by 
nO means uncommon (Joreskog, 1967). 

An important property of the m.l.e.s A and'" is thal tbe estimate of 
tbe variance of the i lh variable. 

k 
• _ -:'" 2 • 

U II - L A,,+,pll' 

eq uals the sample variance SII for i = I . ... . p (Joreskog, 1967). We shall 
prove tbis result in the special case wben the solution is proper. tbat is 
wben '" > 0, though it is true in general. 

Theorem 9.4.2 If '" > O. rhen Diag (A.A' + '" - S) = o. • 
Proof Writing aF/iJiJr as a diagonal matrix and using Section A.9 and 
the chain rule. it is straightforward to show that 

iJF(A, 'lit) 
Diag (! -' (}: - S)!- '), (9.4.6) 
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which equals 0 at (A , "') when'" is proper. From (9.4.4) it is clear that at 
the m.L sol ution, b,"'( l + b,) = b: 120, (or all i = J, . . . , p. Hence. 

S' ;: ' - b'''S· * -b"'e "-b'12( I +b }y" I\. (I) - I 'Y(i) - i .'Yeo - ; i (I) 

j= 1, . .. , po 

Since B = A ·'A· and i * =A * A" + I , we can write this in matrix form as 

S*A* =A*(I+A"A*) = 0+ A*A*')A' =i'A*. 
Thus 

(t · - S*)A' = O. 

Using this result together with the expansion (A.2 .4f) (or i *- ', we get 

(i *-s *)i *-I = (i'- S*l(I -A *(1 + A" A*)- I A *'j 

=.i*-S·. 
Then pre-and post-multiplying by WIn and ",- "', respectively. gives 

(i-S)i - ' = (i - S)"'- '. 

Using this formula in (9.4.6) . we get 

aF(A. "'1 Diag(i-'Cl:-s)i - ') 
a'" 

=- 0, 

and hence Diag (i - S)= o as required . • 

Example 9,4.1 Consider the open/closed book data of Example 9.3.1. A 
maximum likelihood lactor analysis for k = 1 and k = 2 factors is pre
sented in Table 9.4 .1 The. value and interpretations of the factor loadings 

Table 9.4. J Maximum likelihood (aclOr solutioos for the open/dosed boole data 
with k. = 1 and k = 2 f3ctors 

k = I k =2 k = 2(rolated) 
Variable 

h~ ).11' h; 1<, .. 1<, ,, 1\, ,, 8('21 

I 0.359 0.600 0.533 0.628 0.372 0.270 0.678 
2 0.446 0.667 0.582 0.696 0.313 0.360 0.673 
3 0.841 0.917 0.811 0.899 -0.050 0.743 0.510 
4 0.596 0.772 0.648 0.779 -0.201 0.740 0.317 

5 0.524 0.724 0.569 0.728 -0.200 0.698 0.286 

267 FACTOR ANALYSIS 

are broadly similar to the results of the principal factor analysis. How
ever, caution must be exercised when comparing the two se t~ of factor 
loadings wben k = 2 because they have been rotated to satisfy diflerent 
constraints «9.2 .7) and (9.2.8), respectively). Note that. unlike principal 
factor analysis, the factor loadings when k = 1 do not exactly equal the 
first column of factor loadings when k = 2. 

9.S Goodness of Fit Test 

One of tbe main advantages of the maximum likelihood technique is that 
it provides a test of the hypothesis H. that k common factors are 
sufficient to describe the data against the alternative tbat 1: has no 
constraints. We showed in (5.3.8) that the likelihood ratio statistic A is 
given by 

- 2 log'" = np(a - log 8 - 1). (9.5 .1) 

where a and g are the arithmetic and geometric means of the eigenvalues 
of i -'S. 
Comparing this with (9.4.3) we see thaI 

- 2 log A = "F(A, W). (9.S.2) 

Tbe statistic -2 10g A has an asymptotic x; distribution under H •. where 
s is given by (9.2.9). 

In the trivial case where k = 0, H " is testing the independence of the 
observed variables. The m.Le . of 1: in this case is i = Diag (S), and tbe 
eigenvalues of i - 'S are the same as those of i -' i2Si-1/2 = R. In this case 
(9.5.1) becomes -It log IRI, a statistic whicb bas already been discussed 
in (5.3. 17) and Section 8.4.4. 

Bartlet1 (1954) showed that the chi-squared approximation of (9.5.1) is 
improved if n is replaced by 

,,' = n -l-Wp +5 ) - ~k. (9 .5.3) 

The Chi-squared approximation to which th is leads can probably be 
trusted if It "" P + 50. Hence [or any specified k we shall test H. with the 
statistic 

(9.5 .4) 

where It' is given by (9.5.3), F is given by (9 .4.2), and A and '" are 
maximum likelihood estimates. When H. is true this statistic has an 
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asymptotic ch,-squared dIstribution WIth 

s=4(p-k),-!(p+k) 

degrees of freedom. 

26M 

(9.5.5) 

Of cou~e. only rarely is k, the number of common factors. ,pecified in 
advance. In practice the problem is usually to decide how many common 
factors it is worth fitting to the data. To cope with this. a sequential 
procedure for estimating k is needed. The usual method is to start with a 
small value of k. say k =0 or k = I. and increas~ the number of commOIl 
factors one by one until Hk is not rejected. However. this procedure I~ 
open to criticism because the critical values of the test l-Titerion have DOl 

been adjusted to allow for the fact that a set of hypotheses is being tested 
In seq uence. 

FOLsome data it may happen that the k-factor model is rejected for elll 
value;, of k for which s;;.O in (9.5.5). In such cases we conclude thaI there 
IS no factor model which will fit the data. Of course. if there exists a k for 
whicb s = 0, then it is usual1y possible to fit the data exacrly using ti,e 
factor model. But no reduction in parameters takes place in this case, so 
no hypothesis testing can be carried oul. and it is up to the u,er to decide 
whether this reparameterization is helpful. 

Example 9.5.1 Consider the open/closed book data for which we found 
the maximum likelihood factor solutions in Example 9.4.1. Here n = 88. 
For k = 1 factor. the goodness of fit statistic in (9.5.4) is !(iven by 

U =8.65 -x~ 

Since xL,o> = 11.1. we accept the one-factor solution as adequate for this 
data. 

9.6 Rotation of Factors 

9.6.1 Interpretation of factors 

The constraint (9.2.7) or (9.2.8) on !he factor loading.< i.< a mathematical 
convenience to make the factor loadings unique; however, it can compli
cate the problem of interpretation. The interpretation o( the factor 
loadings is the most stralghlforward if each variable is loaded highly on at 
most one factor. and if all the factor loadings are either large and positive 
or near zero, with few intermediate values. The variables are then splil 
into disjoint sets, eacb of wbich is associated with one factor. and perhaps 
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some variables are left over. A factor j can then be interpreted as an 
average quality over those variables i for which "if is large. 

The factors f in the factor model (9.2.1) are mathematical abstractions 
and do not necessarily have any intuitive meaning. In particular, the 
facto~ may be rotated using (9.2.6) without affecting the validity of the 
model and we are free to choose such a rotation to make the factors as 
intuitively meaningful as possible. 

It is considered a disadvantage to choose a rotation subjectively be
cause the factor analyst may try to force the factor loadings to fit bis own 
preconceived pattern. A convenienl analytical choice of rotation is given 
by the varimax method described below. 

9.6.2 Varimu rotation 

The varimax method of orthogonal rotation was proposed by Kaiser 
(1958). Its rationale is to provide axes with a few large loadings and as 
many near-zero loadings as possible. This is accomplished by an iterative 
maximization of a quadratic function of the loadings. 

Let I\. be the (p x k) matrix of unrotated loadings, and let G be a 
( k x k) ortbogonal matrix. Tbe matrix of rotated loadings is 

4 = I\.G ; (9.6.1) 

that is, Il" represents the loadings of the ith variable on the jtb factor. 
The function <b that the varimax criterion maximizes is the sum of the 

variances of the squared loadings withiIl each culmn n of the loading 
matrix, where each row of loadings is normalized by its communality: 
that is, 

where 

d" = ili' and 
h, 

(9.6.2) 
, ... t i-I 

• - _ -\ , 2 
d,-p i... d". 

, ·1 

The varimax criterion <b is a function of G, and the iterative algorithm 
proposed by Kaiser finds the orthogonal matrix G which maximizes <b. 
See also Horst (1965. Chap. 18). and Lawley and MaxweU (I97J. p. 72). 

In the case where k = 2. the calculations simplify. For then G is given 
by 

G = ( cos 8 sin 8 ] 
-sin 8 cos 8 

and represents a rotation of the coordinate axes clockwise by an angle 8. 
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Thus, 

d" ={A;, cos 6-A;2 Sin 6}/I~ , d"={A,, sin 11+10., oos III/h,. 

Let 

Substituting in (9.6.2) and using 

4(cos" 6+sin4 6)=3 + cos411, sin 211 = 2 sin 0 cos 0, 

cOs 20 = cos' /I-sin2 0, 

it can be shown that 

where 

and 

44> = (A 2+ B , ),n cos (46 - a) + C. (9.6 .3) 

A =(Go .. + G •. o- 6G2.2- G~.,-Gt,, + 2GO•2 G2 .0 +4G;',), 
(9.6.4) 

B = 4(G 1.3 - G,., - G, ., G".2+ Gl.l G,.o), (9.6.5) 

C = p(3[G 2.0+ Go.,J'-[3G~.~ +3Gto + 2GO,;z.G2.0 +4G;., D. 

(A '+ B 2)1I' oosa = A , (A 2+ B2) '12 sin a = B . (9.6.6) 

In (9.6.3), the maximum value of 4> is obtained when 40 = a. The value of 
()( is obtained from (9 .6,6) using 

tan a = B/A (9.6.7) 

and a is uniquely determined from a consideration of the signs of A and 
B. Note that 0 can take four possible values. 

In the case of k > 2 factors, an iterative solution for the rotation is 
used . The first and second factors are rotated by an angle determined by 
the above method. The new first (actor is then rotated with tbe original 
third factor. and so on, until all the t k(k -1) pairs of factors have been 
rotated . This sequence of rotations is called a cycle . These cycles are then 
repeated until one is completed in which all the angles have achieved 
some predetermined convergence criterion. Since the effect of each 
rotation is to increase the value of 4> and the values of 4> are bounded 
above . the iteration will converge (see Kaiser, 1958). 

Example 9,6,1 Consider the two factor maximum likelihood solutions 
for the open/closed book data given in Example 9.4.1. Using (9.6 .3)-
9.6.7) it is found that 6=37.6° for the varimax rotation and the rotated 
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(actors are given in Table 9.4.1. The rotation can be represented graphi
ca lly (Figure 9.4.1) by plotting the factor loadings as p = 5 points in k = 2 
dimensions. The first factor now represents an "open-book" effect ami 
the econd factor a "closed-book" effect. al though both factors influence 
the other exams as well. 

In this sinlple example the overall interpretation is the same whether 
we use the rotated or the original factors . However. in more complicated 
situations, the benefits of rotation are much more noticeable. 

Example 9.6.2 (Kendall, 1975). In a job interview, 48 applicants were 
each judged on 15 variables. The variables were 

( I) Form of leiter of application 
(2) Appearance 
(3) Academic ability 
(4) Likeability 
(5) Self-confidence 
(6) Lucidity 
(7) Honesty 
(8) Salesmanship 

~ I 
, I 

(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
( 15) 

/ 
I 

/ 

" I " / . , 

Experience 
Drive 
A.mbition 
Grasp 
Potential 
Keenness to join 
Suitability 

, 1 · 2 , / 
, I 

" / 
---------'-li(-/--.------------- Ol igt~l 0,., 

I 
/ 

" / 

" / 

/ 
I 

I 

/ 

" , 
I 

8 = 39.8 0 

Figure 9.4. 1 PlOl of open/d osed book {aClOrS before alld a/rer varimax rorariml. 
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Table 9.6.1 Correlation matrix for the applicant data (Kendal l. 1975) 

:2 3 4 5 6 1 8 to 11 12 D 14 15 

I I.IXll1.24 0.04 0.3 1 0.09 0.23 -0.11 0.27 0.55 0.35 0.28 0.34 0.31 0.47 0.59 
2 1.00 0.12 0.3R 0.43 0.37 0.35 0.48 0.14 0.34 0.55 0.51 0.51 0.28 0.38 
3 LOU 0.00 0.00 0.08 -0.03 0.05 0.27 0.09 0.04 0.20 0.29 -0.32 0. 14 
4 LOO 0.30 0.48 0.65 0.35 0. 14 0.39 0.35 0.50 0.61 0.69 0.33 
5 1.00 0.8 1 0.41 0.82 0.02 0.70 0.84 0.72 0.67 0.48 0.25 
b 1.00 0.36 0.83 0.15 0.10 0.16 0.88 0.78 0.53 0.42 
1 1.00 0.23 -0.16 0.28 0.21 0.39 0.42 0.45 0.00 
R LOO 0.23 0.81 0.86 0.71 0.73 0.55 0.55 
9 1.00 0.34 0.20 0.30 0.35 0.21 0.69 

10 1.00 O.1~ 0.7\ 0.79 0.61 0.62 
11 1.00 n.78 0.77 0.55 0.43 
12 1.00 0.88 0.55 0.53 
13 1.00 0.54 0.57 
14 1.00 0.40 
15 1.00 

and the correlation matrix between Ihem is given in Table 9.6.1. Because 
many of Ihe correlations were quite high, it was felt that the judge might 
be confusing some of the variables in his own mind. Therefore a factor 
analysis was performed to discover the underlying types of variation in 
the data. 

A maximum likelihood factor analysis was carried out and, using the 

Table 9.6.2 Maximum likelihood [actor sol ution of applicant data with k ~7 

factors. unrotated 

Factor loadings 
V ariable 

2 3 4 5 f> 7 

t 0.090 - 0.134 -0.338 0.4011 0.411 -O.oo t 0.277 
2 -0.466 0.171 O.OJ7 -0.002 0.517 -0.194 0.167 
3 - 0.131 0.466 0.153 0.143 -0.03 1 0.330 0.316 
4 0.004 -0.023 - 0.318 -0.362 n.657 0.070 0.307 
5 - 0.093 0.017 0.434 -0.092 0.784 0.019 -0.213 
6 0.281 0.212 0.33n -n.n37 0.875 O.OI)! 0.000 
7 -0. 133 0.234 -0. 1 I -0.807 11.494 lUll) I -0.000 
8 -O.oJ8 0.055 0.258 0.207 0.853 0.019 -0. 180 
9 -0.043 0.173 -0.345 0.522 0.296 0.085 0.185 

10 -0.079 -0.012 0.058 0.241 0.817 0.417 -0.221 
II -0.265 -0. 131 0.411 0.201 0.839 -0.000 -0.00 1 
12 0.037 0.202 0.188 0.025 f) .B75 0.077 0.200 
13 -0.1 12 0.188 0.109 0.061 0.844 0.324 0.277 
14 0.098 - 0.462 -0.336 - 0.116 0.807 -0.001 0.000 
15 -0.056 0.293 -0.441 0.577 0.6 19 0.001 -0.000 

hvpothesis test described in Section 9.5. it was found that seven raclOrs 
. ere needed to explain the data adequately. The original factor loadings 
-e given in Table 9.6.2 and the loadings after the varimax rotation are 

'Iven in Table 9.6.3. 
It is very difficult to interpret the un rotated loadings. However. a 

• ·l tlern is clear from the rotated loadings. The firsl faclor is loaded 
""avily on variable 5,6.8. 10, 11. 12. and 13 and represents perhaps an 

<l tward and salesmanlike personality. Factor 2. weighting va riables 4 and 
represents likeabilit)l and factor 3. weighting variables 1. 9, and 15, 

opresents experience. Factors 4 and 5 each represent one variable, 
. ~ademic ability (3). and appearance (2). respectively. The last two factors 
lve little importance and variable 14 (keenness) seemed to be associated 

l ith several of the faclOrs. 
Thus. the judge seem 10 have measured rather fewer qualities in his 

l ndidates than he thought. 

'l .7 Factor Scores 

)0 far our study of the fac tor model has been concerned with the way in 
Nhich the observed variables are (unctions of the (unknown) factors. For 
:xample . in Spearman 's examination data we can describe the way in 
which a child's test scores will depend upon his overall intelligence. 
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However, it is also of interest to ask the converse question. Given a 
particular child's test scores, can we make any statement about his overall 
intelligence.? For the general model we want to know how the factors 
depend upon the observed variables . 

One way to approach the problem is to treat the unknown com mOIl 

{aClor scores as parameters to be estimated. Suppose x is a multinormal 
random vector from the factor model (9.2.1) and suppose that A and '" 
and j1 = 0 are known. Given the vector f(p x 1) of common (actor scores. x 

is distributed as Np(AI, "'). Thus. the log likelihood of x is given by 

I(x: I} = -4(x - AI),,,,- I(x - AI} -! log 12'IT"'1· (9.7. t) 

Setting the derivative with respect to f equal to 0 gives 

~ = A ''''- '(X- Al) = 0. 
af 

so 
(9.7.2) 

The estimate in (9.7.2) is known as Barllell's faclor score. The specific 
factor scores can then be estimated by ii = x - M. 

Note that (9.7.1) is the logarithm of the conditional density of" giveil i. 
However, under the factor model, f can be considered as an N,(O, I ) 
random vector, thus giving 1 a prior distribution. Using this Bayesian 
approach, the posterior density of 1 is proportional to 

exp [-!(x - AI),'lrl(x - AI) -!f'f]. (9.7.3) 

which i a multinomIal density whose mean 

I ' = (I + "-,,,,- I A)- ' "-,,,,- IX (9.7 .4) 

is the Bayesian estimate of I. The estimate in (9.7.4) is known as 
Thompsoll's facror score. 

Each of these two factor scores ha some favourable properties and 
there has been a long controversy as to which is better. For example 

E(i l f)= f. (9.7.5) 

so that Bartlett's factor score is an unbiased estimate of I , whereas 
Thompson's score is biased. However, the average prediction errors are 
given by 

E «i - f)(f -I)') = (A''''-' A)- ', 

E(I* - f )(f*-f)') = (I + A" Jr l A)- I. 

(9.7.6) 

(9.7.7) 

so that Thompson's score is more accurate. [f the columns of A satisfy the 
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constraint (9.2.7). then. for either factor score, the components of the 
factor score are uncorrelated with one another. ote that if the eigen
val ues of A'Y I A are all large, then the prediction errors will be small. 
and also the two factor scores will be similar to one another. 

Of course in practice A. "' . and j1 are not known in advance bot are 
estimated from the same data for which we wish to know the factor 
scores. Tt would be theoretically attractive to estimate the factor scores. 
(actor loadings, and specific variances all at the same time from the data. 
using maximum likelihood. However. there are too many parameters for 
this to be possible. There are many val ues of the parameters for which the 
likeli hood becomes infinite. See Exercise 9.7.2. 

9 .8 Relationships Between Factor Analysis and Principal 
Component Analysis 

Factor a nal ysis. like principal component analysis, is a n attempt to 

explain a sct of data in a smalle r number of dimensions than one starts 
with . Because the overall goals are quite similar, it is worth looking at the 
di fferences between these twO approaches. 

First. principal component analysis is merely a transformation of the 
da ta. 0 assumptions are made about the form of the covariance matrix 
from which the data COmes. On the othe r hand . factor a naly i supposes 
that the data comes from the well-defined model (9 .2.J 1. where the 
underlying factors satisfy the assumptions (9.2.21-(9.2.4). If these as
sumptions are not met. then factor analysis may give spurious results. 

Second, in principal component analysis the emphasis is on a transfor· 
mation from the observed variables to the principal components (y = r 'x), 
whereas in factor a nalysis the emphasis is on a transformation from the 
underlying factors /0 the observed variables. Of coorse, tbe principal 
component transformatio n is invertihle (", = ry), and if we have decided 
to retain the fir t k componcnts, then x can be approximated by these 
components. 

x= ry= rlYI + r,y,~r' Y I ' 

However, this point of view is less natural than in factor analysis where x 
can be approximated in terms of the common factors 

and the neglected specific factors are explicitly assumed to be " noise". 
Note that in Section 9.3, when the specific varian ces are assu med 10 be 

O. principal factor analysis is equivalent to principal component analysis. 
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Thus, if the factor model holds and if the specific variances are small. we 
expect principal component analysis and facto r analysis to give similar 
results. However, if the specific variances are large, tbey will be absorbed 
into all the principal components. both retained and rejected, whereas 
factor analysis makes special provision for them. 

9.9 Analysis of Covariance Structures 

The factor model can be generalized in the following way (Joreskog, 
1970). Let X (nXp) be a random data matrix with mean 

E(X)=AEP, (9.9.1) 

where A (n x g) and P (h x p) are known matrices and E (g x h) is a matrix 
of parameters. Suppose thal each row of X is norm ally distributed with 
tbe same covariance matrix 

}; = B (A<I>N + "')B + 8 . (9.9.2) 

Here B(P x q ). A(q x k ) the symmetric matrix <1> ;;.0, and the diagonal 
matrices "' ;;, 0 and e ;;. 0 are all parameters. In applications some of the 
parameters may be fixed or constrained. For example in factor analysis all 
the rows of X have the same mean and we ta ke B = I, <I> = I, and 8 = O. 

The general model represented by (9.9.1) and (9.9.2) also includes 
other models where the means and covariances are structured in terms 
of parameters to be estimated, for instance multivariate regression. 
MANOY A. path analysis. and growth curve analysis. For details see 
Joreskog (1970). The practical importance of the general model lies in the 
fact that it can he successfully programmed. For a specific application and 
further details, see Joreskog and Sorbom (1977). 

Exercises and Complements 

9.2.1 In the factor model (9.2.1) prove that l: =AN .... ",. 

9.2.2 (a) If x is a random vector whose covariance matrix can be 
written in the form 1: = AA' + "', show that there exist factors I. u such 
that the k-factor model holds fo r x. Hint: te t y -N.(O, h ' A'",-IA ) 
independently of " and define 

(u) _ (I. A)-l ("-11) 
I - -A''If- l Ik Y ' 
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(~) 11 x is norm ally distributed . show that (f. u) may be assumed to be 
normally distributed. 

(c) Show that f and u are not uniquely determined by x. 

9.2.3 If AN = d4' (A and d are (p x k ) matrices). show that d = AG for 
some (k x k) orthogonal matrix G . (Hint : use T heorem A.6.S) 

9.2.4 If AN =~, and A''If-1 A and d '",-14 are both diagonal matrices 
wjth distinct elements written in decreasing order. show that A,,,= ± om. 
i = I. ... . k. (Hint: Write 

AN = "'"2[ t a, 'Yn''Y:fI]Wl
!2, 

, ~ l 

where 'Y,,, ;s the ith standardized eigenvector of ",- ·12AN",- '12 with 
eige nvalue ad and show that "'- "'A,,) = c%Q !12'Y,il' Now do the same thing 
fo r d .) 

9.2.5 11 S(3 X 3) is a sam ple covariance matrix, solve S = AA' + '" for A 
and W. Compare the answer witb (9.2.1 5) to show that the solution is 
scale invariant. 

9 .2.6 Let R be a (3 x 3) correlation matrix with ' 12= r" =J. ' Z3 =iI",. 
Check that R is positive definite. Show that At > 1 in 19.2.1.5) and hence 
that the exact factor solution is unacceptable. 

9.2.7 (Structural relationships) Suppose a scientist has p instruments 
wit h which to measure a physical quantity f;. He knows that each 
instrument measures a linear fu nction of f; but all the measurements are 
subject to (independent) e rrors. The scientist wishes to calibrate bis 
instruments (that is, discover what the linear relationship between the 
different instruments would be if there were no error) and to discover the 
accuracy of each instrument. 

1f the scientist takes a sample of measurements for whicb the gs can be 
regarded as realizations of a random variable. then show that bis problem 
can be approached using the 1-factor model (9.2. I}. In particul ar it p = 2, 
>how that without more information about the error variances. he does 
not have enough information to solve his problem. (See Example 8.2.5.) 

9.2.8 Suppose the factor model (9.2 .1) is valid with some of the 0/1" 
equal to O. Then of course the constraint (9.2.7) is not appropriate and we 
consider an alternative constraint. For simplicity of notation suppose 
0/1 ,,= .. . =.v",,=O and 0/1.+1.._" ... ,0/1,,,,>0. and partition 

and A = rAIl 

LA" 
Al!]. 
A'2 
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We shall explain the variation in the first g variables exactly in terms of 
tbe first g faclors and explain the part of the variation of tbe last (p - g) 
variables not explained by the first g variables (l:,2., =l:,2-l:,,~,' l:I2) in 
terms of the remaining k - g factors. Let l:" = reT' be a spectral decom 
position of I, l(g x g), where a is a diagonal matrix of eigenvalues and 
tbe columns of r are standardized eigenvectors. Suppose 1\.* satisfies 

Afl= re1l2
, Af2 = O. 

I\.t =l:"ra- 'J2, 1\.~2"'2' 1\.~2 is diagonal, 

A~2Ai~ + 'It 2 -= ~2. 1' 

where "'2(P - g) X (p - g) is a diagonal matrix with elements ojJ" , i > g. 
Show that 

(a) if 1\.* satisfies these conditions then 

I = 1\.11.' + '" = I\. • I\. • • + "'; 

(b) there always exists an orthogonal matrix G(k X k) sucb that 

I\. = I\. *G; 

(c) except for tbe signs and order of the columns, A· is uniquely 
determined by tbe above conditions. 

9-3_1 Suppose in a principal factor analysis that all the preliminary 
estimates of the specific variances are given by the same number iii;; = c. 

(a) If c = 0, show that the columns of A are the first k principal 
component loading vectors of the correlation matrix R. scaled so that 
A,;j'm equals the variance of the ith principal component. 

(b) If c > 0 show that tbe columns of A are still given by the principal 
component loading vectors of R . but with a different scaling. 

(c) If k > l and R=(l-p)l + pll', O<p<l , is the equicorrelation 
matrix, show that the largest value of c which gives an acceptable 
principal faclOr sol urian is c = 1- p. 

9.4_1 Let F(A, >Jt ; S) be given by (9.4.2) and let A, .Jr denote the 
minimizing values of A and "'. If C is a fixed diagonal matrix with 
positive elements. show that I\. = CA and '" = C.JrC minimize the func
tion F(I\. . "' ; CSC). Hence deduce that the maximum likelihood es
timators are scale invariant. 

9 .4_2 Explain why the hypothesis test described in Section 9.5 can be 
constructed with only a knowledge of R (the. sample variances s" not 
being needed). 

279 FACTOR ANALYSIS 

9_6_1 (Maxwell. 1961; Joreskog, 1967) A sel of p = 10 P ycbological 
variables were measured on /I = 810 normal children. with correlations 
given as follows: 

Tests 2 3 .j 5 6 ~ Q III 

I 0.345 !J.594 0.404 0.579 - 0, 280 -0.449 - 0.188 -0.303 - 0.200 
2 0,477 U.338 U.230 - 0, 15 ' -0.205 - 0. 120 - 0.168 -0.1 45 
3 00498 0.505 - 0 :251 - 0.377 - 0. 186 - 0.273 - 0,154 
4 0.389 - 0. 168 - 0. 249 - 0.173 - 0.195 -0.055 
5 - 0 ,151 - 0 2 85 - 0. 129 - 0.159 - U.079 

6 0.363 0.359 0.227 0.260 
7 11.448 0.439 11.5 11 
~ 0.429 0.3 1. 
9 0.30 1 

A maximum likelihood factor analysis was carried out with k = 4 factors 
yielding the following estimate A of the factor load ings (rotated by 
varimax): 

-0.Q3 0.59 - 0.31 0.41 
-0.04 0.09 - 0.12 0.59 
- 0.06 0.42 -0,20 0.69 
- 0.11 0.33 - 0.08 0.48 
- 0.06 0.76 - 0.07 0.24 

0.23 - 0.11 0.36 - 0.17 
0.15 - 0.24 0.78 - 0. 16 
0.93 -0.04 0 .37 -0.06 
0.27 -0. 11 0 .44 - 0.18 
0.09 - 0.00 0 ,63 - 0 .04 

(a) Give interpretations of the four factors using the factor loadings. 
(b) The m.1. factor loadings give a value of F(A, .Jr) = 0.0228 in (9.4.2). 

Using (9 .5.4). carry out a test of the hypothesis that four factors are 
adequate to describe the data. 

9_7.1 Verify formulae (9.7.SH9.7 .7) for the factor scores. (Hint: in 
(9.7.7) use (A.2.4f) to show that 

E(f*f*') = E«(*f') = \1 + 11.'''' - . 1\.)- • 11.'''' - ' A 

= 1- (1->-11.''''- ' 1\.)- ' ,) 
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9.7.2 The following example shows that the specific variances and factor 
scores cannot be estima ted together. For simplicity let k = 1 and suppose 
that A = X(px 1) anu ,," = 0 are known. Let F = f(/I x I ) denote the un
known factor scores. The n, extending (9.7.1), the likelihood of the data X 
can be written 

L = 12.".'l't ,n exp [- ~.f (x,,, - A,f)'(x,i) - A,f)/o/Iii]' ,-, 
(Note that f(n x 1) here represents the scores of /I individuals on one 
factor whereas in (9.7 . I) f(k x 1) represented the scores on k facto rs of 
one individuaL) Suppose A, ~ O. Show that for any values of 0/122, ... , oJI

pp 
if f = A,' I) and 0/1,,->0, then the likelihood becomes infinite. 
H ence m.l.e.s do not exist for this problem 

10.1 

10 
Canonical Correlation 
Analysis 

Introduction 

Canonical correlation analysis involves partitioning a coll~ction of vari
ables into two sets, an x-set and a y-set. The Object is then to find linear 
combinations Tj = a'x and c/> =b'y such that Tj and c/> have the largest 
possible correlation. Such linear combinations can give insigbt into the 
rela tionships berween Ihe two sets of variables, 

Canon ical correlation analysis has certain maximal properties similar to 
those of principal component analysis. However, whereas principal com
ponen l analysis considers interrelationships witlli .. a set of variables. the 
focus of canon ical correlation is on the relationship between rwo groups of 
variables. 

One way to view canon ical correlation analysis is as an extension of 
multiple regression. Recall that in multiple regression analysis the vari
ables are par1itioned into an x-set containing q variables and a v-.et 
containing p = I variable. The regression solution involves finding the 
linear combination a'" which is most highly correlated with y, 

In canonical correla tion analysis the y-set contains p'" I variables and 
we luok for vectors a and b for wbich the correla tion bcrwen a'x and b'y is 
maximized. If x is interpreted as "causing" y. then a'x may be called the 
"titst predictor" and b'y the " mos\.predictable criterion". However, there 
is no assumption of causal asymmetry in the mathematics of canonical 
correlation analysis; x and y are treated symmetrically. 

Example 10.1.1 Consider the open/closed book data of Table 1.2.1 anti 
split the five variables into rwo sets-the closed-book exams (x" x2 ) and 
the open-book exalllS (y" Y2, y,) . One possible quantity of interest here is 
how highly a student's ability on closed-book exam is correlated with his 
abil ity on open-book exams. 
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Alternatively, one might try to use the open-book exam results to 
predict the closed-book results (or vice versa) . This data is explored 
furtber in Example 10.2.5. 

10.2 Mathematical Development 

10.2.1 Population canonical correlation analysis 

Suppose tbat x is a q-dimensional random vector and that y is a 
v-dimensional random vector. Suppose further that x and y have means ... 
and v. and that 

E{(y-v)(y - v)'j <E22. 

Now consider the two linear combinations 'J) = . ' x and <I> = b'y. The 
correlation between Tj and <I> is 

pta. b) (J 0.2.1) 

We use tbe notation pta, b) to emphasize the fact that this correlation 
varies with different values of a and b. 

Now we may ask what values of 8 and b maximize pta, b). Equivalently 
we can solve the problem 

maX8'X, 2b subject to a'Xlla= b'X22b = I , ... 
because (10.2.1) does Dot depend on the scaling of a and b . 

( 10.2.2) 

The solution to this problem is given below in Theorem 10.2.1. First, 
we need some notation. 

Suppose that XII and x'z are non-singular and let 

Then set 

and 

NI=KK', 

M J = ~111 /2N I 'I :{2 = l:l11I.1 2"I.2~~ 1 ' 

M2 = l:2~ 12 2:I~= I.2d'I21 l:-;-tIl z_ 

(10.2.3) 

(10.2.4) 

(10.2 .5) 
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Note that NI and M I are (qxq) matrices, and N2 and M2 are (pxp) 
matrices. From Theorem A.6.2, MI ,N I, M2 , and N2 all have the same 
noD-zero eigenvalues. Further, since NI =KK' is p.s.d., all the non-zero 
eigenvalues are positive. Let k denote the number of non-zero eigen
values. Then, by (A.4.2e) aod (A.4.2f), k = rank(K) = rank(l:I2) ' For 
simplicity suppose that the eigenvalues are aU distinct, A I > .. . > A. > O. 

By the singular value decomposition theorem (Theorem A.6.5), K can 
be written ;n the form 

K=(ft h .• • ' ft.)O(ll I.··· ,P.l'. (10.2.6) 

where ft i and PI are the standardized eigenvectors of N I and N2, respect
ively, for Ai, and O =diag(A: 12, . .. , A!I2). SlDce the Ai are distinct, the 
eigenvectors are unique up to sign. (The signs of the eigenvectors are 
chosen so that the square roolS in 0 are positive.) Also, since N, and 
N2 are symmetric the eigenvectors are orthogonal. Thus 

(10.2 .7) 

wbere Ili; is the Kronecker delta, equal to 1 for j = i and U otherwise. 

Definition Usillg Ihe above nolalio" leI 

i = 1 . ... . k. (10.2.8) 

Then 

(a) the vectors ai and hi are called Ihe jth canonical correlation vectors 
for x and y, respeclively; 

(b) the randoll! variables 'Ii = aix and <1>, = bly are called Ihe ith can
onical correlation variables; 

(c) Pi = Ail 12 is called the ith canonical correlation coefficient . 

Note that 

C(lli, llj)=a~l: 1l8i =aiaJ =011' 

C(<I> , . <1>;) = blX,2h; =PiP, = Il;;. 
(10.2.9) 

Thus the ilh canonical correlation variables for" are uncorrelated and are 
standardized to have variance 1; similarly for the ith canonical correlation 
variables for y. The main properties of canonical correlation analysis are 
given by the foUowing theorem . 

Theorem 10.2.1 Using Ihe above '1OIatiol~ fix T, 1,;;; ,,;;; k, and leI 

subiecl to 

a'l: lla= 1, b'X22b= 1, 

f, = max a'I l2h ... 
i = 1, .. . , r-1. (10.2.10) 
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Tltell tlte maxillllllll is given by f, =p, alld is arramed whell &=s" b=b,. 

Proof Before giving the proof, note that (10.2.10) is the largest correla
tion between linear combinations a'" and b'y subject to the restriction 
that a'" is uncorrelated with the first r - 1 canonical correlation variables 
for x. Further, the case r= 1 gives the required maximum in (10.2 .2). 

ote that the sign of s'l: 12b is irrelevant because it can be changed by 
replacing & by - a. Then it is convenient to solve (10.2.10) for f. instead 
of f,. The proof splits naturally into three parts. 

Step I Fix a and maximize over b ; that is, solve 

max (s ':t'2b)2 = max b'l:."aa'l: '2b subject to b'l:.,2b = 1. 
b b 

By Theorem A.9.2 this maximum is given by the largest (and only 
non-zero) eigenvalue of the matrix 16l:."aa'l:" . By Corollary A .6.2. 1 
this eigenvalue eq uals 

(10.2.11) 

Step 2 Now max.m.ze (10.2.11 ) Over a SUbject to the constraints in 
(10.2. 10). Setting o = :t:;'&. the problem becomes 

i = 1. . , r -I, (10.2.12) 

where a i = :t- "2"" is the ith canonical correlation vector. ote that the "', 
are the eigenvectors on N, corresponding to the (r - 1) largest eigen
values of N,. Thus. as in Theorem 8.2.3. the maximum in (10.2.12) is 
attained by se tting'" equal to the eigenvector corresponding to the largest 
eigenvalue not forbidden to us ; that is, take '" = "'~ or equivalently a = a,. 
Then 

Step 3 Lastly we show that this maximum is attained when a = lI, and 
b = b,. From the decomposition (10.2.6) note that KIl. = p..cxr Thus 

As standardized eigenvectors of N, and N" respectively. "'. and 13, are 
uniquely defined up to sign. Their signs are usually chosen to make the 
correlation a;:t.2b, > 0, although in some situations it is more intuitive to 
think of a negative correlation. 
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The above theorem is sometimes stated in a weaker but more sym
metric form as follows : 

Theorem 10.2.2 Let 

suhject to 

a,'1:,,8 = bll:.2b = O. i=1. ... ,r-1. 

Then g. = p, and tl.e maximum is arrailled when a = 8, and b = b,. 

Prool Since 8 , and b, satisfy the constraints and since these constrain ts 
are more restrictive than the constrain ts in Theorem 10.2.1 . the result 
follows immediately from Theorem 10.2.1. • 

The correlations between the canonical correlation variables are sum
marized in the following theorem. 

Theorem 10.2.3 Let '111 alld 4>. be the ith canollical correlation variables. 
i = I. . .. , k. alld let '1] =(1)" ... . '11. )' and <1> =(4), .. .. ,<1>.)'. Then 

V (;) =(\~ '2 A:') (10.2.13) 

Prool From (10.2.9) we see that 

V(1» = V(<I» = I. 

From Theorem 10.2. 1, C(1) .. 4>,) = A."'. Thus. the proof will be complete 
if we show that C(TJ" <1>,)= 0 for i'" j. This result follows from the 
decomposition (10.2.6) since 

C( 'Ii' d>,) = a~:t'2b, = a~KIli = A;""",; = O. • 

ote that (10.2.13) is also the correlation matrix for '1] and <1>. 
The next theorem proves an important invariance property. 

Theorem 10.2.4 If x*= U'x + o and y· = V'y + v, wllere U (qxq) alld 
V(p x p) are nOli-singular marrices and o(q X I), v(p x 1) are fixed vectors. 
then 

(a) tl.e callonical correlations between ",* alld y* are the same as those 
between " alld y ; 

(b) the canonical correlation vectors for ,,* atll) y* are givell by a~ = 
U-Iaj and bt = V- tbi1 j = 1, ... , k, where Sf and bj are the canoni
cal correlation vectors for" a"d y. 
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Proof The matrix for x* and y* corresponding to M, is 

Mf = (U'l:" U)-'U'~' 2 V(V'l:,2V)- 'V'l:"U = U-' M, U. 

Then Mt has the same eigenvalues as M" and the relationship between 
the eigenvectors is given by Theorem A.6.2. ote that the. standardiz
ation 

arJ(Url:l IU)a~ =a~~llai = I, 

remains unaltered . Working with Mf gives the eigenvectors bf, • 

If we put U = (diag'l:,,)-I/' and V = (diag'l:,,)- tn in 'Theorem 10.2.2 
then we obtain M*=P" ' P '2P,iP" , wbere P is the correlation matrix of x 
and y. Hence we deduce that canonical correlation analysis using Pleads 
to essentially the same results as canonjcal correlation analysis applied to 
l'.. Recall that principal component analysis did not bave this convenient 
invariance property. 

Example 10.2.1 Working with the correlation matrix P , consider the 
situation q=p=2 with all the elements of P ' 2. equal; that is, let 

PII=(~ 7]. 
where 1= 11'. Then 

~ ] = /31/(1 + a), 

if la\< J. Similarly, (or Iyl< I, 

P, i P" =/31/(1 + y). 

Noting that " = 2J, we have 

P,,'P 12P2iPz, = {2/3'/(l +0)(1 + 1')}1. 

Now the eigenvalues of 11' are 2 and zero. Therefore the non-zero 
eigenvalue of the above matrix is 

~,=4/32/(1 +0)(\ +1'). 

Hence, the first canonical correlation coefficient is 

p, = 2{3/{(1 +a)(1 + y)}' /2. 

o te that la I, \1'\ < I and therefore p, > {3. 

Example 10.2.2 In general, if P" has rank one then we may write 
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P I2= ab'. Therefore 

PJ~ P J 2P2d pi l = p~,l ab'P2i ba'. 

The non-zerO eigenva lue of this matrix is 

A, = (a'P, ,' a)(b'p zi b). 

Note that this holds whatever the values of q and p. If a oc 1, b C< 1, then 
for q = p = 2 we get the result already sbown in Example 10.2. 1. In 
general when a c< 1, b '" 1, A, is proportional 10 the product o[ the sum of the 
elements of P , ,' with the sum of the elements of pzi. 

Note that in general M , and M, will have k non-zero eigenval ues. 
where k is the rank of :1: '2 ' Usually k = min (p, q). Hence . in regression, 
where p = I, there is just one non-trivial canonical correlation vector , and 
thjs is indeed the (standa rdized) least sq uares regression vector. If the 
matrices :1:" and l:n are not of full rank, then similar results can be 
developed using generalized inverses (Rao and Mitra. 1971 ). 

10.2.2 Sample canonical correlation analyst. 

T he above development for a population may be followed through [or the 
aoalysis of sample data. All that is needed is that S" should be substituted 
for :1:" wherever it occurs (i. j = 1. 2); and I, for .I." T, for Po. etc. [f the data 
is normal. then S is rhe maximum likelihood estimator ofl:. sO the sample 
canonical correlation values are maximum likelihood estimators of the 
corresponding population values, except when there are repea ted popula
tion eigenvalues. 

Example 10.2.3 For the. head-length data of Tahle 5.1.1, we have the 
correlation matrix 

[ 
1 0.7346J 

R" = 0.7346 'I . 
R _ [1 0.8392] 
,,- 0.8392 I ' 

[
0.7108 0.7040] 

R \2 = R2,= 0.6932 0.7086 . 

(See Example 5.1.1.) a te that all the e[ements of R " are about 0.7. so 
that this matrix is nearly of rank one , This means that the sec
ond canonical correlation will be near zero. and the situation 
approximates that of Example 10.2. 1. (See Exercise] 0.2.12.) In fact the 
eigenvalues of M , = R ,-,' R " R,iR" are 0.62]8 and 0.0029. Therefore the 
canonical correlation coefficients are ,, = 0.78 6 and ' 2. =0.0539. As 
expected , " is close to zero. since R 12 is almost of rank one. Note that " 
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exceeds any of the ind ividual correla tions between a variable of the first 
set and a variable of the second set (in particular 0.7886>0.7108). T he 
canooical correlation vectors fo r the standa rdized variahles a re obtained 
from the eigenvectors of M, and M, . We have 

[
0.552] 

. , = 0.522 . [
0.505] 

b , = 0.538 

and 

[ 
1.367] 8,= -1.378 . 

,=[ 1.767 ] 
b_ - 1.757' 

He nce the first canonical correlation variables are 'I , =O.552x, +0.522x, 
and 41, =0.505 ',+O.538yz. These are approxima tely the sum of length 
and breadth of the head size of each brother. and may be interpreted as a 
measure of "girth" . These variables are highly correlated between 
brothers. The second « lOonical co rrela tion variables 'Ih and 41, seem to 
be measuring the d ifJerellce between length and bread th . This measure of 
"shape" would distinguish for instance between long thin heads and short 
fat heads. The head shape of first and econd brothers appears therefore 
to have linle correlation . (See also Section SA) 

10.2.3 Sampling properties and tests 

The sampling distributions a ocia'ect wilh canonical corre lation ana lysis 
are very complicated. and we shall not go into them in detail here . T he 
interested reader is referred to Kshirsagar (1972 , pp. 26 1-277). We shall 
merely describe briefly an associated sign ificance test. 

First. consider the hypothesis 1: '2= 0. which means the two sets of 
variables are uncorrela ted with one anoLher. From (' .3.l l) (with q = p,. 
p = Q2) , we see that under normality, tile likelihood ratio <latisLic for 
testing Ho is given by 

• 
J.. 2Jn = II - S,iS, 'S" 'SI2I = n (1- ,;), ,- , 

which has a Wilks' A(p." - l -q. q) d;sLribution . H ere. " ..... ' . are the 
sample canonical correlat ion coellicients a nd k = min (P. q). Using Bart
len's approximation (3.7 .l\), we sec that 

• 
-{II -~p ... q +3)) log n (l-,~)-x;... 

, - I 

asympto tically for large n. 
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Bartlett (1939) proposed a similar statistic to tesL the hypothesis thaL 
only" of the population canonical correla tion coellicients are non-zero. 
T his test is based on the statistic 

• 
-{II -i(p+q+3)} log n (1- '~)- Xfr-' • • -. \. (10.2.14) 

1=,,-1 

asympto Lically. An al ternative large sample test was proposed by Marrion 
(1952). 

Example 10.2.4 Consider the head data of Example 10.2.3. There are 
" = 25 observations and q = p = 2. First. le t u tesL whether or no t the 
head meas urements of One brother are independent of those of the o ther. 
tha t is. the hypothesis p , = 1'2 =0. The LR test for this hypo thesi was 
given in Example 5.3.3 and the null hypothesis was strongly rejected . 

Second, to test whether P2 =0, we use (10.2.14) with s = 1. This gives 
the statistic 

- (25 - D log (1- 0.05392) = 0.063, 

which , when tested against the X~ distribution, is clearly non-significant. 
He nce we accept the hypo thesis P2 = 0 fo r this data . 

10.2.4 Scoring and prediction 

Let (X . Y ) be a data mat rix o[ II individuals on (q +p) variables and let a . 
b, denote the ith canon ical correla tion vectors. Then fhe II-vectors X~ . 
and Yb, denote the score" of the II individuals on the iLh canonicai 
correlat ion variables fo r x and y. In terms of the values of the va riables 
for a particular ind ivid ual. these scores take the fo rm 

TJI = a~x , (10.2.\5) 

Since correlations are unaltered by linear tra nsforma tions, it i ' some
times convenient to replace these scores by new scores 

q,t =c2!y.y + d2 • (10.2.16) 

where c,. c,> O and d,. d2 are real numbers. These scores are most 
important for the first canonical correlation vectors and they can be 
ca lculated for each of the" individ uals. 

Let r, denote the ith ca nonical correlation coellicient. If the x and y 
variables are in terpreted as the "predictor" and "predicted" variables 
respecLively, then the '1, score can be used to predict a val ue of the q,~ 
score using least squares regression. Since Xa, and Yb, each have sa mpl~ 
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variance 1. the predicted value of <1>, given 7J, is 

cf,! = 'i (TIl - ar;n ~ b:j. 

or equivalently 

"' . C ... " * -) d b'<P r =---(1'), -d,-c,ai" + 2+~ ,y. 
e, 
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(10.2.17) 

(JO.2.1S) 

Note that r: represents the proportion of the variance of <1>. which is 
"explained" by the regression On X. Of course. prediction is most 
important for the first canonical correlation variable. 

Example 10.2.S Consider again the open/closed book data discussed in 
Example 5.1.1. The covariance matrix for this data is given in Example 

8.2.3 . 
The canonical correlations are r, = 0.6630 and r2 =0.0412 and the first 

canonical correlation vectors are 

7J, = 0.0260x, + O.0518x2 • 

<1>, = 0.0824)' , + 0.U081 y~ + 0.0035h 

Thus tbe highe t correlation between the open· and closed-book exams 
occurs between an avcorage of x, and x, weighted on X" and an average of 
y,. y, . and Y3 heavily weighted on y, . 

The means of the exam results arC 

38.9545, 50.5909. 50.6023, 46.6818, 42.306K. 

If we use these linear combinations to predict open-book results from the 
closed-book results we get the predictor 

<f" = O.OI72x , + 0.0343x,+ 2.2905. 

ote that this function essentially predicts the value of y, from the values 

of x, and '~2 ' 

10.3 Qualitative Data and Dummy Variables 

Canonical correlation analysis can also be applied to qualitative data . 
Consider a two-way contingency table N(r xc) in which individuals are 
classified according to each of two characteristics. The attributes on each 
characterlSIlC are represented by the , row and the c column 
categories. respectively. and n ip denotes the number or individuals. with 
the ith row and jth column allributes. We wish to explore the relationship 
between the two characteristics. For example. T able 10.3. 1 gives a (5 x 5) 
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Table 10.3.1 Social mobility contingency table (Glass. 
1954; see also Goodman. 1972) 

Father'S 
status 

I 
2 
3 
4 

" 

50 
28 
1 1 
14 
o 

Subject's status 
2 345 

45 
174 
78 

150 
42 

8 
84 

ttO 
185 
72 

18 
154 
223 
714 
320 

8 
55 
96 

447 
411 

con tingency table of n = 3497 individuals comparing their social status 
with the social status of their fathers . 

Now a contingency table N is not a data matrix since it does not have 
the property that rows correspond to individuals while columns represent 
variables. However, it is possible to represent the data in an (n x (r +c) 
data matrix Z =(X . V), where the columns of X and Y are dummy 
zero-one variables for the row and column categories. respectively; that 
is, let 

x •• = {~ 
and 

if the kth individual belongs to the itb row category. 

otherwise. 

if the kth indiVIdual belongs to the jth column category. 

otherwise. 

for k = 1. .. . . II, and i = I •.. . , r; i = I. ... . c. Note that x(i\Y(1) = II;; . Also. 
the columns of X and the columns of Y each sum to 1". 

The purpose of canonical correlation analysis is to find vectors aIr x 1) 
and b(c x J) sucb that the variables '1 = a'x and t/> = b'y are maximally 
correlated . Since :r has only one non-zero component. TJ = al! a l,' " I or 
a,. Similarly <I> = b,. b2 •••• , or be. Thus. an individual in the ith row 
category and jth column category can be associated with his "score" 
(a" b;). These score may be plotted on a scattergram-there will be II" 

points a t (a;, bj)-and the correlation represented by the e points can be 
evaluated. Of course the correla tion depends on the values of a and b, 
and if these vectors maximize this correlation, then they give the vector of 
firsl canonical correlation loadings. Such scores are known as "canonical 
scores". 

Of course. having calculated the first set of canonical scores, one could 
ask for a second set which maximizes the correlation among all sets which 
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are uncorrelated with the first. This would correspond to the second 
canonical correlation, 

Let Z = (X, Y) be the data matrix corresponding to a contingency table 
N. Let t, = I; II" and gj = Ii 11,;, so that ( and g denote the marginal ro\y 
and column sums, respectively, for the table. For simplicity, suppose 
t, > 0, g, > 0 for all i and ;. Then a little calculation sbows that 

IIS=Z'HZ= Z'Z -IIZZ 

[
"SII IIS.2]=[diag(l)-:, - 'ff' N-N ], 

= - '..1 (10.3.1) 
"SlI IIS22 N'-N' diag (gj-n - gJ; 

where N = fg' is the estimated value of N under the assumption that the 
row and column categories are independent. 

Because the columns of X and Y each sum to 1, S;: and S:;i do not 
exist. (See Exercise J 0.3.!.) One way out of this difficulty is 10 drop a 
column of each of X and y , say the first column. Let S~ denote the 
component of the covariance matrix obtained by deleting the first row 
and first column from S" for i,; = 1,2. Similarly, let f' and g* denote the 
vectors obtained by deleting the first components of ( and g. Then it is 
easy to check that 

(lisT.) • = [diag (f*)] ITt. '11', (lIsr2) '=[diag (g*)] '+g, lU ', 
(10.3.2) 

so tbat Mf = Sf. ' S~2St 'sr, and ~ are straightforward to calculate for 
tbe reduced set o( variables. 

ote that the score associated with an individual who lies in the first 
row category of N is 0; and similarly for the first column category of N. 

Example 10,3.1 A canonical correlation analysis on Glass's social mo
bility data in Table 10.3.1 yields the following scores (coefficients of the 
first canonical correlation vectors) for the various social classes: 

Father's status: 1 2 3 4 5 

0 3.15 4.12 4.55 4.96 

Son's status: I 2 3 4 5 

0 3.34 4.49 4.87 5.26 

The first canonical correlation is r. = 0.504. Note that for both father's 
and son's social class. the scores appear in their natural order. Thus the 
social class of the father appears to be correlated with the social class of 
the son. Note that social classes 1 and 2 seem to be more distinct from 
one another than the other ~djacent social classes. both for the son's and 
the father's status. 
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Hypothesis testing is difficult for canonical scores because the data 
matrix Z is clearly non-normal. 

lOA Qualitative and Quantitative Data 

The ideas of the last section call be used when the data is a mixture of 
qualitative and quantitative characteristics. Each quantitative characteris
tic can of course be represented on One variahle. and each qualitative 
characteristic, with say g attributes, can be represented by dummy 
zer()-{)ne values on g - I variables. 

We shall illustrate tltis procedure for an example on academic predic
tion of Barnett and Lewis (1963) and Lewis (1970). Lewis (1970) gives 
data collected from 382 university students on the number of GCE 
A-levels taken (a secondary school examination required for university 
entrance), and the student's average grade (scored I to 5, with 5 denoting 
the best score). These represented the "explanatory variables". The 
dependent variables concerned the student's final degree result at univer
sity which was classified as First, Upper Second, Lower Second. Third, 
and Pass . Alternatively. some students were classified as 3(4) if they took 
four years over a three-year course (the final degree results were not 
available for these students). or as -> if they left without completing the 
course. 

This information may be represented in terms of the following vari
ables: 

x, = average A-level grade; 
x, = 1 if two A-levels taken, 0 otherwise: 
x~ = 1 if four A-levels taken. 0 othenvise; 
Y. = 1 if degree class lI(i) obtained, 0 otherwise: 
y,= 1 if degree class JI(ii) obtained, 0 otherwise: 
y, = 1 if degree class III obtained. 0 otherwise; 
y. = I if Pass obtained, 0 otherwise; 
y,= 1 if 3(4) obtained. 0 oLhenvise; 
Yo = 1 if -> obtained. 0 otberwise. 

Note that a student who obtains a First Class (I) degree, would score zero 
on all the y-variables. The data is summarized in Table 10.4.1. Note that 
most of these variables are "dummies" in the sense that they take either 
the value 0 or I . Hence the assumptions of normality would be com
pletely unwarranted in this example. 

Since the y-variables are in some sense dependent on the x-variables, 
we may ask wbat scoring system maximizes the correlation between the 
ys and the xs. Lewis (1970) showed that the first canonical correlation 
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vectors are given by a ,=(-1.096, 1.313,0.661), and b , =(0.488,1.877, 
2.401,2.971 ,2.527.3,310). Thus the scores corresponding to each or the 
degree results are 

I Jl(i) IIO;) ill Pass 3(4) ---> 

o 0.488 1.877 2.401 2.971 2.527 3.310 

The first canonical correlation coefficient is ,,= 0.400, whkh means that 
with the given scores only ' ; = 0. 160 of the variation in the first canonical 
correlation variable ror y is explained by variation in A-level scores , 
H owever, any other scoring system (such as a " natural " One. l y,+2y,+ 
.. . + 6y.) would explain less than 0.16 of the variance. 

The above scores may be interpreted as follows. The scores for I , II(i), 
IlOi), Ill. and Pass come out in the " natural " order, but they are not 
equally spaced, Moreover the 3(4) group comes between m and Pass, 
while ---> scores higher than Pass. ote the large gap between Il(i) and 
lI(ii). 

The canon ical correlation vector on the x-variables indicates that the 
higber one's A-level average. the better the degree One is likely to get. 
Also. those who take two or rour A-levels are li kely to get poorer degree 
results than those who take three A-levels. In raet, taking two A-levels 
instead of three is equivalent to a drop of about 0.5 in average grade. The 
fact tbat three A-levels is better than rour A-levels is somewhat surpris
ing. However, because tbe value of ,~ is not high, perhaps one should not 
read a great deal into these conclusions. (The test or Section JO .2.3 is not 
valid here because the population is clearly non -normaL) 

The means for the nine variables are (j ', Y) = (3.138, 0.173, 0.055, 
0. 175, 0.306,0. 134. 0.194,0.058.0.068). Thus we can use the A-level 
perrormance to predict degree results using 

<f, = - 0.439x, ,-0.525x, + 0.264x3 + 3.199. 

For a student taking three A-levels with an average grade of 3.75, 
<f, = 1.55, so we would predict a degree result slightly better than ll(ii) . 

Bartlett (J 965) gives various other examples on the use of dummy 
variables. 

Exercises and Complements 

10.2,1 Show that ror fixed b 

(a'I 12b)' 
m~x (a' I " a)(b' l:,2b) 

b'l:" l:~,' l: ' 2b 
b'l:,2b 
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and that the maximum of tbis quantity over b is given by the largest 
eigenvalue of 1:': 1: '2~i I:" . 

10.2.2 Show that M" M2 • .. and N, of Section 10.2.1 aU have the 
same non-zero eigenvalues and that these eigenvalues are real and 
positjve . 

10.2.3 Show that 

M,= lp - L.,'1:" .2' where 1:" ,=1:II- 1: '2~:! l:o . 

Hence deduce that the (i,(St canonical correlation vect r f , x, )!ll'tn b} 

the eigenvector corresponding to the smallest eiger v~llIc of ~" 

10.2.4 Show that the squared canonical correlations 3;~ Ihe ff)otf. ("If the 
equation 

11: 12~:! l:o ,-A 1: 1I1 =0 

and that the canonical correlation vectors for x sati<fy 

l: 12~:!l:na, = A,1:"a;. 

10.2.S (a) Show that the canonical correlation vectors a, and b, are 
eigenvectors of M, and M2 , respectively. 

(b) Write M,=L,L" M2 = L2L .. where L,=L.J' 1:12 and L, =~:! I:" . 
Using Theorem A.6.2 show that the canonical correlation vectors can be 
expressed in terms of one another as 

10.2.6 Let x(q x 1) and y(p X J) be random vectors such that for all 
i, k=l , ... . q and j.l= I, .... p, i,ek and i" I. 

V(x;l= I , V(y,)= I, C(x" x.J = p, C(y" y,)= p' , C(x,. y,)= 7, 

where p, p ' and 7 lie between 
canonical correlation variables are 

{q[(q - I )p + 1m-In t x , 
, . 1 

o and l. Show that the only 

and {p[(p- I )p' + lv,r"2 f Y" ,-, 
10,2.7 When p = I show that the value of p~ in Theorem 10.2. 1 is the 
squared multiple correlation I:, ,1:,,'1: "/"22' 

10.2.8 (a) The residual variance in predicting x, by its linear regression 
on b'y is given by 

f>f= V(x,) - C(x" b'y)2/V(b'y). 
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Show that the vector b which minimizes L:-, f> r is the eigenvector 
corresponding to the largest eigenvalue of ~:!l:" I ' 2' 

(b) Show further that the best k linear functions of y" . .• , YP for 
predicting x, . ... . x" in the sense of minimizing the sum of residual 
variances correspond to the first k eigenvectors of ~:! I:"I 12' 

10.2.9 When q = p = 2 the squared canonical correlations can be com
puted explicitly. tf 

then show that the e igenval Ues of M l = III'I"~i I:, , are given by 

A = {B ± (B2 - 4C)'fl}/{2(1 - ~)( I - If)}. 

where 

B = a'+ b' +c'+ d' +2(ad + bc )a(3 -2(ac +- bd)a - 2(ab +-cd)/3 

and 

C = (ad - be)'(I +a 2 (3'-a' - /3 ') . 

10.2.10 (Hotell ing. 1936) Four examinations in reading s peed , reading 
power. arithmetic speed . and ari thmetic power were given to II = 148 
children. The question of interest is whether readi ng ahility is co rrelated 
with arithmetic ability. The correlations are given by 

_ (1.0 0.6328) =(1.0 0.4248) R =( 0.2412 0.(586) 
R I1 - 1.0 ' Rn 1.0' 12 -0.0553 0.0655' 

Using Exercise 10.2.9, verify that the canonical corre lations are given by 

P, = 0.3945 , p, = 0.0688. 

10.2.11 Using (10.2.14) test whether p, = p,=O for Hotelling's exami
nation data in Exercise 10.2. 10. Show that o ne gets the tesl tatistie 

25 .13 - X~. 

Since X~ . " 01 = 13.3, we strongly reject the hypothesis that reading abililY 
and arithmetic ability are independent for this da ta . 

10.2.12 If in Example 10.2 . 1. (3 =0.7, a = 0.74 , and y =0.84. show that 
PI =0.782. thus approximating the situation in Example 10.2.3 where 
' ,= 0.7886. 
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10.2.13 (a) U ing tbe data matrix for the open/closed book data in 
Example 10 2.5 and Table 1.2.l. show that the scores of the first e ight 
individuals on the first canonical correlation variables are as follows : 

Subject 

6.25 
6.35 

2 

5.68 
7.44 

3 

5.73 
6 .67 

4 

5. 16 
6.00 

5 

4.90 
6.14 

6 

4.5 4 
0.71 

(b) Plot the above eight points on a scattergram. 

7 

4. 80 
0.12 

5. 16 
6.30 

(e) Repeat the procedure for the second canonical correlation variable 
and analyze the difference in the corre lations. (The second canonical 
correlation is ' 2 = 0.041 and the corresponding loading vectors are given 
by 

"2 = (- 0.064,0.076). b!, = (-0.091. 0.099. -0.014).) 

10.2.14 The technique of ridge regression (Hoerl and Kennard. 1970) 
has been extended to canonical correlation analysis by Vinod (1976) 
giving what he calls the "canonical ridge" technique. This technique 
involves replacing the sample correlation matrix R b 

[
R ,,+k.l R.2 ]. 

R2I R,,+ kol 

where k. and k2 are small non-negative numbers. and carrying out a 
canonic~ t correlation analysis on this new correlation matrix. For data 
which is nearly coUinear (that is. R •• and/or R 22 have eigenvalues near 0), 
show that small but non·zero va lues of k •. k2 lead to hetter estimates of 
the true canonka l correlations and canonical correlation vectors than the 
usual analysis on R provides. 

10.2.15 (Lawley, 1959) If S is based on a large number, II , of observa
tions, then the following asymptotic results hold for the k non-zero 
canonical correlations. provided p~ and p~- P~ are not 100 close to zero , 
for all;, j =I, .. .. k. ;'I'j : 

2p,E(r,-p;)=_I_(J-p;){P+Q-2-p; + Z(I-PT) ± 2~ 2} T O (n' 2), 
(II - I ) .. , I' , 1' , 

~~ j 

l ' )' O ( .2) V(r, )=--(1-p. -~ " , 
(n -1) 

( )_Zp,p,(1-p;)(I- p;)+ 0('1- 2) 
corr f" f , - ( 1)( 2 2)2 . 

IJ - Pi - PI 
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10.3.1 Show that S1I1 = 0 and s,21 = 0 in (10.3.1). Hence S,.' and S2i 
do nOl exist. 

10.3,2 The following example illu tratcs that it does not matter which 
row and column are deleted from a contingency table when constructing 
canonical scores, Let 

N=G ~l 
(a) Show that deleting the first row and first column [rom N leads in 

(J 0.3.2\ to 

M* =...!.. [2 1>9] 
J 15 3 

a nd hence the canonical scores for the row categories are proportional to 
(0, 2, 3). 

(b) Similarly, show tha t deleting the second row and first column from 
N in (10.3.2) leads to 

1 [ 8 -6] 
Mf= 15 - 4 3 

and hence to canonica l sCOres proportional to (- 2. O. 1). Since these 
scores are related to the scores in (a) by an add itive constant, they are 
equivalent. 

(c) Show that the canonical correlation between the row and column 
categories equals (1 1/15)112. 

(d) ote that because there are only two column categories, all scoring 
functions for column categories are equivalent (as long as they give 
distinct values to each of the two categories). 



11 
Discriminant Analysis 

11.1 Introduction 

Consider g populations or groups n, , .... n., g"" 2. Suppose that as
sociated with eacb population nO' there is a probability density [,(x) on 
RP, so that if an individual comes (rom population n" he has p.dJ. [,(x). 
Then the object of discriminant analysis is to allocate an individual to one 
of these g groups on the basis of his measurements x. Of course, it is 
desirable to make as few "mistakes" as possible in a sense to be made 
precise later. 

For example. the populations might consist of different di eases and x 
might measure the symptoms of a patient. Thus one is trying to diagnose 
a patient's disease o n the basis of his symptoms. As another example. 
consider the samples from three species of iris given in Table 1.2.2. The 
object is then to allocate a new iris to one of these species on the basis of 
its measurements. 

A disc,iminallr rule d corresponds to a div; ion of R P into disjoint 
regions R" ... , R. (U R, = R"). The rule d is defined by 

allocate I to n, if XE R
" 

for j = 1, ... , g. Discrimina tion will be more accurate if n, bas most of its 
probability concentrated in R, for each j. 

UsuaUy, we have no prior information about which population an 
individual is likely to come from. However, if such information is availa
ble, it can be incorpora ted into a Bayesian approach. 

The situation where the p.d.f.s [,(x) are known exactly is the simplest to 
analyse theoretically, al though it is tbe least realistic in practice. We 
examine this case in Section 11.2. 
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A varia nt of this situation occurs when the form of the p.dJ. for each 
population is known , but there are parameters which must be estimated. 
The estimation is based on a sample data matrix X (II x p) whose rows are 
pa rtitioned into g groups. 

The (II, x p) matrix X, represents a ample of II, individuals from the 
population n,. ote that in this chapter it is tbe illdioiduaIs (rows) of X 
which arc grouped into categories. whereas in the last chapter it was the 
variables (columns) which were grouped. 

Finally, there is an empirical approach to discriminant analysis where 
we do not assume any particular form for the populations n,. but merely 
look for a "sensible" rule wbich will enable us to discriminate between 
them. One such ruJe is based on Fisher 's linear discriminant function and 
i. described in Section 115. 

11.2 Discrimination when the Populations are Known 

11.2,1 The maximum likelihood discriminant rule 

Consider tbe situation wbere the exact distrihutions of the populations 
II , ..... fl. are known. Of course this is extremely rare. although it may be 
possible to estimate the distributions fairly accurately provided the 
sa mples are large enouj!;h. In any case an examination of the situation 
where distributions are known serves as a useful framework against which 
other sit uations can be compared. The starting point for our analysis is 
the intuitively plausible maximum likelihood rule . We ~h311 write the 
p.d.f. of the jth population as {, (x) = L, (x) to emphasize that we are 
th inking of the likeLihood of the data point x as a function of the 
"parameter" j. 

Definition n .2.1 Tile maximum likeliltood discriminant rule {or a/locat
ing all obseroalioll x ro o"e of rile populario"s n , ... .. n" is 10 allocale x to 
rite pop,t/aliotl which Kives Ill e largesr likelihood 10 x. 

That is. the maximum likelihood rule says one should allocate" to n" 
" here 

L ,(x) = max L,(x) . (11.2.]) 
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If several likelihoods take the same maximum value, then anyone of these 
may be chosen. This point will not always be repeated in what follows. 
Fur1her, in the examples we consider, it will usually be the case that 

P(L,(x) = 4 (x) for some if k I IT;) = O. 

for all j = 1, ... , g, so that the form of the allocation rule in the case of ties 
has no practical importance. 

Example 11.2.1 If x is a 0-1 scalar random variable, and if TT , is the 
population with probabilities (~, 4) and TT2 is the population with prob
abilities G, ~). then the maximum likelihood discriminant rule allocates x 
to TT, when x = 0, and allocates x to TT, when x = 1. This is because 
L. (O)=~> L,(O)=t and L,(I) =~> L,(!)=~. 

Example 11.2.2 Suppose that" is a multinomial random vector, which 
comes eitller from n" with multinomial probabilities a .... .. a k or from 
n2 , with multinomial probabilities f3 " ... , 13k, where La, = L13i = 1 and 
Lx. = II. fixed . 1f x comes from J] " its likelihood is 

tI! ---:-:.:.:.---: a x. a " I " ..., . 
XI' . .. xrc . 

If x comes from TTz the l ikelihood is 

01.2.2) 

If A is the ratio of these likelihoods, then the log likelihood ratio is 

log A = L x, log :: = L XiS" (11.2.3) 

where s, = log (aJf3i)' The maximum likelihood discriminant rule allocates 
x to IT, if A> 1, i.e. if log A > O. We shall meet this rule again in the 
context of a linguistic seriation problem in Example 11.3.4. 

Example lL2.3 Suppose that IT, is the N(IL" O" }) distribution, and TT2 is 
the N(I'-"2.O" D distribution. This situation is illustrated in Figure 11.2.1. 
for the case where IL2 > IL , and 0", > 0",. The likelihood L, (i = 1. 2) is 

L,(x) = (2 1T0"~)-'n exp {-t(" :ILi)'} 
• 

Note L. (x) exceeds L,(x) if 

0" {[(X-IL)' (X-""')']} U: exp -! ~ - U2 - > 1. 
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Figure 11.2. l Normal likelillOods witl1 unequal means and unequal variances 
(from Eulmp/. 11.2.4). 

On taking logarithms and rearranging, this inequality becomes 

If 0". > 0"2 as in Figure 11.2 .1, then the coefficient of x2 is negative. 
Therefore tbe set of xs for which this inequality is satisfied falls in two 
distinct regions. one having low values of x and other having higb values 
of x (see Exercise 11 .2 .8 and Anderson and B ahadur , 1962). 

Example 11.2.4 An important special case of the previous example 
occllrs when 0", = 0"2. for lhen l. ,(x) exceeds 4(x) when 

Ix -"",I > Ix -IL.I-

In other words. if 1'-.,> IL. then the maximum likelihood discriminant rule 
allocates x to n2 if x> HIL. + IL , ), and allocates x to IT, otherwise. II 
IL. > IL"2 the position is reversed. 

The multivariate generalization of this result is fundamental to this 
chapter and is given as a theorem. 

Theorem 11.2.1 (a) If ITi is Ille Np (IL!,1:) population, i = 1, ... , g, and 
1: > 0, tile" the maximum IikelillOoo discriminant rule allocates x to ITI, 

II'herej E (I .... , g) is thaI value o/i which minimizes the square o/the MallO' 
lanobis distance 

(x - 11;)'l;- '(X -11;). 

(b) When g=2. tile rule allocates x to TT. if 

""(>: - 11»0, 

wltere "' = ~ '(11 '- 11') and l1=tb.l,+I12), and to IT, otherwise. 

Proof From (2.5.1), the itb likelihood is 

L ,(>:) = 12 7Tl:j- ln exp (4(X- l1i)'~'(" - .... n. 

(11.2.4) 
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This is maximized when the expOnent is minimized , which proves part (a) 
of tbe theorem. 

For part (b) note that L,(x» L, (x) if and only if 

(x - 11. Y.k'(>: - 11 ,) < (:O: - 112),1:- '(x-I12). 

Cancelling and simplifying leads to the condition stated in the theorem. 
(See Exercise I 1.2.1.) • 

Example 11.2.S (Singular 1:; Rao and Mitra , 1971. p . 204) Consider 
the situation of the above theorem when 1: is singUlar. Then the ML rule 
must be be modified . Note that n, is concentrated on the hyperplane 
N' (X - I1 ,) = O. where the columns of N span the null space of '1. and that 
D2 is concentrated on the hyperplane N'(. -112) = O. (See Section 2.5.4.) rr 
N'(I1, - 112)" 0, then these two hyperplanes are distinct. and discrimina
tion can be carried out with perfect accuracy; namely if N'(X-I1I )=O 
allocate to D, and if N'(x- 1121 = 0 allocate to D1 . 

The more interesting case occurs when IL, -112 is o rthogonal tu the null 
space of I. If '(11,-110)= 0, then the ML allocation rule is given by 
allocating" to n, if 

a 'x > ia'(I1,- I12 ), 

where a = 1: {IJ., - 112) and '1 is a g-inverse of ~. In the rest of this 
chapter we shall assume '1 > 0. 

Note that when there are just g = 2 groups. the ML discriminant rule is 
defined in terms of the discriminant {lIl1ctioll 

h(>:) = log L,(x)- Iog L, (x). 

and the ML rule takes the form 

alloca te x to fl, if 1.(.»0. 

allocate x to f12 if "(.)<0. 

( 11.2.5) 

( 11.2.6) 

to particular. Dote that the discriminant function given in (I 1.2.4) for two 
multinormal populations with the same covariance matrix is lillear. Thus 
the boundary between the allocation regions in this case is a hyperplane 
passing through the midpoint of the line segment connecting tbe two 
group means, although the hyperplalle is not necessarily perpendicular to 
this line segment. See Figure 11.3.1 for a picture in the sample case . 

11.2.2 The Bayes discriminant rule 

fn certa in situations it makes sense to SuppoSe that the variou.. 
populatioos bave prior probabilities. For instance. in medical diagnosis we 
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may regard flu as intrinsically more likely than polio. This information 
can be incorporated into the analysis using a Bayesian discriminant rule. 
For sim plicity we shal l suppose all prior probabilities 7T, are strictly 
positive j = 1, .... g. 

Definition 11.2.2 If popu/atiolls n, .. . ., n. Itave prior probabilities 
(7T" .. . , 7T.)= 1T'. tlte" the Bayes discriminant rule (wilh respect to n ) 
al/oca tes all observatioll • to the populatioll for whirh 

(11.2.7) 

is maximized. 
The function in (11.2.7) can be regarded as proportional to the posterior 

likelihood of fl, given the data., ote that the ML rule is a special case 
of the Bayes rule when all the prior probabilities are equal. 

In the case of d iscrimination be tween g = 2 populations. the effect of 
introd ucing prior probabititic. is simply to shift the critical value of the 
discriminant function by an amoun t log ("' ,}1T ,) . The rule (11.2.6) be
cOmes 

allocate" to n , if It(x) > log (1T, !7T,) 

and to O2 otherwise. In particular for the ca e of two multinormal 
populations with the same covariance matrix. the boundary hyperplane is 
moved closer to the less likely popldation. but remains paraltel to the 
noundary hyperplane of the ML altocation regions. 

11.2.3 Optimal properties 

T he Bayes discriminant rules described above (including the ML rule) 
have certain optimal properties. First notice that the above rules are 
deterministic in the sense that if x, = x, then " and X2 will always be 
allocated to the same population. However. for mathematical purposes it 
is convenient to define a wider etass of discriminant rules. (In this wider 
class. it is possible to average two discriminant rules. a nd hence the set of 
all discriminant rules forms a convex seLl 

Definition 11 .2.3 A randomized discriminant rule d illvolves al/ocarilll( 
all observa tion x to a populatioll i ",itl. probability 0,(X). ",IIere <1>, .... . <1>. are 
IIol1-IIegative tWletiolls earh defilled on R ". ",hiclt sarisfy L <1>, (x) = 1 {or all 
x . 

it is clear that a deterministic alloca tion rule is a special case of a 
randomized allocation rule obtained by putting 'b;(x) = 1 for XE R, and 
0 ,(. )=0 elsewhere. For example. the Baye rule with respect to prior 
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probahilities 71" , •••• • 71". i defined by 

if 7I",L,(x) = max "",4("). 

otherwise. 
01.2.8) 

except for tbose " where the maximum is attained by more than one 
popUlation. (Since we are suppos ing that the set of such xs has zero 
probability. whatever the true population. this ambiguity in </>,(x) is 
irrelevant.) 

The probability of allocati ng an individual to population fl,. when in 
fact he comes from n,) is given by 

POI = J </>,(x)L,(x) dx. (11.2.9) 

In particular. if an individual is in fact from flO' the probability of 
correctly allocating him is p" and the probability of misallocating him is 
1 - POO" The performance of the discriminant rule can be summarized by 
the numbers p" .... . P ... The following definition gives a partial order on 
the set of discrimination rule~ . 

Definition 11.2.4 Sa)' rhar 0'" discriminanr rule d wirla probabilirres of 
correcr allocatioll {P .. ) is as good as allorlaer rule d' wir/. probabiliries I,,;.} if 

(or all i = I .. ... g. 

Say rlaat d is beller rhall d' if ar leasr olle of rite illequaliries is srricl. If d is 
a rule for wlaiell rhere is 110 berter nde. say rhar d is admissible . 

'otice that it may not always be possible to compare twO allocation 
rules using this criterion. for example if p" :> p~, but P22 < P~" However. 
we can prove the following optimal proper!)' of Bayes discriminant rules. 
which can be considered as a generalization of the Neyman-Pearson 
lemma (see Rao. 1973. p. 448). 

Theorem 11.2.2 All Bayes discrimillanr rules (illcluding rhe ML ",'el are 
admissible. 

Proof Let d· denote the Bayes rule with respect to prior probabilities 1T. 

Suppose there exists a rule d which is beller than this rule . Let {p,,} and 
{p:) denote the probabilities of correct cla ,ification for this rule and the 
Bayes rule. respectively. Then because d i better than d* and since 
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"",:> 0 for all j, I 7T,P .. > L 7T,p~. However. using (11.2.8) and (11.2.9). 

L 71",1' .. = L J 4>, (X)7I",L, (x) dx 

",~ J </>,(x)m~x7I",L,(x)dx= J (L</>,(x)} max 7I",4(x)dx 

= J max 7I",L,(x) dx 

= J L <I>~(x J7I";L, (x) dx 

= L 1Tjp!. 
which contradicts the above statement. Hence lhe theorem is proved. • 

o te that in the above tbeorem. discriminant rules are judged on their 
g probahilities of correct allocation. p" .... , p ... However. if prior prob
abilities exist. then a discriminant rule can also he judged on the basis of a 
single number-the posterior probability of correct allocation. r "",P..
Using this criterion, lilly two discriminant rules can be compared and we 
have the following result, first given in the case of g = 2 groups hy Welch 
(1939). 

Theorem 11.2.3 If popu/arions n, ..... n. have prior probabilit"" 
71", . .. .. 71" •• Illell /10 discrimillanr ",Ie has a larger poslerior probabiliry of 
correcr allocarion rhall ale Bayes rule wirh respecr to rhis prior. 

Proof Let d' denote the Bayes rule with respect to the prior prob
abili ties 7T, .... . 7T. with probabilities of correct allocation {pt). Then. using 
the same argument as in Theorem 11 .2.2. it is easily seen that for any 
other rule d with probahilities of correct classification {p;;). I 1T,P .... 
L 7I",p~: that is. the posterior probability of correct allocation is at least as 
large for the Bayes Iule as for the other rule. 

11.2.4 Decision theory and unequal costs 

The discrimination problem described 
language of decision theory. Let 

K(i, il = {O. 
ell' 

above can be phrased ill the 

i = j . 

i i- j. 
(11.2.10) 

be a loss {unction repre~enting the cost or loss incurrect wben an observa
lion is allocated to n, when in fact it comes frolll n,. For thi!, to be a 
sensible definition, suppose coo:> (I for all i1' j. If d is a discriminant rule 
with allocation functions <1>, (X) given in ( 11.2.8). then the risk f""criol! is 
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defined by 

R(d. j) = E(K(d(x), j) I fl,) 

= I. K (i. j) f <1>. (x)L, (x) dx . (11.2.11) 

and represents the expected loss given that the. observation comes from 
fl,. In particular. if c;, = I for if j, then 

R(d.j) = I-p" 

represents the misallocation prohabilitie,. 
U prior probabilities exist then tbe Bo)'e., risk can be defined by 

r(d. 1T) = I. "',R(d. j) 

and represents the posterior expected loss . 
As in Section 11 .2 .3. say that a discrimination rule d is admissible if 

there exists no other rule d' such that R(d' , i> "" R(tI, JJ for all J. with at 
least one strict inequality . 

Define the Bayes rille in tb is "tu3tioll with re peet 10 prior probabilities 
"'·1 .. ... "'. as follows: 

allocate x to fl, if I. e,, 'IT, Ldl<) = mrn I. c,,'IT,l,(x) . (11.2.12\ It-. I 1.. ... 

The following results can be proved in the same way as Theorem 11.2.2 
and Theorem 11.2.3 (See also Exercise 11 .2,4.) 

Theorem11.2.4 All Bayes lliscril11irralioll rules are admissible for IIle risk 
tWlclioll R. • 

Theorem 11.2,5 If lire populaliolls fl , ..... n, Iwve prior probabililies 
'IT ...... 'IT" rhell rIO discrimillallt ",Ie has smaller Bayes risk for Ihe risk 
function R chan the Ba~les rule with respect ro 1T . • 

The advantage of the decision theory approach is that it allows us to 
attach varying levels of importance to different sorts of error. For 
example, in medical diagnosis it might be regarded as more harmful to a 
patient's survival for polio to be misdiagnosed as flu than for flu to be 
misdiagnosed as polio. 

[n the remainder of Ihis chapter we shall for simplicit}' place most of 
the emphasi on the ML discriminant rule (o[ equivalently. the Bayes rule 
with equa l prior probabilities) . 
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11.3 Discrimination under Estimation 

11.3.1 The sample discriminant rule 

The sample ML discriminallt rule is useful when the forms of the 
distributions 01 fl

" 
.... fl. are known, bul their parameters must be 

estimated from a data matrix X(II X p). We suppose that the rows of X are 
partitioned into g groups, X' = (X, .... , X~) and that X, contains T!; obser
vations from fl;. 

For example, suppose the groups are assumed to be samples from the 
multinormal distribution with different means and the same covarjaDce 
matrix. Let i , and S, denote the sample mean and covariance matrix of 
the ith group. Then unbiased estimates of .. , ........ and 1: are Xl .. .. ' i, and 
S" = 2: II.S,/( T! - g) . The sample ML discriminant rule is then obtained by 
inserting these estimate:. ill Theorem 11.2.1. In particular when g = 2 the 
sample ML discriminan t rule allocates x to n, if and only if 

(11.3.1) 

where a =S~ '(X I - i ,). 

Example 11.3.1 Consider the ,t 1= 112 = 50 observations on two species 
of iris. I. selOsa and I . versicolour. given in Table 1.2.2. For simplicity of 
exposition. we shall d iscriminate between them only on the basis of the 
first Iwo variables. sepal length and sepal wid th . Then the sample means 
a fld variances rOI each gro up are given by 

Thus. 

x, = (5'()06. 3.428)', 

S,=(0.1 218 0.0972) 
0.1408 . 

x, = (5.936.2.770)', 

S, = (0.2611 0.0835) 
0.0965 . 

B = [(50S, + 50S2)198J- I(>:,- i 2) 

= (0.1953 n.0922)-1 (-0.930) = (-11.436) 
0.0922 n.1211 0.658 14.143 ' 

and the discriminant rule is given by allocating to fl , if 

il(x) = (-11.436. 14. I 43) (X, - ~(S.006 + 5.936») 
x2 - ,(3.428 + 2.770) 

=-1I,436x l + 14. L43x2 + 18.739 > 0 

and 10 fl2 otherwise. A picture of the allocation regions is given in Figure 
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4.5 
I,.,s s~/osa 

•. 0 

J.5 

J.O 

2 .5 

2.0 

,. 51Lo--:-':C---::.L--=--=---::'-:--~;;---::-'o--~-:::--~7.'o5+" 
3.5 4.0 4, ~ 5.0 5.5 6.0 6.5 7. 0 t , 

Fif{I4Tf! I' . .1_' ni~t'Timjll{J.liml herweel1 two species of ins: {I plot of fire dalO poinl$ 
in tWQ dimen"Slofls (x ,= ... epal lengrh. x1.-= se pal width) rngrl/ler Wi lli ellipses of 
conce"traliol1 for probal,ili,ies 0.5. 0 .9 . and 0 .Y9 . and tile mumdary Ij'lt defined by 
Ihp discriminalll IUlu'lion (Dagm:'iie. 1975. p. 313). 

11.3.1. The estimated ellipses containing 50. 90. and 99% of the proba
bility mass within each group have been drawn to give a visual 
impression of the accuracy of the discrimination . See also Example 
11.6. L 

Note thal the sample means themselves have scores Jr(i,) ~ 9.97 and 
h(i,j =-9.97. so that tbe boundary line passes through the midpoint of 
the line segment connecting the two means. 

Consider a new iris with measurement, x = (5.296. 3.213)'. Since lI (x)= 
3.6 15>0 we allocale x to n,. 

Example 11.3.2 Ex tend the last example now to incude the II , = 50 
observations on tbe third species of iris. 1. virginica. in Table 1.2.2. which 
has sample mean and variance 

_. _ (6.51\8) 
X3 - 2.974 . 

In this case 1: is estimated by 

S, = (0.3963 0.0919). 
0.1019 

(
0.2650 

So = (50S, - 50S2 + 50S,)/147 = 0.0927 
0.0927) 
0.1154 

• 
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and discrimination is based on the three functions 

II ,,(x) = (x, - X,I'S: '{x - i(i , + i ,») 

=-7.657 x , + 11.856x, + 5.153 . 

" '3(x) =-] 0.220,'( , + 12.147x, +20.362. 

It,,(,,) =-2.562x , +O.29 1x, + 15.208. 

Notice that I, ,,(x) is not identical to the discriminant function It (x) of 
Example 11.3.1, because we are using a slightly different e tima te of 1:. 

Then the allocation regions are defined by 

Writing 

G
' if Ii ,, (><) > 0 and I1\3(x»O. 

allocate x to n, if hu(x)<O and "2' (x»0. 
, If /t ,b)<O and Itn (x)<O. 

() (- - )'S- ' ' -'S- ' - + ,- S~ ' -Jl.j j x = Xj - Xj u X - 2:Xj u x/ 2X, U Xl 

for i1 j . it is easy to see tbat (he discriminant functions are linearly related 

by It ,,(x) + h,,(x) = It ,,(x). 

(See Exercise 11.3.2.) Thus the boundary consists of thTce li tles meeting 
at the point where It ,,(x) = " 23(x) = It ,,(x) = O. 

A picture oi the allocation regions for the iris data is given in Figure 
11.3.2. Notice that it is mOre diffi cult to discriminate accurately betwee n 

" 
.,0 

.'" 
4 .0 

0 . ' 

J.5 0 ,' 

3.0 

2. 5 

2.0 
" 3.5 4.0 4.5 5,0 5.5 6.0 6.5 7.0 7.5 B.O 

Figure 11.3.2 Discriminatio ll b~fween rhree specie ... of iris uslltg fWD variables 
(XI = sepal lengrh, X2 = selXd width ); a plol of tlte sample m e a'I$ logetller with the 
ellipses of concenrranon for probabiliries 0.5 and 0.9. and 'lte howtdaries between 
lhe allocariQn regions. Here I -= I. serosa, 2 = T. versicolou" 3 = I. virgin ica (Dag 
lIelie, 1975. p. 322). 
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T. versicolour and 1. virginkll than it is to discriminate between either of 
these species and 1. serosa. 

Example 11.3.3 Sm ith (1947) collected information On normal individu
als and psychotic individuals. The data on two of the variables is illus
trated in Figure 11.3.3. The diagonal line in this figure represents the 
boundary given by the sample discriminant rule defined in (1\.3.1). which 
assumes equa l covariance ma trices for the populations. However. from 
the figure it is clear thaI Ihe variances of the variables lor the normal 
individ uals are smaller than for Ihe psychotics. Also. Ihe correlation 
between the variables within each population appears low. For this reason 
Smi th tried a sample ML discriminanl rule assuming biva riate normal 
popUlations with ullequal covariance matrices bill with zero correlalion 
between the variables in each population. These assumptions lead to a 
quadratic allocation rule wilh an ell iptical boundary (Exercise 11.2.1\). (In 
Figure 11.3.3 the axes have heen scaled to make the boundary circular. ) 

60 '" '" '" t:> 

'" '" 
"'", '" '" 40 

'" '" '" 
'" '" '" 

'0 
",0 

'" '" 8 0 0 
Oro 0 

'" 00 0 

0 ~ 0 o~oo 

'" 
0 '0 20 30 

Figure 11.3.3 Discri-miflation berween normal individuals (0) (lnd pSyclIOIICS(.6) 
on Ihe basis of fWQ variable.s x and y: a plot of the data points plus a linear 
bou."dary and a circ«lar bOlmdar}, herweell the gro"p~ (Smilll , J947; Barrlett, 1965, 
p. 208). 
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For the given sample Ihis rule appears 10 give a ~I ighl improvemen t Ovcr 
Ihe use of a linear boundary. 

Discriminant ana lysis can also be used as an aid to seriation (putting 
objects into chronological order), as seen by the following example. 

Example 11.3.4 Cox and Brandwood (1959) used di criminant analysis 
to place in chronological order seven works of Plato-Republic, Laws. 
Critias. Philebus. Politicus. Sophist. and Timaeus, where it is known that 
Republic was written hefore Laws and that the other five works were 
wrillen in between. However. Ihe order of these five works is not known. 
The stylistic properly on which the statistical analysis is based is the type 
of sentence ending. The last five syllables of a sentence are each either 
long or short. leading to 2 ' =32 types of sentence ending. For each work 
the-percentage of sentences having each type of end ing is given in Table 
11.3.1. 

1t is assumed Ihat sentence style varied systematically over time, and a 
function measuring this change of slyle is sough t in order to order Ihe 
works chronologically. ( ole that tbi$ problem is not really discriminant 
analysis as defined in Section 11.1. hecause we do not want to allocate 
these intermediate works to Republic or Laws.) 

Suppose each 01 the works has a multinomial distribulion and in 
particular suppose Ihe parameters for Repu/)/ic and Laws are 0, .... , 0 " , 

and (3 , ..... [l", respectively. Then. from Example 11.2.2, the ML discri
minant function betwee.n R epuhlir and Law< (slandardized by the 
nllmher of ""en1encf"~) is. givf'n hy 

h(~)= "i. x.s/"i. x,. 
where s, = log (OJ(3i) and X, .. .... '" are Ihe number of sentences with each 
Iype of ending in a particular work. We do nOI know the parameters 0 , and 
(3" i =1.. ... 32. However. since the number of sentences in Republk and 
Laws is much larger than in the other works, we shall replace 0, and (3. 
by their sample estimates from Table 1 I .3.1. 

The scores of each work on this discriminant function are given in 
Table 11.3.2. The table also gives their standard errors; the formulae for 
these are given in Exercise 11.3.3. From these scores it appears that the. 
most likely order is Republic, Timaeus. Sophist, Critias. Politicus. Philebus, 
Laws. This order is not in accord with the view held by the majority of 
classical scholars, although there is a minority group who reached a 
similar ordering by apparently independent arguments. For a discussion 
of questions related to the tatistieal significance of this ordering, see 
Exercise 11.3.3. and Cox and Brandwood (1959). 
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Table 11.3.1 Percentage distribulion of sentence endings in seven works of 
Plato (Cox and Brandwood. 1959) ~ 
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..... 
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11.3.2 The likelihood ratio discrimioant rule 

An alternative rule to the sample ML allocatio n ruk uses the likelihood 
ratio erilerioll, due to Anderso n (1 958. p , 141). This rule in volves calculat
ing the likelihoods of the hypo theses 

Hi : x and the rows of X , are from n,. and the rows 
of X i are from n" j oF i. 

for, = 1.. .. , g. Then x is allocated to the group for which the hypOthesis H, 
has the largest likelihood . 

For example , con ider the di criminatio n problem between g = 2 mul
tinormal populations with the same covariance matrix . 

The m.l.e.s of 11" ...... and 1: under H , are (" ,ii I + x)/(Il , ~ I ), ii" and 

1,= 
", 

I { " , - - ,} . I w +-I-- (x- x,)(x - x, ) . 
n2 T + HI 

where W = Il ,S,-+- '12S, . Similarly. under H, the m. l.e.s are i ,. (" ,X, ... ,)/ 
(n,+ I ), and 

- I { II , _ _ , } 1:,= W~--(X- X1J( X - X ') . 
- 11 ,+ ,t2 + 1 1 + tl2 ... 

The likelihood ratio statistic. A: is the ~ (II , + " 2 + I )Ih power 0 1 

11,1 1+ (11 ,/(1 + n,»)(x - i ,YW - '(x - x,) 

li,l 1+( 11 ,/(1 + 'I ,»)(X- X, )'W ' (x - i ll 

We accept H ,. and allocate x to n, if and o nly if this expression exceeds 
one. This OCcurS if and only if 

II , ( -)' W- '( - '" ( - )'W- '( -) -- X - Xl X-Xl»-- x- x, X - XI· 
1 + 11 , 1 + 11 , 

In the special case where II, =11, this likelihood ratio crite rion is eq uival
ent to the sample ML discriminant rule defined above. The procedures 
are also asymptotically equivalent if " , and " 2 are both large. However. 
when "l oF II, this likelihood ratio criterion has a slight tendency to 
allocate ~ to the population which has the larger sample size. 

11.3.3 A Bayesian approach 

A problem wilh the sample ML rule. is that it does no' alluw for sampling 
variation in the estimates of the parameters. This problem may not be 
serious for large II but can give misleading results if '/ is not milch bigger 
than p. 
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A Bayesian method of dealing with this problem is to put a prior 
density n(6) on the parameters 6 (see, for example, Aitchison er al .. 
1977). Then the likelihood of an observation x given the data X , on the 
assumption that x comes (rom the jth population. is given by averaging 
the p.d.f. of x given 6 with respect to the posterior density of 9 given X; 
that is 

L, (x I X) = J f,ex 19)f(91 X) d9, 

where [(9 1 X ) oc r (X I 6)",(9). 
For example. if we are comparing two multi normal populations with 

the same covariance matrix, let 9 = (11, , 112.1:) and let .".(9) be the vague 
prior of Example 4.3.1. Then 

L, (x I X) " J 1l:1-'·'''· 'I)/l exp {-4 tr r '[" IS, + ",s, + " ,ti l - Il ,)(i, - 11)' 

+ " ,(i ,- I1 ,)(i, - 112)' + (x - 11 , )(1 - 11 ,),] } dl1, dl12 d1: . (11.3 .2) 

Using Ihe identity. 

" ,(ii , - 11, )(i, - 11, )' +(x - 11 , )(,. - 11, ), 

n'X l+ X)'+ 11 , ( - ) ( - J' -- XJ-X X I -X 
11 1+ 1 111 + 1 

and integrating (11.3 .2) over dl1 , and dl1, first, we get 

'" III S+_"_l_ (x - i ,)(x - x, )'1"'" "'2 
til + 1 

oc (I - (" -1-P )- ' (x-i, ),[II(I + 1/11, lien -1 - p )Sr' 

( 11 .3.3) 

x (x- i, ) }- tn - , - " ",·p }l2. 

Thus. using Exercise 2 .6.5, x has a multivariate Student's t distribution 
with parameters n - p - L. x,. and {n(1 + I / II,J/ (n-l-p)}S. Here 11 = 
II, + II , and nS = II ,S, + 112S,. Similarly. [ , (x I X) is a multivariate Student's 
r distribution with parameters 11 - P - I , x2, and {1I(l ~ 1/ 11.,)/(11 - 1- p)}S. 

As with the sample ML rule, we allocate x to the population with the 
larger likelihood. Note that if 11, = " ., the twO rules are the same. 

This Bayesian approach can also be used with unequal covariance 
matrices. See Exercise 11.3.5. 
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11.4 Is Discrimination Worthwhile? 

Consider the situation where we are discriminating between g multinor
mal populations with the same covariance matrix. and the parameters are 
estimated from the data X = (X ; .... . X~)'. If all the true means are equal. 
IL, = . .. = IL •• then of course it is pointless to try to discriminate between 
the groups on the basis of these variables . 

However. even if the true means are equal. the sample means i, ..... i . 
will be different from one another, so that an apparently plausible 
discriminant analysis can be carried out. Thus to check whether or not the 
discriminant analysis i, worthwhile. it is interesting to test the hypothesis 
IL, = ... = .... given X, = ... =1: •. This hypothesis is exactly the one-way 
multivariate analysis of variance described in Section 5.3.3a. 

Recall that two possible tests of this hypothesis are obtained by 
partitioning the "total" sum of sq uares and products (SSP) matrix T = 
X'HX as T = W + B. where W and B are the "within-groups" and 
"between-groups" SSP matrices . repectively. 

Then the Wilks' Ii test and the greatest rool test are given by fUDctions 
of the eigenvalues of W-' B. In particular. if g = 2. then W- 'B has only 
one non-zero e igenvalue and the two tests are the same and are equival
ent to the two-sample Hotelling's T' test. Then under the null hypothesis. 

{
",II,( 1I -2)} 

II d'W 'd - T2(p.,.-2) ={( ,.-2)p/(/I-p -l)}F",. _. _, 

and the null hypothesis i' rejected for large values of this stalistic. 

11.5 Fisher's Linear Discriminant Function 

Another approach to the discrimination problem based on a data matrix 
X can be made by not assuming any particular parametric form lor the 
distribubon of the populations fl, ..... fl., but by merely looking for· a 
"sensible" rule to discriminate between them. Fisher's suggestion was to 
look for the lillear {""Clioll a'x which maximized the ratio of the 
between-groups sum of squares to the within-groups sum of squares ; that 
is, let 

319 D1SCRlMINANT ANAL VSIS 

be a linear combination of the columns of X. Then y has total sum of 
squares 

y'Hy = a'X'HXa = a'Ta, (11.5.1) 

which can be partitioned as a sum of the within-groups sum of squares, 

L y:H.y,= La'X;H,X,a = a'Wa. (J 1.5.2) 

pill.' the between-groups sum of squares. 

L II, (Yi - 912 = L II. {a'Ii. - il}' = a'Ba. (11.5.3) 

where y, is the mean of the ith sub-vector y. of y , and H, is the (II. x II.) 
centring matrix. 

Fisher's criterion is intuitively attractive because it is easier to tell the 
groups apart if the between-groups sum of squares for y is large relative 
to the within-groups sum of squares. The ratio is given by 

a'Ba/a'Ws. (11.5.4) 

If a is the vector whiCh maximizes (11.5.4) we shall caU the linear 
function a'x. Fisher's linear discrimillalll [ulIclion or the firsl canollical 
variate. otice that the vector s can be re-scaled without a ffecting the 
ratio (11.5.4). 

Theorem 11.5_1 The vector a ill Fisher' s lillear discrirnillalll [ullclion is 
Ihe eigenvector o[ W- 'B corresponding 10 Ihe largesl eigenvalue. 

Proof Tbis rC1;ult follows by an application of Theorem A.9.2. • 

Once Ihe linear discriminant function has been calculated, an obser
vation x can be allocated to one of the g populations on the basis of its 
"discriminant score" S ' lt. The sample means i i have scores Bli. = )'1' Then 
x is allocated to that population whose mean score is closest to a',.: that is, 
allocate x to fl; if 

I ' ,- I I' ,- I a I-a Xi < a X-3X j for all if j. (11.5.5) 

Fisher's discriminant function is most important in tbe special case of 
g = 2 groups. Then B has rank one and can be written as 

B = ("~'2)dd" 

where d = X, - x,. Thus.W-'B h'" only one non-zero eigenvalue which can 
be found explicitly. This eigenvalue equals 

tr W-' B = (n~n,) d'W- ' d 
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and the corresponding eigenvector is 

a = W- 'd . 

(See Exercise 11.5.1.) Then the discrim inant rule become 

allocate x to a, if d'W- '{x- i(x,+ x,)}>O 

and to a, otherwise. 
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(J 1.5 .6) 

(11.5.7) 

Note that the allocation rule given by (11.5.7) is exactly the same as lhe 
sample ML rule for two groups (rom tbe multinormal d istribution with 
the same covariance matrix. given in (11.3. I). However. the ju.,tifications 
for this rule are quite differenl in the twO cases. In 01.3.1) there is an 
explicit assumption of normality. whereas in (11.5.7) we have merely 
sought a "sensible" rule based on a linear function of x. Thus. we might 
hope that thi~ rule will be appropriate for populations where the 
hypothesis of norma lity is not exactly satisfied. 

For g'" 3 groups the allocation rule based on Fisher's linear discrimin
ant function and the sample ML rule for Olultinormal popula tions with 
the same covariance matri-x will not be the same unless the sample means 
are collinear (although the two rules will be sim ilar if the meam; are 
nearly coll inear). See Exercise 11.5.3. 

In general, w-'n has min (p. g- I) non-zero eigenvalues. The corres
ponding e igenvectors define the second, third. and subsequent "canonical 
variates" . (Canonical variates have an important connection with tbe 
canonical correlations of the la I cbapler. see Exercise 11.5.4.). The first k 
canonical variates. k",;; min (p. g -]). are useful when it is hoped to 
summarize the d ifference between the gro up' in k dimensions. See 
Section 12.5. 

11.6 Probabilities of MisclassificatioD 

11.6.1 Prohabilities when the parameters are estimated 

Formally, the probabilities of mi classifica tion P,. are given in (11.2.9). If 
the parameters of the underlying distr ibutions are estimated frol)1 the 
data. then we get estimated probabilities P, .. 

For exam ple consider the case of two normal populations N, (/l ,.:1:) aDd 
Ne(/l, . :1:). If ", =4(/l, + 112). then when x comes from a. , a '(x - /l)
N (l al/l . - ""l.a'l:a). Since the discriminant functio n is given by h(x)= 
a~x - /l) with a = :1:- '(/l , - 112), we see that if x comes [rom fl •. h(x) 
N(~112 , Ll'), where 
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is the squared Mahalanobis distance between the populations. Similarly, if 
x comes from a" lI(x)- N ( ~L1 ', Ll'). 

Thus, the misclassification probabiJities are given by 

P., = P( IJ (,,;) > 0 I U,) 

= <P(- E (IJ)/ V(II»= <1>(-4Ll ). (11.6.1) 

where <1> is the standard normal distribution function. Similarly, P" = 
<1>(~Ll) al ·o. 

If the parame ters are estimated from the data then a natural estima te 
of <1 ' is 

0 '= (x,-x,),S:'(x, - i ,), 

and the estimated probabiJitie of misclassificatioo are p" = P2I = 
<P(-1 0 j. Unfortunately this approach tends to be optimistic : that is. it 
tends to underestimate the true misclassification probabilities whe n II is 
small. Aitchison el al. (1977) have argued that probabili ties based on the 
Bayes rule of Section 11.3.3 are more realistic. 

Example J l.6.1 In discriminating between T. setosa and I. versicolour in 
Example J 1.3.1 we find D' = 19.94. Therefore the estimated probabili ty 
of misclassification i 

<p(-10) = 0.013 or 1.3%. 

Th., va lue is confi rm ed visually by looking at the confidence ellipsoids in 
Figure 11.3. L. 

11.6.2 Resubstitution method 

Suppose that the discrimination is based on a data matrix X of whicb II, 

ind ivid uals come from pop ulation j. If the discriminant rule is defined by 
allocation regions R,. let 11,; be the num ber of individ uals from a, which 
lie in R, fso L. /I;, = /I ,). Then p" = 11./11, is an estimate of r..- Unfortu
nately. this method also tends to be optimistic abo ut misallocation prob
abili ties. 

Example 11.6.2 Consider the I. setosa (a ,) and 1. versicolour (a z) data 
again. From Figure 11.3.J it is dear that one observation from a, will be 
allocated to n, aDd no observations from U , will be allocated to U,. Thus 

P.z=o. Pz, = 1/50. 

II we assume that P,z = II". thus we get the single estimate PIZ = p" = 
1/100, which is in general agreemen t wi th Example 11.6.1. However. 
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note that for such a sma ll probability of misclassifica tion. these sample 
sizes are too small to get accurate estimates . 

11.6.3 The U-method of jack-kni6ng 

The problem with the resubstitution method is Lhat the sa me observations 
are used to define the discriminant rule and to judge its accuracy. One 
way to avoid this problem is the U-mcthod of jack-knifing. defi ned as 
follows . 

Let X, . T = 1 .. ... " ,. be the first II , rows of the X matrix representing the 
individuals from n ,. For eacb T. let R\" , .. . , R~' denote the alloca tion 
regions for sOme discriminant rul e based 0 11 the (II - l) X P matrix ob
tained by deleting the rtb row from X. Then ", can be judged o n the basis 
of thi., rule, which is not derived using X,. 

If we let II;'; denote the number of the first II , individuals for which 
Xr E R;r'. then P~I = tid / ill is an c~timatc or the mi~allocation rates. By 
repeating this procedure for each of the o ther popula tions j = 2 ..... g, we 
ge t estimates p~ . 

For two muitillormal papulatio ns with the same covariance matrix . this 
approach leads to more reliable estimates of the misalloca tion prob
abil ities than e ithe r of the above (WII method~ . For further deta ils and 
more methods of estimati nll- the misallocation probabilities. see Kshir
sagar (1972, Pl'. 218-22S). 

11.7 Discardin~ of Variables 

Consider the discriminatio n problem between two mulrinorm al popula
tions with means f.1 h J12 and common covariance matrix I.. The coeffi 
cients of the theoretical ML discriminant function a 'x arc given by 

(11.7 . 1) 

In practice of course the parameters a re estimated by x,. X, . and S" = 
", - '(n ,S ,+ lI zSz}= m 'w. where 1II=II, + n,-2. Letting d= i ,-x, . the 
coeffi cients of the sa mple ML rule are given by 

a =m W 'd . 

Partition "" = (a ', . a Z) and 6 ' = (i.,. 62), where a , and I) , have k compo
ne nts. and suppo e a 2 = 0 ; that is suppose the variables x. _, .. ... .tp have 
no discriminating power once the other variables have been taken into 
account . and he nce may be afely discarded. Note that the hypothesis 
"'z= O is eq uivalent to 62 ,=0. where 6,,= 62 - 1, ,1:,,' 1> ,. (See Exercise 
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11. 7 .1.) It is also equivalent to d ! = d ~. where 

that is. the Mahalanobis distance between the populations is the same 
whether based on the first k components or On all p components. 

A test of the hypothesis H o : a 2 = 0 using the sam ple Ma halanobis 
distances 

D;= md'W- 1d and D~ = m diWI,' d , 

has bee n proposed by Rao (1973, p. 568). This test uses the statistic 

(em - p + O/(p - k)}c'(D~ - Dn/(m + c'D~) . (11.7.2) 

where C
Z = n, n,/". Under the null hypothesis. (It. 7.2) has tbe F. _k •m _ . _ , 

d istribution and we reject H " for large va lues of this statistic. See 
Theorem 3.6.2. 

The most important appl ication of this test occurs with k = p - I, when 
we are testing the importance of one particular variable once a/l the other 
variables have been taken into account. I n this case the statis tic in 
(J 1.7.2) can Ix simplified using the inverse of the total SSP matrix 
T ' = (r"l. Conside r the hypothesis Hll :a. = 0, where i is fixed . Then 
( 11 .7 .2), with Dk now represe nting the Mahalanobis distance based On all 
the va riables except the ith . eq uals 

( 11.7.3) 

a nd has the F, .... _ p , distribution when a , = O. (See Exercise I 1.7.2.) 
Of course the statistic (11.7.3) is strictly valid o nly if the variable i is 

<e lected ahead of time. H oweve r, it is often convenient to look at the 
val ue of this stalistic on all the variables to see which ones are importan t. 

Example n.7.1 Consider the rwo species of iris of Example 11.3.1, 
usillg the first two variables. sepal length and sepal width. Here n , = "2 = 
50, /II = 100-2 = 98, a nd the discriminant function has coefficie nts a = 
l - 11.436. 14. 143)'. It is easily show n that 

T- ' = [0.025 62 0.007 07] 
0 .04602 

and that D~ = 19.94. Thus the two F stat istics testing the importance of 
one variable given tbe other from ( 11.7 .3) are given by 

211.8 and 180.3. 

respectively. Since F , .• 7.o.o, = 7.0, we conclude that both variables are 
highly useful in the discriminatio n. 
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Table. 11 .7. 1 Discriminant co
efficie nts for iris data with F 
s tatis.tics. 

a. 

3.053 
18.023 

- 21.766 
- 30.844 

F statistic 

0 .710 
25.7 
24.6 
10.7 
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H owever. a different conclusion {ollows if we discriminate On the basis 
of all four variables. sepal length and width and petal length and width . 
Then the discrim inant coefficients and corresponding F statistics are given 
by Table I l. 7. L Since F, "'.11'" = 7 .0. the F statistic for sepal length is not 
significant. so we conclude that sepal length is redundant if all the other 
variables are present. Notice that the F statistics in Table 11.7.1 are all 
smaller than the F statistics based on two variables alone. This feature 
reRccts the empirical fact that as the number of variables increases. the 
information carried by anyone variable. not carried by tbe other vari
ables. tends to decrease . 

1.1.8 When Does Correlation Improve Discrimination? 

It might be thought that a linear combination of two variables would 
provide a better discriminator if they were correlated tban if they were 
uncorrelated. However. this is not necessarily so. as is shown in the 
following example . 

Example 11.8.1 (Cochran. 1962) Let n, and II, be two bivariate 
normal populations. Suppose tbal II , is N ,(O. I ) and n, is ,(11. I ). 
where 11 = (1'-,.1-', )' and 

I = [~ p] 
1 . 

Now the Mahalanobis d istance between II, and n, is 

If the variables are uncorrelated then 
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ow the correlation will improve discrimination (i.e . reduce the probabil
ity of misclassification given by (11.6.1) if and only if /1 2 > /1~. This 
happens if and only if 

p{(1 +{,)p-2f} > 0. where [ = 1-'2/1' ,· 

In other words. discrimination is improved unless p lies between zero and 
2[/(1 + I'). but a small value of p can actually harm discrimination. Note 
that if IL l = J.L2. then any positive correlation reduces the power of discrimi
nation 

Exercises and Complements 

1l.2.1 [f n. is the . ( ..... l:) population for I = l. 2.1:> O. show that the 
ML discriminant rule is given by 

allocate x lO n I if o'{x -~(p. , + ""')} > O. 

where 0 = 1: ' (11, - 11,)· 

1l.2.2 Consider three bivariate normal populations witb the same 
covariance matrix. given by 

11 , = [~l 
(al Draw the ML allocation regions and show that the three boundary 

lines meet at the point (-'t. i). 
(b) Suppose the three populations have prior probabilities 4. t and ~. 

Draw the Bayes allocation regions and find the point where the three 
boundary lines meet. 

ll.2.3 Show that the boundary hyperplane for the ML allocation rule 
between N.(I1, . I ) and N.(112 I ). I > o. is orthogonal to S = 11, - 112 if and 
only if S is an eigenvector of I. 

11.2.4 Show that the Bayes allocation rule with unequal costs given in 
( 11.2.J2) reduces to the rule given in (11.2.8) when the costs are all 
eq ual. Prove Theorems 11.2.4 and 11.2.5. 

11.2.5 (See Bartlett. 1965) (a) Consider populations ,, (11 , . l:) • 
• (I1, . l:) and let S = 11, - 112' [n the case of biological data it is sometimes 

found thaI the correlation between each pair of variables is approxim ately 
the same. so that scaling each variable to have unit variance. we can write 
I = E. where E=(I - p)H'pll' is the equicorrelation matrix. Using 
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(A.3.2b) show that the ML discriminant function is proportional to 

p • 

h(x) = L 6,x,-ppO ..,(p-\)p}- ' .5L x,+consl., 

where .5= p- ' I6,. Calculate the corresponding allocation regions for the 
ML rule. Discuss the cases p small. p near I. (This discriminant function 
is very useful in practice . even when the correlations are not exactly 
equai. because it can be easily calculated without the use of a computer.) 

(b) Write It (x) = It ,(x)+ It,(x)+consl., where 

h, (x) = p.5{p-' -p[1+ (p-l)pr'} Lx, 

is proportional to the first principal component. and 

h2 (x) = L (5, -.5)x, 

lies in the isotropic (p -I)-dimensional subspace of principal components 
corresponding to the smaller eigenvalue of :E. Interpret It,(x) and 112(x) 
as size and sllape factors, in the sense of Section 8.6. 

11.2.6 (See Bartlett. 1965) The following problem involves two mu! 
t inorma! populations with the same means but differellt covariance mat
rices . In discriminating between monozygotic and dizygotic. twins of like 
sex on the basis of simple physical measurements such as weight, height. 
etc., the observations recorded are the differences x, ... . , xp between 
correspo nding measurements on each set o[ twins. As either twin might 
bave been measured first , the expected mean differences are automati
ca Uy zero. Let the covariance matrices for the two types of twins be 
denoted :E, and 1:2 , and aSSume fo r simplicity that 

t , =u;H [- p)10 1' I) '}. 

t 2 = criH L - p)J + pll'}. 

Under the assumption of multivariate normality. show that the ML 
discriminant function is proportional to 

where "', = x~ + ... + x~ and "'2 = (x, + ... + x.f. How would the bounda ry 
between the allocation regions be determined so that the two types of 
misclassification have equal probability? 

11.2.7 There is a prior probability. 1f,. that an observation x =(x" x2 )' 

come from population n,. where i = 1 or 2 and 1T, +""2 = I . Within fl" x 
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has a bivariate Cauchy distribution. with density function 

j = 1. 2. 

The cost of wrongly deciding that x comes from n, is cj (i = 1.2) and 
there are nO other costs. Find the decision rule which minimizes the 
expected cost 01 misallocating x. 

11.2.8 (a) In Example 11.2.3 with ", > cr2 calculate the set of xs for 
wbich we would allocate to n, and compare with Figure 11.2. L 

(b) Consider two bivariate normal populations 2(11 , 1:,). Nzlll , 1:2), 
wbere we suppose the correlation between the two variables is 0 in each 
population ; that is 

:E, = diag (0'~. (J'~). :E, = diag (.,.f . .,.~). 

If a~ >,r, and .,.;>.,.i, show that the boundary of the ML allocation rule 
is an ell ipse and find its equation. 

11.3.1 Why i the di~criminant function I,(x) used in Example 11.3.1 to 
discriminate between two species of iris different from the discriminant 
function h,,(,,) which is used in Example 11.3.2 to help di,crimillate 
between tbree species of iris. 

11.3.2 Let h,,(x), h 13(x). and 1'23(") be the three sample discriminant 
functions used to discriminate between three multinormal populations 
with the same covariance matrix. as in Example [1.3.2. Show that unless 
X" il2 • and il, are collinear. the solutions to the three equations. 

h d x) =O, h,,(x)= 0, hn(x)=O, 

have a point in common. Draw a picture describing what happens if i " X2. 
and x) are collinear. 

11.3.3 in Example 11.3.4 suppose that Ihe multinomial parameters 
a, .... , an and (3, .... , (3" for Plato's works, R epublic (flo) and Laws (n ,). 
are known exactly. Suppose the distribution of sentence ending for each 
of the other works also follows a multinomial distribution, with parame
ters 

where A is a parameter which is differen t for each or the five intermediate 
works. 
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(a) Show that this family of multinomial distributions varies from 
IT,,(A =0) to n ,(A = I) and hence can be used to represent a gradual 
change in populations from II" to 11 ,. 

(b) Show that q,(A) = L 'Y.,s,. where s, = log (aJ(3,) is a monotone func
tion of A, 0 ... A ... I. Thus q,(A) can be used instead of A to parametrize 
this fam ily of distributions . 

(c) Suppose that for a particular work containing N se ntences. there 
are x, endings of type i. Show that the m.l.e. of q,(A) is given by 

which is the same as the discriminant score of Example I 1.3.4. Thus the 
discriminant SCore estimates a function which gives a measure of the 
location of the work between nu and n,. 

(d) Show that the variance of s equals 

V(s) = 

and that an unbiased estimate of VIS) is 

V,(s)=[N(N - I)] '{ Lx,sZ-Ns2 }, 

(e) For Iwo works of sizes 'and ". leI the correspond ing mean 
score, and estima ted variances be s', 5" and V,(s'). VAs"). Using the fact 
that for large N' and N", s' - ,,' will be approx imately normally distributed 
with mean q,(A') - q,(A") and variance V,(s' )-;- V,(S"). show that an ap
proximate significance test of chronological ordering of these two works is 
given by the statistic 

0/1 = (S' - S")f{ V.(S') + V,(n}"2. 

If I tit I is significantly large for an N(O, 1) variate then the observed 
o rdering of the works is significant. 

(I) For the two works Crinas and Timaells we have S' = -0.0346 
s"= -0.1170, Vets') = .003 799, V, (s") = O.OOO 721 8. Test the hypothesis 
A' = A' and hence assess the significa'lce of the ordering given by the 
discriminant scores. 

11.3.4 The genus Chaelocnema (a ~eI1US of flea-beetles) contains two 
allied species. CI., cOllc;,ma and CI .. ', eikerlingeri. that were long confused 
with one another. Lubischew (1962) gave the fullowing measurements of 
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characters fo r samples of males of the two specics: 

Ch. Ch. 
concimw 11eike.rtil1ge.r; 
,----"--., ,----"--., 
x , x, x, x, 

191 131 186 107 
185 134 211 122 
200 131 201 114 
173 127 242 131 
171 118 1M \08 
160 118 211 11M 
188 134 217 122 
186 129 223 127 
174 131 208 125 
163 115 199 124 
190 143 211 129 
174 131 218 126 
201 130 203 122 
190 133 192 116 
18~ 130 195 123 
184 131 21 I 122 
177 127 187 123 
178 126 192 109 

Here. x , is the sum of the widths (in ",icrometres) of the fi~t joints of the 
first two ta~i r'fee!'·); X2 is the corresponding measurement for lhe 
second join ts. 

Find the sample ML discriminant function for the two species. 
Suppose that we have the pair of observations (x,. x,), for a new 

pecimen. but do not know to which of the two species the specimen 
belongs. Calculate the equation of the line (in the (x,. x,) plane) such 
that, if (x,. x,)' lies on one side, the specimen seems more likely to belong 
to CI" cOllci"na, whereas if (x" X2)' lies on the other side. the specimen 
seems more likely to belong to Ch. heikertingeri. Allocate a new observa
tion (190,125) to o ne of these species. Plot tbese data on graph paper 
together with the line and comment. 

11.3.5 Using the Bayesian approach of Section 1 I .3.3, for two mul
tinormal populations with unequal covariance m8lrices, show that f,ex I X) 
is a multivariate Student's t density with parameters '1 1 - p. Xll and 
HIII+I)/(II,-p»)S, . Find {,(x i X). 

I, 
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11.5.1 In Section l1.5 when g = 2. how that the matrix W- 'B has only 
one non·zero eigenvalue, which equals {rr ,n,!II)d'Wd, and find the corres
ponding eigenvector. 

11.5.2 Show that the following eigenvectors are equivalent (as uming W 
has rank p): 

(a) the eigenvector corresponding to the largest eigenvalue of W- ' B; 
(b) the eigenvector corresponding to the largest eigenvalue of W-1T : 
(c) the eigenvector corresponding to the smallest eigenvalue of Y- 'W. 

11.5.3 (a) When the number of groups g = 3. show that the allocalion 
rule based on Fisher's linear discriminant function is d ifferent from the 
sample ML allocation rule, unless the sample means are collinear. (How. 
ever. if the means are nearly collinear the two rules will be very similar.) 

(b) Calculate Fisher's discriminant funclion for the first IwO variables 
of the Ihree species of iris, and compare the allocation regions with the 
three given in Example 11.3.2. (The largest eigenvalue of W- ' B is 4.17. 
with eigenvector (I, -1.29)'. 

11.5.4 Let X(II x p) be a data matrix parti tioned into g groups. Define a 
new dummy zer~ne dala matrix Y (II x (g-1) by 

y;, = {~ if Xi is in the jth group, 

otherwise. 

for;= 1.. .. , g-l; i =1.. .. , n. LetS denote Ihe covariance matrix of (X, Y). 
Show that 

nS,,=T = "total" SSP matrix 
and 

nS'2S>iS" = B = "between-groups" SSP matrix. 

Hence, carry oot a canonical correlation analysis between X and Y, and 
deduce that the canonical correlation variables for X equal the canonical 
variates of Section 11.5. (Hint: Ihe canonical correlation variables aix of 
X are given by T- 'Ba, = ~i a " or equivalently by W- 'Ba, = f~J(J- A,}la,.) 

11.6.1 If x - N. (",,, 1:), show lhat .. '(. - ",) -N.(-~.1 2,.1 '}, where 

IL = ~(IL ' + fll), « = r' ("" - fll ), A2.= (IL , -IL2.l'1:- ' (p. , - fll). 

11.7.1 let 62 , = 6,-1:,,1:, ,' 6 , and let a = 1;- '6. Show that li, ,= 0 if and 
only if a = 0 if and only if6'l: '6 = 6 ', 1;, ,' 6 ,. (Hint : Using (A.2.4g) and 

(A.2.4f), show that 6'1;- '6 = 6 ,1;;-,' 6 , +lIl,1: 226' J' ) 
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n .7.2 Show Ihal when k = p - I. (11.7.2) can be expressed in the fo rm 
(11.7 .3) (with j =p). (Hinl : Parti tion W- ' so that 

W22=(W22-W2 tWI1IW ,.:!)-1 = W "IJ, 

Using (A.2.4b) and (A.2.3m) show that 

IWOIln +c'D ;/m) 
IWI(1 +c'O;/m) 

Using (A.2.4g) and (A.2.4f), show that 

d'W ' d -d~W;,' d ,= d 'Vd . 

where 

v = w"'(-~)(-l\" I) and P = W ;,' W" . 

Finally no Ie Ihal 

Gp = m(W2I d , + W"'''d2}= mw'"(d,-W2 ,W,:d ,), 

where d, = <1", and hence 

(l '= m' w·'d W" d = mw··(D'- D'» p 2 . 1 2.1 p" ' 

11.7.3 Verify thaI formulae (1 1.7 .2) and (11.7.3) give the same val ues 
for the F statistics based on the two variables sepal length and sepal width 
in Example 1l.7.t. 

11.7.4 A random sample of 49 old men participating in a study of aging 
were classified by psychiatric examination into one of two categories: 
senile or non-senile. Morrison (1976, pp. 138-139). 

An independently admi niste red adult intelligence test revealed large 
differences between the Iwo groups in certain standard subsets of the lest. 
The results for these sections of the test are given below. 

The group means are as foll ows: 

Sub.es. 

XI lnfonnation 
-'=2 Similarities 
x, Arithmetic 
x .. Picture completion 

Senile (N, =37) 

12.57 
9 .57 

11.49 
7.97 

NOn-senile (N2,.= 12 ) 

H.75 
5.35 
R.50 
4.75 
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The "within-group" covananCe m31rix SIt and its inverse are given by 

s" = [11.2553 

S- '= 
" [

0.2591 

9.4042 
13.5318 

-0.1358 
0.1865 

7.1489 
7.3830 

11 .5744 

3.3830] 
2.5532 
2.6 170 
5.80l!5 

- 0.0588 -0.0647] 
-0.0383 -0.0 144 

0. 151 0 -0.0170 . 
0.2 11 2 

Calculate the linear di criminan t function between the two groups 
based on the data and investigate the errors of misclassification. Do the 
sublesb "inrormation" and "arithmetic" provide additional di~crimjJ)a

tion o nce the other two subtests are taken into account? 

12 
Multivariate 
Variance 

12.1 Introduction 

Analysis of 

When there is more than one variable measured per plot in the design of 
all experiment. the design is analysed by ,!!ultivariate analysis Qf ,,!!riance 
techniques (MA OVA techniques in short). Thus we have the direct 
multivariate extension of every univariate design , but we will mnline our 
main allention to the multivariate one-way classification which is an 
extension of the univariate one-way classification. 

12.2 Formulation of Multivariate One-way Classification 

First consider a formulation resulting from agricultural experiments. Let 
there be k treatments Wllicb are assigned in a completely random order to 
some agricul tural land . Suppose there are ", plots receiving the jth 
treatment, j = I, . .. , k. Let us assume that "" is the (p x 1) yield-vector of 
the ith plot receiving the jth treatment. 

In general terminOlogy, the plots are experimental designs, the treat
ments are condirions, and the yield is a response or outcome. 

We assume that the " ;, are generated from the model 

i = 1, . . . • n" j :;:::: 1. . .. . k. (12.2.1) 

where £ ;; = independent N.(O. I ), ... = overall effect on the yield-vector, 
and Tj = effect due to the jth treatment. 

This design can be viewed as a multi-sample problem, i.e. we can 
regard x;;, i = 1, ... , ,~, as a random sample from N.(I-';, I ), j = I, . . . , k, 
where 

j = 1, .. . , k. (12.2.2) 
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We usually wish to tcst the hypothesis 

HO: P.l = ... = f.Lk, 

334 

(12.2.3) 

which is equivalent to testing that there is no di fference between the 
trea tments T " .••• T k • This problem has already been treated in Section 
5.3.3a and Example 6.4. 1. We now give some further details. 

1 2.3 The Likelihood Ratio Principle 

Tile Lest To lest H o against H,: 1'-,;' 1'-" for SOme i;' j, we have from 
Section 5.3.3. that the likelihood ratio criterion i 

II = IWI/trl. (12.3.1/ 

where 
, ". 

W = L L (I" - i ,)(:I'J - i ,)' (12.3 .2) 
I_I '_I 

and . ". 
T = L L (I"-sHI,,- X),, (12.3.3) 

,= ) 4=- 1 

with 
k .. 

I Ix" 
i= J- ll",, 1 

II 

Recall that W and T are respectively the "wi thin-samples" and ·' total'· 
sum of square, and products (SSP) matrices, respectively. 

We can further show thaI 

T = W + B, (12.3 .4) 

where 
, 

B = L 'I/(i, - i)(i, - i l' 
,-I 

is the "between-samples" SSP matrix. The identity (12.3.4) is the 
MAN OVA identity. 

Under Ho. it was shown in Section 5.3.3a that 

w- Wp(.I, /I - k). B - Wp(.I. k - I ), (12 .3.5) 

335 l\'\ULTfVARJr\TE ANALYSIS OF VARIANCE 

where Wand B are independent. Further, if II;' P + k, 

II = IWI/IW+BI- A(p, n -k. k- I ). 

where j\ is a Wilks' lambda variable. We reject Ho for small values of II. 
Ho can be tested by forming the MANOV A table as set OUI in Table 
12.3.1. 

For calculations of A, the following result is helpful : 
, 

A= TI O A,t'. (12.3.6) 
;- , 

where A, • . .. • A, are the eigenvalues of W· IB. This result follows on 
noting that if A, ..... A" are the eigenvalues of W· ' B. then (A,+I), 
i= I . .. .• p. are the eigenvalues of W·' (B + W ). More details are given in 
Section 3.7. In particular, we shall need (3.7.9), namely, 

(m - p.,.I )l! - A(p, m, 2)} _ F 
A ( 2) 'p."m _ po U, 

p p, m. 
(12 .3.7) 

Example 12.3.1 Consider measurements published by Reeve ( \941 ) on 
tbe skulls of /1 = 13 ant·eate rs belonging to the subspecies clwpadensis. 
deposited io the Briti~h Museum from k = 3 different localities. On each 
skull. p = 3 measurements were taken: 

X , . the basal length excluding the premaxilla, 
x" the occipito-nasal length. 
x" the maximum nasal length . 

Table 12.3.2 ~hows the common logarithms of the original measurements 

Table 12.3.1 Multivariate one-way cJaSSlficalion 

Source d.L SSP manix Wilks' criterion 

Between 

.-± .,0, - "', -or) samples k·l IWI/IW + B, ,-I 
-:1(1'. n -k, k -I, 

Within 
samples n-k W = T - Bt 

, ", 
Total PI-1 T = L L (x., -i)(x" - x)' 

I~ I t o- I 

t Ditt'ereuce 
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Tabl. 12.3.2 Logarithms of multiple measurements on ant-eater skulls at three 
localities (Reeve, 1941) 

Minas Graes, Brazil Matto Grosso, Brazil Santa Cruz, Bolivia 
, , • , • , 
x, X. x, x, x, x, x, X. X3 

2.068 2.070 1.580 2.045 2.054 1.580 2.093 2,098 1.653 
2.068 2.074 1.602 2.076 2.088 1.602 2.100 2.106 1.623 
2.090 2.090 1.613 2.090 2.093 1.643 2.104 2.101 1.653 
2.097 2.093 1.613 2.111 2.114 1.643 
2.117 2.125 1.663 -
2.140 2.146 1.681 

Means 2.097 2.100 1.625 2.080 2.087 1.617 2.099 2.102 1.643 

in millimetres and their means. We form the MANOVA table as given in 
Table 12,3,3. 

We find that 

A (3, 10,2) = IWI//T! = 0.6014. 

We have from (12.3 .7) that 

W - A "')/A 112 = 0.772- F •. ,. 

which, from Appendix C, Table Co3, is not significant. Therefore, we 
conclude there are no significant differences between localities. 

Mardia (1971) gives a modified test which can be used for moderately 
non-normal data. 

Tabl. 12.3.3 Matrices in MANOVA table for Reeve's data x 10-1 

Source 

Between 
Within 

Total 

d.f. 

2 
1 

12 

a" au Q l3 a" 

8060 6233 7498 4820 5859 11844 
63423 62418 76 157 63528 76 127 109673 

7148368651836556834881986121517 
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12.4 Testing Fixed Contrasts 

There are problems where the interest is not so much in testing the 
equality of the means but testing the significanoe of a fixed contrast, i.e. 

(12.4.1 ) 

where a,. a2' ...• a. are given cOnstants such that La, =0. Thus we wish 
to test 

H~ : a ,11 , + . . . + a.". = 0 and no other contrast null 

against 

H , : 11, "' 11,. i'" j. 
We show that the likelihood ratio leads to ihe criten on 

!W I/!W + C! - tI (p, 11- k, I ). (12.4.2) 

where 

c=( t a, i,)(± a,i;)/(± a~). 
, - 1 , _ 1 " •. 1 PI, 

(12.4.3) 

The value of max log L under H , is the same as in Section 5.3.33. 
Under H., let ~ be a vector of Lagrange multipliers. Then 

1 " .\ 
logL=~log l1:I- - L L (""- "I)'1:- I("" J-",)+ ~·(a' I1 ,+· .. +a." .). 

2 2 , _ 1 . ",, 1 

On differentiating with respect to 11" it is found that 

I-l, = i j - 11 J I a,IX , 

which on using the constraint 

leads us to 

(12 .4.4 ) 

( 12.4.5) 

On substituting this result in th e right-hand side of (12 .4.5), we ge t til' 
Insetting the " , in ( 12.4.4) and maximizing over 1: it is found using 
Theorem 4.2.1 Ibat 

nt = W + C. (12.4.6) 
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Hence, we obtain ( 12.4.2). ote that H f. implies I a;'T,: 0 because 
Ia;=O. 

We can describe C as the SSP malrix due to the contrast I ai ,.;. If there 
is a set of mutually orthogonal contrasts, such matrices will be additive 
(see Exercise 12.4.1). 

12.5 Canonical Variables and a Test of DimensionaUty 

12.5.1 The problem 

We can regard ,.. as the coordinates of a point in p-dimensional space for 
j: I, ... , k. When the null hypothesis Ho of (12.2.3) is true, the vectors 
,. " ... , ,., are identical. Thus if , is the dimension of the hyperplane 
spanned by ,." ... , ,.., then H" is equivalent to r: O. n can be seen that 
in any case 

, ,,;; min (p, Ie - I): ~ say. (12.5. L) 

1f H,. is rejected , it is of im portance to determine the actual dimensional
ity " where,: O. I •.•. ,I. l! , : I there is no restriction on the ,.s, and 
r < I occurs if and only if there are exactly s: /-, linearly independent 
relationships between the k mean vectors. 

ote that such a problem does not arise in the univariate case because for 
p = I we have I = I, so either, = 0 (i.e. H o) o r , = I (i.e. the aile rnative). 

Thus we wish to test a new hypothesis 

H ,,: the ,., lie in an ,-dimensional hyperplane (12.5.2) 

against 

H I : the ,., are unrestricted. (12.5.3) 

where i = I. .... k. 

12.5.2 The LR test (l: known) 

LeI us noW assume that i ,. i: I, ...• k. are k sample means for samples 
of sizes " l' ... ' " k from N.(,.., I ). respectively. We assume that l: is 
known. Since I , - p(,.,. l:/n,j, the log likelihood function is 

• 
1c,.1 ..... I' ,)=c-i L n,(i,- Il,),l:- I(II- " ')' (1 2.5.4) 

where c is a constant. Under H I, ':"1 = I i and we have 

max 1(,." ... , ,.. i: c. 
H , 

( 12.5.5) 
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Under H o the maximum of I is given in the [ollowing theorem: 

Theorem 12.5.1 We have 

maxl(,.l···· , ,. ,)=c-1('Y,., + ... T'Yp ), (12.5 .6) 
Ii. 

whe,e 1'1'" 1'2'" ... ." 1'" a'e Ihe eigenvalues of 

(12.5.7) 

Proof (Rao, 1973. p. 559) We need to show 
, 

min L '1,(x,-,.,)'I · I(i, - ,.,): 1',.1 + .. . +1' •. 
H o 1"" 1 

(L2.5.8) 

Let 

(12.5.9) 

Then H o imphes that the v , are confined to an ,-dimensional hyperplane. 
We can determine an ,-dimensional hyperplane by a point Zo, and , 
orthonormal direction vectors Z I' ... , Z,. so that the points", on this 
plane can be represented as 

j= 1 •...• k~ (12.5.10) 

where the d" are constants. Hence ( l2 .5 .8) is equivalent to minimizing 

± 1I,(y,-zo-_t d,iZi)'(y,-z.,- t d'iZI) 
1"" 1 , a l I - I 

02.5.11) 

subject to z;z, = I , ziz,=O, j"'-I, for i,l= I, 2, .. .. ,. On differentiating 
with respect to do) for fixed Zo, Zl' ... , Z" the minimum of (12.5. 11 ) is 
found to Occur when 

(12.5.12) 

Then (12.5.11) reduces to 
, . , 
L n,(y,- zo),(y.-zo)- L L n,[(Y,- Zo)",]2. (12.5 . 13) 

which is to be minimized with respect to Zo, z" .... z,. Let y= I lI,y ,/ n . 
Then (12.5.13) cau be wrillen as 

, . , 
L n,(Y,- y)'{J,- y)- L L n,[{J,- y),z,J'+ n(Y-Zo),F('y -Zo), 

1-- 1 1= 1 /"'" 1 

{I 2.5. 14) 
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where 

F=I- f ZjZ~~ 
i - I 

Since F is positive semi-definite , we see that (12.5.14) is minimized for 
fixed 21 ~ '" . z, by 

Zo=j . (12.5.15) 

Also. minimizing (12.5.14) with respect to z, . .... z. is equivalent to 
maximizing 

c , , 

L L ll,[(y,- j ),Z,l'= L ziAz,. (12.5.16) 
i - 1 J- 1 .-1 

where 

A = L I~ (y , - y)(y,- j ),. 

Using (12.5.9), it is seen that 

A = X- '12B1:- '''. 

Hence IA - yl l = 0 if and only if IB - y1:1 = 0, so that A and r' B have the 
same eigenvalues. namely y, ;;" ... ;" yp' given by (J 2.5 .7). 

Let g, • .. . , gp be the corresponding standardized eigenvectors of A . 
Then. following the same argument as in Section S.2.3(d). it is easy to see 
that , 

max I z;Az, = )'1 + . .. + 1'" (12 .5.17) 
,-I 

and that this maximum is attained for z, = g~ j = 1. . .. , ,. Further, 

L n,(y,- y),(Y,- y)= tTA = 'Y,+ . . . + Yp' (12.5.18) 

Hence, {rum (I2.5.13H 12.5.1S) we obtain 

left-hand side of (12.5 .8) = Y. _, + .. . "' 1'p, 

and the proof of (12.5.8) is complete. • 

(\2.5 .19) 

ow the log likelihood ratio criterion)" is (1 2.5.6) minus (12.5.5) and 
thus 

(12.5.20) 

is the tcsl criterion. The hypothesis Hoi is rejected for large values of 
(12.5 .20). 
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12.S.3 Asymptotic distribution of the likelihood ratio criterion 

For large values of II " .. .• n" (12.5.20) is distributed as a chi-squared 
variable with f d.!. where f is the number of restrictions on the pk 
parameters f.l.. i = I , ... . k. under Ho. It can be seen that an , 
dimensional hyperplane is specified by , + I points, say f.l " . . .• ",_, . The 
rest of the points can be expressed as a, Jl l + . .. + Q,+ IJ,L,- h where a t + 
.. . + a" , = 1 say. Thus the number of unrestricted parameters is p(, + I ) 
+(k - , - 1), . Consequenlly. 

asymptotically, where 

f = pk - p(,+ 1)- (k - , - I), = (p - , )(k -,- I ). 

12.5.4 The estimated plane 

Write 

(12.5.21) 

Z ' = (z , . . . . , z. ). Y' = (y" . . . , Yk)' 

(Note that here a lower case letter v i used to represent a (k x p) matrix.) 
From (12.5 . 15), Zy = j = X- ' - , so , using (12.5.10) and (12.5.12), we can 
write 

v' = Z 'Z(Y' - jl')+ j I ', (12.5.22) 

where v is the m.l.e . of v under Ho. 
Letq/= X- " 2Z; denote the jth eigenvector of 1:- 'B = .I- ,nAl: '12, so that 

q jl:q, = J, j'" I, (12 .5.23) 

and writc Q' = (q" ... , q, ). Then since 

Y' = X- I12X, Q ' = X- 'I2Z', f.l ' = X"'v', 

we find from (12.5.22) that 

,,' = XQ'Q(X' - il')+ iI', (12.5.24) 

where ,,' = (jI." . .. , ,,.) is the m.l.e . of f.l under Ho and X' = (i " .. . , i d . 
o te that (12.5.24) is of the form " , = Di, + (1- D)i for i = 1, ... . k, 

where D is of rank r; that is , til is an estimator of fl.i in an r-dimensional 
plane passing through i. It is convenient to represent points s in this 
plane using the coordinates 

1:* = (Qjx, . . .. q~Ir, 

which are called clUlOllical coo,dinares. The linear function y, = qi" is 
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called the jth canonical variable (or variate) and the vector q, is called the 
;th canonical vecror. 

Using Q1;Q ' = I, from (12.5 .23), we observe from (12.5.24) that 

QV.'= QX'. 
Thus, the canonical coordinates of ji., are given by 

(ql~" .. t q:~ )' = jJ.'f ~ say, 

(12.5.25) 

for i = 1, . . . , k, and are called canonical means. ote that lhe ji.~ afe 
r-dimensional vectors whereas the j.I., are p-dimensional vectors. 

Suppose for the moment tha t Q does not depend on i i - j.l.i' Since 
i i - N.U.i' n; '1;) and qjl;q;= 1. qjl;q, = 0 for jf' I. it can be seen tbat 

- ,. N 1 •• * - '.I) J.li ~ ,\Poi, Ti l , 

where J.L~ = (q~ ""it .. . , q ~f.L IY is the canonical coordinate representation of 
the true mean j.I., (under Ho or H, ). Hence 

n, {".~ - j.I.~)'<ii~ - j.I.~) - X;· {12.5.26} 

This formula can be used to construct confidence ellipsoids for the j.l.r Of 
course, since Q depends to some extent on i , - j.l.i' these confidence 
regions are only approximate. 

U.S.5 The LR test (unknown 1:) 

Consider the hypotheses Ho versus H, in (12.5.2) and (12.5 .3) where 1: is 
now unknown . Unfortunately. the LRT in this situation is quite compli
cated. However, an alternative test can be constructed if we replace 1: by 
tbe unbiased estimate W /(n - k), and use the test of Section 12.5.2, 
treating I as known . It can be shown that for large II this test is 
asymptotically equivalent to the LRT. (See Cox and Hinkley. 1974, p. 
361.) Then the test given by (12.5 .21) becomes in this context, asymptoti
cally, 

{={p-r ){k-r - I ), (12.5.27) 

where A, • ...• Ap are now the roots of 

IB-AW1=o. (12.5.28) 

Note that (n - k)Ar ,';" y, of the last section because W /{n - k):, 1;. Esti
mates of the k group means and their r-dimensional plane can be 
constructed as in Section 12.5.4 , and will be explored further in tbe next 
section. 
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Banletl (1947) suggested the alternative statistic 

D;={II- L -~(p + k}1 flog (1 + ~,)- xf, (12.5 .29) 
, - r-+ I 

which improves the chi-squared approximation in (12.5 .27) and therefo re 
(12 .5 .29) will be preferred . ote that for large 11. (12.5 .29) reduces to 

( 12.5.27). 
We can now perform the tests of dimensionality r = 0, 1, 2 .. . . , t se

quentially. First test Ho:r = O. If D~ is significant then test Ho: r = I. and 
!)o on. Tn general , if D~. D ~, .. . t D;_I are significant but D; is T'l0l 
significant then we may infer the dimensionality to be r. 

Al though we have assumed p roots of (12.5 .28). there will be at most I 

non-zero roots. 

12.5.6 The estimated plane (unknown 1:) 

Assume that r i the dimension of the plane spanned by the true group 
means. As in Section 12. -.4 we can look more deeply into the se paration 
of the groups in this plane (now assuming 1: is unknown). Let .i be the 
eigenvector of W- ' B corresponding to Ap normalized by 

1;[W/(1t - k)]~ = I. (12.5.30) 

Theil the I ... . .. 1, are canonical veClOrs analogous 10 q , • .. . • q, of 
Section 12.5.4 (where we assumed 1; was known). As in that section, 
these can be used to estimate the plane of the true group means and to 
represent points wi thin this estimated plane . 

The projection of a point x onto the estimated plane can be rep
resented in terms of the r-dimensional callOllical coordillates O,x •. . . , I:X). 
In particular the canonical means of the k groups, mj = O)i u .. .• I ~.)', 
i = 1, . . . , k, represent the projection of the group means onto this plane 
and can be used to study the differences be tween the groups . 

The vector .i is the canollical vectOr for the jth callo"iclIl vllriabl. 
Y, = I;x. ote that from Section 11.5. the canonical variables are optimal 
discriminant functions ; that is, for the data matrix X, the jth canonical 
variable is that linear function which maximizes the between group 
variance relative to within group variance, subject to the con traint that it 
is uncorrelated with the preceding canonical variables. Consequently, for 
any value r ~t, the canonical variables Yll .. . , y, are those linear func
tions which separate the k sample means as much as possible . 

A graph of the canonical means in r = 1 or ,= 2 dimensions can give a 
useful picture of the data. ote that on such a grapb, Ibe estimated 
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variance matrix for the canonical coordinates of an observation coming 
from any of the k groups is the identity. (The canonical variables are 
uncorrelated with one ano ther and their estimated varianc~ is normalized 
by (12.5.30) to equal 1.) Thus the units of each axis on the graph 
represent one standard deviation for each canonical coordinate of an 
observation, and the canonical coordinates are uncorrelated with one 
another. Hence, we can get some idea of the strength of separation 
between the groups. 

Also, we can estimate the accuracy of each of the canonical means on 
such a graph. From (12.5.26) a rough 100(l -a)% confidence region for 
the ith true canonical mean /1~ = (1\/1" ... , I~,)' is given by the disk of 
radius n;-'12x, .• about the sample canonical mean m, = (I\i" .... I:i,)', 
where X;:. is the upper a critical point of a x; variable. Note that 
(A, + ... + A,)/(tr W- ' B) = (A, + ... + A, )/(A, + ... + A.) represents the 
proportion of the between groups variation which is explained by tbe first 
, canorucal variates. 

Canonical analysis is the analogue for grouped data of principal compo
nent analysis lor ullgrouped data. Further, since an estimate of the 
inherent variability of the data is given by W, canonical coordinates are 
invariant under changes of scaJe of the original variables. (This property is 
not shared by principal component analys;'.) 

Example U.S.1 Consider the iris data 01 Table 1.2.2 with p = 4. Let 
x, = sepal length , X2 = sepal width , XJ = petal length, and x. = petal width . 
Here, the three samples are the three species I. selosa, I. IJ.rsic%ur, 
and I. IJirgillica. Further, II, = II , = II, = SO. It is found that the mean 
vectors are 

[

5.006] 
3.428 

i , = 1.462 ' 

0.246 
[

5'936] 
2.770 

i 2 = 4.260 . 

1.326 
[

6.588] 2.974 
I,- 5.552 . 

2.026 

The SSP matrix between species is 

-19.95 165.25 ""] 11.35 -57.24 -22.93 

437.11 186.78 . 

80.41 
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The SSP matrix within species is 

w-["" 
13.63 24.62 

16.96 8.12 

27.22 

It is found thaI the eigenvalues of W" B are 

5.64] 4.81 

6.27 

6.16 

A, =32.1877, A2 =0.2853 

and tbe corresponding eigenvectors normalized by (J 2.5.30) are 

1'\ = (0.83, 1.54. - 2.20, -2.81), 

Ii = (-0.02, -2.17.0.92, -2.83) . 

In this case, (12.5.29) becomes 

D~= 546.01- X~ 

wbich by Appendix C, Table C. I is highly significant. Thus the mean 
differeoces are significant. Now 

Df = 36.52- xi , 

which is again highly significant. Hence. since 1=2, both canonical 
variables are necessary, and the dimension cannot be reduced . In lact, the 
canon ical means for I . serosa are 

m; =(1;"" 1,",)=(5.50, -6.89). 

Similarly, for the 1. IJersic%ur and 1. IJirgillica varieties, we bave, 
respectively, 

m,=(-3.93, -5.94), ml=(-7.89, -7.1 8). 

figure 12.5.1 shows a plot together with the approximate 99% confi
dence ci rcles of radius (xi,o..,150) '12 = (9.21/50)'12= 0.429, for tbe three 
canonical means. It is quite clear from the figure that the three species are 
widely different but 1. versic%ur and I . virgi1lica are nearer than 1. selosa. 

Example U.S.2 (Delany and Healy, 1966) White-toothed shrews of 
the genus Crocidura occur in the Channel and Scilly Islands of the British 
Isles and the French mainland. From p = 10 measurements On each of 
11 =399 skulls obtained from the k = \0 localities. TreseQ, Bryher, St 
Agnes, St Martin's, 5t Mary's, Sark, Jersey, A1derney, Guernsey. and Cap 
Gris ez, the between and within SSP matrices are as given in Exercise 
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Second canonical variate 

- 4 

I . versicolour 

o 
o I. setosa 

I. virgin ica o 
- 8 L-______________ ~ ______ ~~LL------~----~ 

- .9 - 5 - 3 5 7 

Figure 12.5.1 First canonical variate 

12.5.1. The sample sizes for the data from the localities are. respectively. 
144, 16, 12, 7, 90. 25, 6, 26, 53. 20. 

The first two canonical vectors are fo und to he 

I ~ = (- 1.48. 0.37, 2.00 . .59. - 3.93. 0.90. 8.10. 8.78. 0.00. 0.44) • 

• , = (0.44,1.81 . -0.5 . - 9.65. - 7.01 , 1.97.3.97.7.10.-7.61.0.34). 

The first two canonical variables account for 93.7% of the between
samples variation (see Exercise 12.S.J). The sample canonical means. 
m: = (1\1'" .,i, ). j = I •. . .• II. (centred to have overall weighted mean O) 
and the 99% confidence circles for the true canonical means are shown in 
Figure 12.5.2. This suggests that the three populations of C. ,,,sstlia 
(Aid erney, Guernsey, and Cap Gris ez) show more differentiation than 
tbe five populations of C. suaueolells {T resco, Bryher, St Agnes, St 
Mary'S, St Martin's} in the Scilly Isles . The shrews from Sark are distinct 
from those in the five Scilly Isles and lersey. Further discussion of this 
data is given in Exercise 12.5.1 and in Chapter 13 on Cluster Analysis. 

It should be noted that the present analysis differs slighUy from the one 
given by Delany and Healy (1966). In their analysis the SSP matrix was 
calculated withou t using the II, as weights. i.e . 

• 
B= L (I , - i)(I:, - jl'. 

t - l 
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Consequently the canonical variables obtained differ from those given 
above, and their diagram corresponding to Figure 12.5 .2 differs mainly in 
that the callollical m~ans for th~ Jersey sample become very close to 
those of Sark. However, the conclusions are broadly the same. 

12.S.7 Profile analysis 

A related hypothesis to the above dimensionality hypothesis is the profile 
I,ypothesis. which assumes that the group means lie on a line and that tbe 
direction of this line is given by the vector 1; that is. the difference 
between each pair of group means is a vector whose components are all 
equal. 

This hypothesis i of interest when all of the variables measure similar 
quantities and it is expected that the difference between the groups will 
be reflected equally in all tbe variables. 

If the model is parametrized in terms of the k group means .. , . .. . . .. , 
then the profile bypotbesis can be written in the form of Section 6 .3 as 

C ,jIM,= O. 

where ... =(.,. , . . ... ... ) and C,«k - l) x k) and M ,(p x(p - l ») are given 
by 

- I 0 0 0 0 
0 I - ) 0 - I 0 

C,= and M , = 0 - I 0 

0 0 0 -1 ° 0 - I 

This hypothesis is of interest because M, is nol equal to the identity; that 
is. a relationship between the variables is assumed as well as a relation
ship between the groups. For further details see Morrison (1976. pp. 
205-216). 

12.6 The union intersection approach 

For the union intersection approach we concentrate on the one-way 
classification given in (12.2.1). 

We wish to test the hypothesis T , = ... = "' •. Thi multivariate 
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hypothe is is true if and only if aU of the univariate hypotbeses 

• 
Hoa.c. : L: c, aJ'T j= U .-, 

are true for all p-vectors a and all k -vector contrasts c. Following Section 
5.3.3a, it is found tbat a suitable test criterion is A" the largest eigenvalue 
of W- ' B. We reject Ho for large values of A, . 

This approach has the advantage that it allows us to construct simul 
taneous confidence regions for contrasts between the T;. Percentage 
points are given in Appendix C. Table C.4 of 6 = A ,t(l + A ,) for p = 2 and 
selected critical values. We may use these to form 100(1 - a )% simul
taneous confidence intervals which include intervals of the form 

where 6. denotes the upper 0: critical value of 6. In general we denote the 
random variable corresponding to the distribution of the largest eigen
value of IB - 6(8 + W)i = 0 by 8(p. V I> v,). where B - W. (l:. v,) indepen
dently of W - W. (l:. v,). Here v, is the error degrees of freedom and V, is 
the hypothesis degrees of freedom. More details are given in Section 3.7 . 
This test is related to the LRT in as much as both are functions of the 
eigenvalues of W-'B. 

Example 12.6.1 In Reeve 's data given in Example 12.3.1 we find that 
the non-zero eigenvalues of W- ' B are 

A, =0.3553. '\, = 0.2268 . 

(Note rank (W- 'B )=2.) From Appendix C, Table C.4 the 1% critical 
value of 6(3. 10. 2) = 8(2. 9, 3) is 6 •. 01 = 0.8074. Since A ,/(1 + A ,) = 
0 .2622 < 60 .0 , we accept the hypothesis that tbere are no differences, just 
as in Example 12.3.1. 

Even if we look at differences between x, for groups 2 and 3 which 
look piau 'ibly different. by forming a 99% CI with a = (0, 0, 1)" j =2, 
k = 3, we get an interval 

T n -'I'3)E 1.617 _ J.643± {O.01097800, (.!+.!)} '/2 
I - 60 .01 4 3 

=-0.026 ± 0.164 

which contsins O. Because the null hypothesis is accepted . it follows from 
the construction of the test that this and all other contrasts are non
significant. 
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Example 12.6.2 We now examine Example 12.5.1 by this method. The 
greatest eigenvalue of W-'B was A, =32.188 and so 8=A, /(I +'\,)= 
0.9699 - 8(4. 147, 2)= 8(2,145.4). From Appendix C, Table C.4. 800, = 
0.1098. so we strongly reject the hypothesis of equal mean vectors. 

Suppose we are interested in sepal width (X2) differences. Choosing 
a' = (0, 1,0,0). lhe ± term is always 

{ 16.9680.0'("':'+~)}1/2= 0 .29 as 11,=11'="3=50. 
1 - 80 .QI 50 ,0 

This leads to the following 99% SCls for sepal width differences: 

I. uirginicQ and 1. uersicolo"r 
1. setosa and 1. uer.ic%ur 
I . se/osa and 1. uirgiPlica 

1" 2- 1UE 2.97 - 2.77 ±0.29 = 0.20±0.29; 
1'n- 1 22 E3.43 -2.77 ±0.29 = 0.66±O.29; 
1,,-112 E 3.43 - 2.97 ±0.29 = 0.46±0.29. 

Thus, we accept the hypothesis of equal sepal width means at lhe 1 % 
level for 1. uirgiPlica and 1. uersic%ur. It is easily verified that all other 
confidence intervals on all other variable differences do not contain zero. 
so apart from this single sepal width difference. the three species are 
differcnt on all four variables. 

ote that simultaneous confidence intevals are helpful because they 
provide detailed information about each variable and about the differ· 
ences in means pair-wise. However. lhere- is an advantage in canonical 
analysis because it gives us a global picture of the group differences. 

12.7 Two-way Classification 

The ANOVA has a direct generalization for vector variables leading to 
an anal ysis of a matrix of sums of squares and products, as in the single 
classification problem . ow consider a two-way layout. Let us suppose we 
have nrc independent observations generated by the model 

][ rrk = J.L + CX. + '1', + "l i, + £ Iflt. i=1. ... , r, j=l, . ... c, k=l, ... ,Il, 

wbere Q ; is the ith row effect , T, is the jth column effect, 11.; is the 
interaction effect between the ith row and the jth column. and E'i< is the 
error term which is assumed to be independent .(0. :1:) for all i, j, k. We 
require that the number of observations in each (i. j)· cell should be the 
same. so that the total sum of squares and products matrix can be suitably 
decomposed. We are interested in testing the null bypotheses 01 equality 
of tbe Q ;, equality of the T i, and equality 01 the 1111' We partition the total 
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sum of squares and products matrix in an exactly analogous manner to 
univariate anaJysis. 

.Let 'r. R, C. and E be the total, rows, columns. and errors SSP 
matrices. respectively. As in the univaria te case, we can show that the 
following MA OVA identity holds, i.e. 

where 

with 

and 

T = R + C+E. 

. 
R = cn L (i, .. -i. .. )(x, .. - i. .. )', 

, 
C =m L (i./ - i . .)(i , .-i. )'. ,-, 

• < • 

E = L L L ("" /k- i ,. - i .,.+ i "')("'"k-i,. - i.,.+i ... )'. 
1'. 1, - 1 .... - 1 

1 ' • 
i i. = - L LX., •. 

en ,- 1 "' '''' 1 

1 • • 
i ., =- L L "'." 

rU, _ ll _ 1 

1 • c: " 

i ... = - L L L "" /" 
reI! i - 1 , _ 1 l - I 

We may further decompose E into 

E = I + W, 

where 

. , 
I = n L L (i ;, - i ... - i ., + i ... )(i.j.- i ; .. - i .,.+i ... ), 

. -I/ - J 

and 

W = 1: t f ("'.,,, - i ij')("" i' - xu r, 
I - I j - 1 k - I 

with 

(12.7.1) 

(12.7.2) 
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Here 1 is the SSP matrix due to interaction and W is the residual SSP 
matrix . 

Tests fo, interaclions 
Thus from (12.7.1) and (12.7.2) we may partition T inlO 

T = R + C +I+ W . ( 12.7.3) 

Clearly under the hypothesis H o of all 01 ,. 7 " and ."" being zero. T must 
have the Wp(l;, ,cn - I) distribution. 

Also. we can write 

say, and, whether or not Ho holds. the A 'I are i.i.d. Wp(l:. n - I) . 

Thus, as in Section 12.3, 

W- Wp(l; . ,c(n - I» . 

In the same spirit as in univariate analysis, whether or not the OIS and 'l'S 

vanish~ 

1- Wp(I, (,- I )(c - I)) 

if the."" are equal. 
11 can be hown that the matrices R. C. I. and W are 

distributed independently of one another, and further we can show 
that the LR statistic for testing the equali ty of the interaction term is 

IW IIIW+11 = IWIlIEI- .A(p. v" v.). 

where 

v,=,c(II- I), ", = (, - 1)(c- 1). (12.7.4) 

We reject the hypothesis of no interaction for low values of A. We may 
alternatively look at the largest eigenvalue 0 of I(W + 1)- ' as in Section 
12.6. which is distributed as O(p, v" v,) . 

Note that if n = 1. i.e. the re is one observation per cell. then W has 
zero d .l. , sO we cannot make any test for the presence of interaction. 

Tesrs for main effecls 
If the column effects vanish, then C can be shown to have the Wp (1:. ,-- 1) 
distribution. The LR statistic to test the eq uality of the 'l', irrespective 
of the 01, and 11 '1 can be shown to be 

IW II!W + Ci - A(p. " L' V2)' 

353 MU LTIVARIATE ANALYSIS OF VARJANCE 

where 

", = ,c(II - I ). 112 = c - l . (12.7 .5) 

Equality is again rejected for low values of A . 
Alternatively we can look at the largest eigenvalue 0 of C{W+Cr ' 

which is distributed as O(p. V" v,), where II, and v, are given by ( 12.7.5). 
Similarly. to test for the equality for the, row e fIects 01, irrespective of 

the col umn effects 'l',. we replace C by R. and interchange, and C in the 
above . 

Note that if significa nt interactions are present then it does not make 
much sense to test for row and column effects. One possibility in this 
si tuation is to make tests separately on eacb of tbe 'c row and column 
categories. 

We might al ternatively decide to ignore iDleraction e ffects completely, 
eithe r because we have tested for tbem and shown them to be non
significant , or because" = 1, or because for various reasons we may have 
no 'l 'j tenn in our model. In such cases we work on the error matrix E 
instead o f W and our test statistic for column effects is 

IE IIIE + C\- A(p. v" V2)' 

where 

IJ ,=rcn - r-c + 1, v, = c- l. (12 .7.6) 

We may alternatively look at the largest eigenvalue 0 of C(E + C)- ' 
which is distri buted as O(P. ", . ". ) wi th the values of v, and v, given by 
(12 .7.6). 

Example 12.7.1 (Morrison. 1976, p. 190) We wish to compare the 
weight losses of male and female rats (, = 2 sexes) under c = 3 drugs 
where n = 4 rats of each sex are assigned at random 10 each drug. Weight 
losses are observed for the first and second weeks (p = 2) and the data is 
given in Table l2.7 .1. We wish to compare the effects of the drugs, the 
e ffect of sex, and whethe r there is any inleraction. 

We first test {or in leraction. We construct the MA OVA table (Table 
12.7.2), using the totals in Tahle 12.7.1. From Table 12.7.2, we find that 

iW I = 4920.75, IW + 11= 6281.42. 

Hence, 

A =IW IIIW + l i= 0.7834 - A(2 , 18.2). 

From \12.3 .7), 

(17/2)(1 -./0.7834)1 0.7834= 1.10 - F •. 34• 
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Table 12.7. 1 Weight losses (in grams) for the first and second weeks foc .. 1S of 
each sex under drugs A, B. and C (Morrison . 1976. p. 190) 

Sex 

Male 

Column sums 

Female 

Col umn sums 

TrealmeOI 
sums 

Grand IOlal 

, 
A 

{ (5.6) 
(5, 4) 
(9,9) 
(7.6) 

(26.25) f7
,1O) (6.6) 

(9,7) 
( , 10) 

(30.33) 

(56.58) 

Drug 

B C 
R ow sums 

(7 ,6) (21 ,15) (33, 27) 
(7,7) (14, II ) (26, 22) 

(9. 12) (17.1 2) (35,33) 
(6 . 8) (12.10) (25.24) 

(29, 33) (64. 48) (119, 106) 

(10,13) (16, 12) (33, 35) 
(8, 7) (14,9) (28.22) 
(7,6) (14.8) (30, 21 ) 
(6, 9) (l0,5) (24,24) 

(3 l. 35) (5:4 . 34) ( liS. 102) 

(60.68) ( 11 8.82) 

(2 34. 208) 

This is clearly not significant so we conclude there are nO interactions aDd 
proceed to test for main effects. 

First, for drugs, iW + q = 29 180.83. Therefore 

A = 4920.7S/(29 180.83) = 0.1686 - A (2, 18, 2). 

From (12.3.7), 

(17/2)(1- 0. 1686)/..10. 1686 = 12.20- F4 •J •• 

Table 12.7.2 MA OVA table for the data in Table 12.7. 1 

SSP malrix A 

Source dJ, all a" an 

Sex (R) I 0 .667 0.667 0.667 
Drugs (C) 2 301.0 97.S 36.333 
Interaction (I ) 2 14.333 21.333 32.333 
Residual (W) 18 94.5 76.5 114.0 

TOial (T) 23 410.5 196.0 183.333 
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This is significant at 0.1 'Yo , so we conclude that tbere are very higbly 
signifi cant differences between drugs, 

Finally, for sex, iW + Ri=4957.75. Tbus 

A =4920.75/4957.7S=O,9925 - A(2, 18, 1). 

Again from (3.7.10), the observed value of F 2.34 is 0.06. This is not 
significant so we conclude the.re are no differences in weight loss between 
the sexes. 

Simullalleous collfidenee regions 
We begin by requiring the interaction parameters Tt., in the two-way 
model to vanish, otherwise comparisons among row and column treat
ments are meaningless. If so. tben, in a similar manner to Section 12.6, 
the 100(1- a )% simultaneous confidence intervals for linear compounds 
of the differences of the i, th and i2 th row effects are given by 

{ 
20 } III 

s'(a" - a ,,) E 8'(i" .. - i •. .) ± (a) a'Wa , 
ell 1 - o. 

where 8. is obtained from Appendix C. Table C.4, with 
V'2 = r - 1, and a is any vector. 

Similarly, for the columns 

'( ) ' (_ _) { 29. 'W }"2 a "rh - Th e 8 I .'I-- I 'h_ ± ( ) 8 a , 
rtI 1 - 6Q1 

(12.7.7) 

", = rC(1I -1), 

(12.7 .8) 

where O. is again obtained from tables with rand c interchanged in "1 

and "2 above. 

ExlllDple 12.7.2 (Morrison, 1976, p. 190) For the drug data from 
Table 12.7 .2, 

W = [94.S, 76.S] 
76.5, 114,0 . 

From Appendix C, Table C.4, it is found for p =2, ",=18, "2 =2, and 
a = 0.0 1 that 6. = 0.S02. Taking 8 ' = (1, 0) , for the first week, from 
(12.7.8), the 99% simultaneous confidence intervals for Ihe B-A, C-B, 
and C-A differences are 

-4.36 " TB l - T" ,"S.36, 2.39 " TCl -TB,": 12.11 
2.89"TC,- TA , ":12.61, 

where we have used the ahove value of Wand drug means (totals) from 
Table 12,7.1. Hence at the 1% significance level, the drugs A and Bare 
not different with respect to their effects on weight during the first week 
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of the trial. However, the effect of drug C is different from drugs A and 
B. 

Extension 10 i1igiler designs 
By following the same principle of partitioning the total SSP matrix. we 
are able by analogy with univariate work to analyse many mOre complex 
and higher order designs. We refer to Bock (1975) for further work . 

Exercises and Complements 

12.3.1 (a) Prove the multivariate analysis of variance identity ([2.3.4) 
after wri tin g 

Xi, - i= (xv - i,) + (i,- i ). 

(b) Show from Section 5.3.3a, that under H o, 

W - W.(l; , II -k), 

Further Wand B are independent. 

B - W. (l;, k - I ). 

12.3.2 (See, for example. Kshirsagar, 1972, p. 345) Under H , :11,"' 11, 
for some i'" i, show that 

(a) E(W) =( It -k)I . 
(b) E(B)=(k - l)I+~ 

where 
~ ;; = ~ n,I1 ,. ~ = L... ",( l1j- ji.)( j1.,- jj.)'. r L... ,-1 ,_I n 

12.3.3 The data considered in Example 12.3.1 is a subset of Reeve's 
data (1941). A fuller data leads to the following information on skulls at 
six localities: 

Locality Subspecies Sample size Mean vector. x: 

Sta. Maw, 
Colombia instabilis 2 1 (2.054, 2.(\~~. 1.621 ) 

Minas Geraes. 
Brazil chapadensis 6 (2.097.2 .100,1.625) 

Mauo Grosso. 
Brazil chapadensis 9 (2.09 1,2.095, 1.624) 

Sta. Cruz. 
Bolivia chapadensis 3 (2.099,2.102, 1.643) 

Panama c/,iriqutmis 4 (2.092, 2.1 J 0, 1.703) 
Mexico mexicana 5 (2.099.2.107.1.671) 

Total 48 (2.077, 2.086, 1.636) 
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Show that tbe "be tween-groups" SSP matrix is 

[

0.0200211, 0.017 444 8, 0.013 081 1~ 
B = 0.0158517, 0.0150665. 

0.0306818 

Assuming the "within-groups" SSP matrix to be 

[

0.013 630 9, 0.012769 I , 0.016437 9J 
W = 0.0129227, 0.0171355 

0.0361519 

show that 

A, =2.4001, A2 =0.9050, A3 =0.0515. 

Hence show that there are differences between the mean vectors of the 
six groups. 

12.3.4 Measurements are laken On the head lengths u" head breadths 
u2 , and weights U3, of 140 schoolboys of almost the same age belonging 
to six different schools in an Indian city. The between-schools and total 
SSP matrices were 

and 

B = [52.0 
214.2 
151.3 

521.3~ 
401.2 

1612.7 

_ [13 561.3 1217.9 3192_5~ 
T - 1650.9 4524.8 . 

22622.3 

Show that trl =213 629 309 S44. Obtain W = T - B. Hence or otherwise, 
show that IWI = 176 005 396 253. Consequently IWI/IT I = 0.823 88, which 
is distributed as It (3, 134.5). Show that Bartlett's approximation (3.7.11) 
gives 26.06 - X~s. Hence conclude at the 5% level of significance that 
there are differences between schools. 

12.4.1 Let A = (ai,) be a known (k x r) matrix such that A'O- ' A = In 
where O =diag(n" .. . , II,). Suppose we wish to test H o:A'j1. = O, .,: = 
(.,. .... . , 14,) against H ,: 14, '" 14" i" j. Following the method of Section 
12.4 show. under Ho, that 
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where 
• 

:EA, = L a/,i/. ,-, 
Hence prove that 

and derive the likelihood ratio te I. 

U.S.1 For the shrew data of Delany and Healy (1966) referred to in 
Example 12.5.2 we have. from a total sample of 399, 

208.02 88.56 10 1.39 41.1 6 10.06 98.35 57.46 33.0 1 55.12 63.99 

39.25 42.14 17.20 4. 16 41.90 24.35 14.16 22.66 27.32 

50.26 20.23 4.98 47.75 28.04 16.04 27.54 3 1.14 

8 .7~ 2.1 4 19.33 11.66 6.4 1 11.03 12.~g 

B ~ 0.78 4.73 2.73 1.45 3.05 3.13 

47.47 27.97 15.76 25.92 3 0. 141 

17AR 9.47 15.11 l7.6g 

5.44 8.58 10.06 

15.59 16.88 

19.87 

57.06 21.68 21.29 4.29 2.68 22.3 1 2 .87 3 .14 11.78 14.54 

20.76 6.08 2.65 1.7R 8.63 0.73 1.06 3.66 6.9 1 

13.75 0.98 0.41 7.16 1.\4 1.25 6.20 5.35 

1.59 0.68 2.06 0.28 0.21 0.62 1.49 

W = 1.50 1.53 0.36 0.13 0.22 0.94 

14.34 1.38 1.21 4 .39 5.92 

2. 13 0.27 0.72 0.77 

0.93 0.73 0.74 

4.97 3.16 

5.79 

The eigenvalues of W' B are 

A, = 15.98, ,1., = 0.99. >'3= 0.48. ,1.. = 0.36. >'5= 0.15 . 

'\6 = 0.10, ,1. 7= 0.05. ,1. .= 0.01 , ,1..= 0.0006. ,1. 1(1 =0 

and the firs t two canonical variables are as given in Example 12.5.2. 
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Show that D~ = 1751.2, Df = 652.4. D~ = 385.6, Di = 233.5. D~ = 
114.2 , D~=60.0, D~ =23 .0. D~ =4.1 , D ; =0.2. Hence show that the 
dimension of the data should be sill if we assume the approximation 
(12.5.29) for the distribution of D?, and use a test size a = 0.01. Com
ment why tbis approximation could be inadequate . 

12.7.1 For the drug data of Example 12.7.1 , obtain the 99% simultane
ous confidence intervals for the drug differences B-A, C-B, and C-A for 
the second week. Show that the pair-wise differences between Ihe drugs 
for the second week are not significant at the 1 % level. Comment on 
whelher the significance of the original MA OVA could be due to the 
effect of drug C in the first week . 



13 
Cluster Analysis 

13.1 Introduction 

13.1.1 Single-sample case 

IT instead of the categorized iris data of Table 1.2.2. we were presented 
with the 150 observations in an unclassified manner. then the aim might 
have been to group the data into homogeoeous classes or clusters. Such 
would have been the goal before the species of iris were established. For 
illustrative purposes, Table 13.2.1 gives a small mixed sub-sample from 
the iris data and the aim is to divide it into groups. 

This kind of problem appears in any new investigation where ooe 
wishes to establish not o nly the identity but the affinity of new specimens. 
Before Darwin, the eVOlutionary tree was such an unsolved problem. fn 
general we can summarize the problem of cluster analysis as follows. 

Single-sa mple problem Let " " ... , X. be measurements of p variables 
on each of 0 Objects which are believed to be heterogeneous. Then the 
aim of cluster analysis is to group these objects into g homogeneous 
classes where g is also unknown (but usually assumed to be much smaller 
than 0 ). 

Some points should be noted. 
We call a group " homogeneous" if its members are close to each other 

but the members of that group differ considerably from those of another. 
This leads to the idea of setting up a metric between the points to 
quantify the notion of " nearness". For various possible choices of dis
tance, see Section 13.4. 

The techniques are usuaUy applied in two rather different situations. In 
one case, the purpose of the analysis is purely descriptive. There are no 
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assumptions about the form of the underlying population and the cluster
ing is simply a useful condensation of the data. In other cases, there is an 
underlying model where each observation in the sample may arise from 
-anyone of a small number of different distributions (see Section 13.2.1). 
We will pursue both aspects. 

The term "clustering" is taken to be synonymous to "numerical tax
onomy" , "classification". Other terms used in this context are O-anal)'sis, 
typology, pattern recognition , and clumping. 

13.L2 Multi-sampfe case 

Another context where the problem of cluster analysis arises is when we 
are given a collection of samples, and the aim is to group the samples into 
homogeneous groups. The problem can be better understood through a 
specific situation in zoology already descrihed in Example 12.5.2. It is 
known that white-toothed shrews of the known genus Oocidura occur in 
the Channel and Scill)' Islands of the British fsles and the French 
mainland . A large number of observations from 10 localities in the 
Channel and Scilly Islands were obtained to examine the belief that 
there may be two species of CrQciduril . The localities we re geographi
cally dose, but it is assumed that only one sub-species waS present in any 
one place. Thus the problem here is to group "samples" rather than 
" objects," as in the single-sample case. In general , the problem can be 
summarized as follows . 

Multi-sumple problem Let XII' i = I, . .. , "" be the observations in the 
jth (random) sample, i = 1, 2 .. . . . 111 . The aim of cluster analysis is to 
group the m samples into g homogeneous classes where g is unknown, 
g"m. 

13.2 A Probabilistic Fonnulation 

13.2.1 Single-sample case 

General case 
Let us assume that x" . . . , s. are independent . Further, each may arise 
from anyone of g possible sub-populations with p.dJ. f(x ; e.), k = 
1, ... • g, where we assume g is known. These assumptions would be the 
same as for the standard discrimination problem (see Chapter II) if it 
were known from which sub-population each XI came. 

Let y = ('Y, ... .. 'Y. Y be a set of identifying labels so that y, = k =?~I 
come from kth sub-population. i = 1, . .. , n ; k = I, ... , g. Suppose that 
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C, = the set of J< , assigned to the kth group by 'Y, k = L ... . g. The 
likelihood function is 

L('Y ; D, . .. . . 0.)= TI [(x: D,,"· TI [(x: 8,) . (\3.2.1) 
s EC1 I: CC. 

We can ,how that the maximum likelihood method possesses an 
important a\location propertv. Let .y. 9, . .. .. 0. be the m.l.e.s of 'Y 
and the Os respectively . Let C" . ... C, be the partition under .y. Since 
moving a ample point from C, to C, will reduce the likelihood, we have 

L(.y ; 9, . ... . 9, ){(,,: 9, )j((x : 9,,) "';; L(.y: 9" .. . , 9,). 

Thus 

It- k. 1 = I. .. . . g. 

This is qu ite a familiar allocation rule per se (see Chapter II ). 

The norlllal case 

( 13.2.2) 

Let us assume that {(x ; 8, ) denotes the p.d.L of . ("., , 1:.), k = I , .. . . g. 
Then the log likelihood function is 

1('Y : 8)=const - ~ t L (X,- "," )'l:k l(X ' _ "'''- ~ f 1I,logP:.I. 
2 .. . 1 t. £c, .. - I 

(13.2.3) 

where there aIe n ~ oh ... e rvations in C~. Hence. for a given 'VI the 
likelihood is maximized by the ordinary m.l.e. of ,. and 1:. i.e . 

(13.2.4) 

where i , is the mean and S, is the covariance matrix o( the ". observa
tions in C •. On substituting (\3.2.4) in (13.2.3), we ohtain 

1(,,(: 9("()) = const- t L II, log Is " l· 

H e nce the m.l.e. o( 'Y is the grouping that minimizes 

(J 3.2.5) 

To avoid the degenerate case of infini te likelihood, we assume that there 
are at least p T J observations assigned to each group so that Il, ~ P + \ 
and l1 :;. g(p+l) . 

If, however, we assume that the group have identical covarianc" 
matrices. 1:, = . , . = 1:, = 1: (unknown) , the same method leads to the 
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grouping that minimlzes 

IWI, (13.2 .6) 

where 

W = f L (x, - i, )(x. - i ,Y. 
ft- I c. 

is tbe pooled within-groups sums of squares and products (SSP) matrix. 
and the second summation is taken over X; E C,. 

Example 13.2.1 In the iris data, suppose that we were give n the table 
unclassified according to varieties. For our illustrative purpose, let us 
aSSume (rom Table J .2.2 that a sub-sample was given as in Table 13.2.1. 

Tn Table \3 .2.1, the first three observations are the first three readings 
lrom 1. oersicolour, whereas the last three obse rvations are the fi rst thr ee 
r"adings from T. virsillica, both on the firs t two variables only. To satisfy 
11 :;. 38. we shall take g = 2. with three ob 'ervations in each group. For all 
possible partitions. Table 13.2.2 gives the values of IS,I, 15,1, and IW I = 
is, +S21· Both ML methods lead to the clusters (1,3, 6) and (2, 4, 5). o te 
that under tbe correct grouping (I , 2, 3) and (4, 5, 6), the values of 

,1=0.0012. 21= 0.1323 are disparate. From a scatter diagram of these 
points given in Figure 13.2 .1 we can understand the ML grouping better. 

T"bl. 13.2. 1 A sub-sample of iris data 

2 3 4 5 6 

Sepal length 7.0 6.4 6.9 6.3 5.8 7.1 
Sepal width 3.2 3.2 3.1 3.3 2.7 3.0 

Tabl. 13.2.2 Clusters (or the data in Table 13.2.1 

Group 1 Group 2 IS,I IS,-+ S,I 
123 456 0.001200 0.132 300 0.1588 0.180 
124 256 O.OOt 200 0.073 633 0.0884 0.127 
125 346 0.030000 0.000133 0.0040 0.198 
126 345 0.004800 0.070533 0.3386 0.167 
134 256 0.002133 0.073633 0.1571 0.151 
135 246 0.001633 0.000833 0.00 14 0.188 
136 245 0.000 300 0.004033 0.0012 0.017 
145 236 0.073633 0.000300 0.0221 0. 181 
J46 235 0.005633 0.032033 0.1805 0.170 
1 5 6 234 0.Q28033 0.000533 0.0150 0.114 
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5.8 6.0 6.2 6 •• 6.6 6.8 1.0 7.2 

~.~ •• 
~.2 . 2 . , 
3.1 . 3 

~.o . 6 

2.9 

2.B 

~r 
Figure 13.2.1 Scallu diagram for th. rris data in Tabl. 13.2.1 . 

It is known for this data (see Example 11.3.2) that there is considerable 
overlap between the varieties I. uersicolollr and I. virginica, but these are 
clearly separated from 1. setosa. 

A lest for a single cluster 
Before starting clustering, we may wish to look into whe ther the data is 
unstru ctured, that is, whether there is just one cluster. Hence, the 
hypothesis of interest is 

Ho:y,= . . . =1'. 

against the alternative that not all the "I, are equal. Assuming normali ty 
with equal covariance matrices. we get 

- 2 log A = n log {max (ITj/jWI)}, (13.2.7) , 
where 

• 
T = L (Ii - x)(x, - x)' 

i * 1 

is the IOtal sums of squares and products matrix. Thus if the number of 
groups g is unknown , we need to minimize IWI over all permissible 
partitions of 'Y (those partitions for which g s;; n - p, so that rank (W) =p). 
Unfortunatel y, even for large II, the distribution of (13.2.7) is 00\ known. 
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(However, some progress has been made in the case p = 1; see Hartigan, 
1978.) A more tractable test is given below in (13.2.9). 

It may also be worthwhile to check that the data is not spherically 
symmetric. One method would be to apply the test of uniformity on lhe 
directions y.ljIY,1i given in Chapter 15, where Y. = S- ' I2(X, - x) is the 
Mahalanobis transformation of Section 1.5.2 . 

The criterion of minimizing jWj was first put forward on an intuitive 
basis by Friedman and Rubi n ( 1967), whereas the maximum likelihood 
justification was given by SCOII and Symons (1971). An alternative 
procedure based on minirnizing tr(W) was developed intuitively by 
Edwards and Cavalli-Sforza (J 965) , and this idea can also be given a 
maxImum likelihood interpretation (see Exercise 13.2.1). 

Remarks (I) Le t Yj = Axl + b, where A is a non-singular matrix. Then 
(13.2.5) and (13.2.6) can be written as 

• 
jA j-2. Il IS •. ,I ..... , 

' -1 
respectively, where S •. , and Wy denote S. and W for the transformed 
variables } " Hence. in particular, as far as minimization of these criteria is 
concerned, the scale of the variables is immaterial . 

(2) The task of minimizing (13.2.5) or (13.2.6) is formidable even for a 
computer. For example, if g = 2, we need to look at 2"- ' combinations in 
general. [n practice, to circumvent th is problem, a relative minimum is 
used which has tbe property that any reassignment of One or two 
observations results in a larger value. al though it may not be an absolute 
minimum. i t is worthwhile to examine individually the partitions in lhe 
neighbourhood of the (estimated) true spl it. 

(3 ) Estimalion of g We bave assumed g to be preassigned . In practice, 
if g is allowed to vary, tbe maximum likelihood methods will always 
partition the data in to the maximum number of partitions allowed. Thus, 
g must be chosen by some other method. For equal covariance matrices, 
Marriott (1971 ) bas suggested taking the correct number of groups to be 
the value of g for which 

g2 jWl (13.2 .8) 

is mlrumum. Everitt (1974, pp. 59-60. 92) from his study of various 
criteria finds ( 13.2.8) to be the most useful. The most suitable algorithms 
for implementing the o ptimization of the criterion (13.2.8) are those of 
Friedman and Rubin (1967) and McRae (1971). (See also Hartigan , 
1975.) A rule of thumb is to use g - (/l/2) 1/2. 

(4) Mixtures The problem of cluster analysis can also be studied using 
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a mixture of p.d.f.s. II we assume that each " , has probability Pk of 
coming from the klh population k = L ... ,g, then "" ... , X, is a sample 
frum 

• 
[(x) = L pJ(x; 1'-,. ~.), .-, 

where ft· ; I'- , ~) is the p.d.f. of Np(p., ~), L Po = l. 
For tbe maximum likelihood estimates of p., Il, . alld 1:, when k = 2, 

see Exercise 13.2.3. Once these estimates are known, we can regard each 
distribution as indicating a separate group, and individuals are then 
assigned by the Bayes allocation rule of Section 11.2.2, i.e. assign X; to 
the kth dist ribution when 

M(x,: ii" i ,)", pd(,,;; ii" l;.) for all 1# k. 

For this model it is possible to carry out asymptotic hypothesis tests. 
Let ,\ = L,IL .. where ,\ is the ratio of the iikelihood of g groups against 
that of g' groups (g < g'). From a Monte Carlo investigation , Wolfe 
(1971 ) recommends tbe approximation 

2 ( , ') 2 - - n-l - p-~g 10gA-XI' 
n 

f = 2p(g' - g), (J 3.2.9) 

for the distribution of ,\ under tbe null hypothesis that there are g groups. 
Note that this mixture model is eq uivalent to the first model of this 

section with the additional assumption that'Y is an (unobservable) random 
va.riable whose components are the outcome.~ of n independen t multino
mial trials. Scott and Symons (1971) give a Bayesian approach in which 
all the parameters are random variables. 

(5) Criticisms These teChniques usually require large amounts of 
computer time, and cannot be recommended for use with large data sets. 
In many applications the number of parameters to be estimated increases 
indefinitely with the sample size and therefore the e timate ' are not 
"consistent" (Marriott . 1971). Further, even if g is fixed and the data 
consists of a sample from a mixture of unimodal distributions, the groups 
will be tbe truncated centres of these distributions. mixed with tails of 
other distributions. Thus even for 1:, = ' " = 1:. =~. W will not be a 
consistent estimate of .1:. Further. in this case the criterion (13.2.6) has a 
tendency to partition the sample into groups of about the same size eveD 
when the true clusters are of unequal sizes (Scott and Symons, 1971). 
When tbe modes are near together and the distributions overlap consider
ably, separation may be impossible even for very large sample sizes. 

For our discussion we have assumed x, . . . .• Y, to be independent 
random variables, but this may not be true in some cases, e.g. when 
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.x, .... , x. are measurements of the various stages of evolution of a 
particular creature. 

13.2.2 Multi-sample case 

For the multi-sample problem described in Section 13.1.2, we shall limit 
Our discussion to normal samples with equal covariance matrices. Each 
.-ample can be summarized by its mean i , and SSP matrix W;. Then 
i . - N t.. n - '~) independently for i = I, . . _ , m, and a consistent esti-r p ...... u. • 

D1Jl te of 1: is given by 

l;= W/( n - m), ( 13.2.10) 

where, in the notation of Chapter 12, W = W, + - .. + W m is the within
samples SSP matrix and 1/ = " " ... + " ... Assuming n to be large. we shall 
now suppose I is known. 

Suppose these," samples have come from only g pOpulations (g'" m), 
i.e. 

J.LI E (v " . .. , v g ), g ~ m, 

Thus. there are only g distinct means out of 1'- " ... , I'-m' Let fI be tbe set 
of identifying labels, and let C, be tbe set of i i a~signed to the klh group 
hy fI , k = 1. .... g. Now. maximizing the likelihood implies minimizing 

• L L /I;(i,-v,rl:" '(i ,- v,). (13.2.1 1 ) 
10: - 1 ~eCL 

LeI 

so lhat X, is the weiahted mean vectur of the means in the kth group. 
From (13 .2.11). vk '; x .. so that the m.l.e. of P is the grouping tbat 
minimizes 

(13.2.1 2) 

It is equivalent to maximizing 

, 
b!= L N.(x. -i)'1:-' (x.-i ) (13.2. 13) 

. ~ , 

since the sum 01 (13.2.12) and (13.2. 13) is fixed . Note that.i is the mean 
vector of the pooled sample . Thus we arrive at (13.2.13) as our criterion. 
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For computational purposes, the following forms of (13.2.12) and 
(13.2.13) are useful. Let 

D ' (- - )"'-'(- - ) i,= I ,- I , .. I i -I; , 

so that D,} is tbe Mahalanobis distance between Xi and xr It can be seen 
that (13.2.12) and (13.2.13) can be written , respectively, as (see Exercise 
13.2.4) 

(J 3.2.1 5) 

and 

b:= t N;' L tl jrt,B., (13.2. 16) 
Ie-I c.. 

wbere the second summation is extended over i u i i E c;.. If the matrix o[ 
Mahalanobis distances D'I is available, then (13 .2.15) is computationally 
convenient. When 1; is unk nown, replace it by (13 .2.10) in these cri teria. 

Example 13.2.2 For the shrew data descrihed in Section 13.1.2. the 
Mahalanobis distances D ij are given in Table 13.2.3, where 1; is estimated 
from (13.2. 10) . Here k = 10, and 

",=144, ", = 16, "3= 12, ".= 7, ",=90. 

"6= 25, 11,=6. " 0=26, 11.=53, "10=20. 

We assume a priori (say from Figure 12.5.2) that we are looking for 
two clusters C, and C, with 3 and 7 elements, respectively . We wish to 

Table 13.2.3 Mahalanobis distances D" between I 0 island races of white
toothed shrews (from Delany and Healy, 1966: Gower and Ross. 1969) 

Scilly Islands Channel Islands France . 
2 3 A ~ 6 7 8 9 10 r Tresco 

0 
2. 8ryher 1.61 0 

5cilly 3. St Agnes t.97 2.02 0 
Islands 4. St Martin's t.97 2.51 2.S8 0 

5. 5t Mary's 1.40 t.70 1.352.21 0 r Snk 
2.45 3.49 3.34 3.S3 3.19 0 

Channel 7. Jersey 2.S3 3.94 3.64 2.89 3.01 3.00 0 
Islands 8. Alderney 9.58 9.5910.05 S.78 9.30 9.74 9.23 0 

9. Guernsey 7.79 7.82 8.43 7.0S 7.76 7.86 7.76 2.64 0 
French {10. cap Gn. Nez 7.86 7.92 8.367.44 7.79 7.90 8.26 3.38 2.56 0 
mainland 
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Ta ble 13.2.4 Value of clustering 
criterion w! in ascending order for 
the shrew data and C. , C2 is the 
complement of C1 

Partition C 1 

(8, 9, to) 
(7,8,9) 
(4,8, 9) 
(3, 8,9) 
(1. 5, 6) 

(1,3,9) 
(1,8. 10) 

w! 
643 

1997 
2014 
2457 
2499 

5404 
5446 
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minimize w~ over 120 partitions. Using values of D" in Table 13.2.3 with 
the I1 j in (I3.2.15) on the computer (we give a brief summary in Table 
13.2.4), it is seen that the clusters are (8)-(10) and (1)-(7). ote that the 
difference between Ihe two smallest values of \V ~ is large. Thi. fact is seen 
in figure 12.5.2, which is a projection onto two dimensions, and Ihe 
analysis confi rms this finding. We defer fu rther discussion until Example 
13.3.1. 

13.3 Hierarchical Methods 

The clustering methods in Section 13.2 can be described as optimiza tion 
partitioltiltg tedl1liqlws since the cl usters are formed by optimizing a 
clustering cri terion . We now consider hierarchical metilOds in which the 
clusterings into g and g + 1 groups have the property that (i) they have 
g -1 identical groups and (ii) the remaining single group in the g groups 
is divided in to two in the g + 1 groups. 

By the very nature of these lechniq ues, once an Object is allocated 10 a 
group, it cannol be reallocated as g decreases, unlike th e optimization 
techniques of Section 13.2. The end product of these teChniques is a tree 
diagram ("dendrogram") (see Section 13.3.1). 

These techniques operate on a matrix 0 = (d'i) of distances between the 
points XI> ' .. , x. rather than the points themselves. Possible choices for 
the distance matrix will be discussed in Sectio n 13.4. 

We shall only consider two important hierarchical methods to give the 
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flavour of tbe area. It should be empbasized lhat the methods are 
basically descriptive. 

13.3.1 Nearest neigbbour single linkage cluster analysis 

This method groups tbe points which are nearest to one another in the 
following way. First, order the 4n (n - 1) interpoin t distances into ascend
ing order. 

(a) Let C" . .. , C" be the starri ng clusters each con taining o ne point, 
namely :I, E Ci' 

(b) Without any loss of generality, let d"" = min" so that x" and x" 
are nearest. Then these two points are grouped in to a cluster, so we 
have n -1 clusters, where Crt + 4 , is a new cluster . 

(c) Let d, ~, be the next smal lest distance. If neither r, nor s, equals r2 
or S2l the new n - 2 d uster are Crt + CS1 ' C,~ + C.s): plus the remain
ing old clusters. If ' 2 = '1 and $1 -I- S2 the new n - 2 clusters are 
C,' + C,' + C," plus the remaining old clusters. 

(d) The process continues as in (c) through all !n(1I - \) distances. At 
the jth stage let d "" denote the ith smallest distance. Then the 
cluster containing r, is joined with the cluster contain ing Si' (Note 
that if r, and Si are already in lhe same cluster. then 00 new groups 
are formed in this stage.) 

(e) The clustering process can be halted before all the clusters have 
been joined into one group by stopping when rhe inter-cluster 
distances are all greater thaD do, where do is an arbitrary threshold 
level. Let c:', .. . , c: be the resulting clusters. These clusters have 
the property that if d~ (>do) is a higher threshold. then two clusters 
C;, C. will be joined at the threshold d~ if at least one distance d" 
(or a single link) exists between rand s with x, EC;, x, E C., and 
do < d,s::S;; d ~ . 

This property has led the method to be called single linkage cluster 
analysis. Note that once li nks are establ ished between objects, they 
cannot be broken. 

Example 13.3.1 In the shrew data, let do= 3.0. We can o rder the 
distances as shown in column 2 ot Table 13.3.1. In the firs t step. (3,5) 
becomes a cluster. Note that at stages 4, 6, 7, and 8 no new clusters 
result. By the 16th step. we have clusters at the level d •. 7 = 3.00. 

(1,2, 3. 4.5.6, ,), (8,9. 10). 

Of course, if we carryon further. we get a single cl uster. 
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Table 13.3.1 Single linkage procedure 

Order Distances (ordered) 

1 
2 
3 
4 
Sf 
6t 
7 
8 
9 

!O 
11 
12 
13 
14 
15 
16 

45 

t 0 new clusters. 

d,,=1.35 
d,,~1.40 

d,,= 1.61 
d",= 1.70 
d,,= 1.969 
dlJ= 1.972 
d23 =2 .02 
d.,=2. 21 
d,.=2.45 
d,. = 2.51 
d •. ,o=2.S6 
d .. ~2.64 
d" ~ 2.84 
d,. = 2.88 
d.,=2.89 
d" ~ 3 .00 

d •• = 7.08 
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Clusters 

(1), (2). (3. 5). (4) . (6). (7), (8), (9). (10) 
(1,3,5). (2). (4). (6), (7). (8), (9). (10) 
(I. 2. 3. 5), (4). (6). (7), (8), (9), (10) 
(I. 2, 3, 5). (4). (6), (7). (8), (9), (J O)t 
(1. 2, 3. 4, 5). (6). (7), (8). (9), (10) 
(1,2,3,4.5), (6). (7). (8). (9), (IO)t 
(1.2.3,4.5), (6), (7), (8). (9), (10)t 
O. 2. 3. 4 . 5). (6). (7). (8), (9). (10)t 
(1 ,2. 3,4,5,6). (7). (8). (9), (10) 
(t. 2. 3. 4.5,6). (7). (8). (9). (LO)t 
(1,2.3.4,5,6), (7), (8). (9,10) 
0.2.3.4,5,6). (7), (8. 9, 10) 
(I. 2. 3. 4. 5,6, 7). (8, 9,10) 
(I. 2, 3. 4. 5.6, 7), (8, 9. 10)t 
(1.2.3.4,5.6.7), (8, 9. IO)t 
(1.2.3.4.5,6.7), (8, 9, IO)t 

(I. 2, 3. 4, 5,6,7,8,9,10) 

t Mo re accurate \'alues of distancc.. .. to break the tie. 

At (/0 = 3.00, we infer that there are two species, one contai ning (l)-(7) 
and the otber (8HIO). In fact . the species containing shrews from 
Alderney (8), Guernsey (9), and Cap Gris e2. (J 0) is named Crocidura 
russcula and the other is named C. snaveolells. Some of these facts were 
only appreciated in 1958 (see Delany a nd H ealy, 1966). 

Algorirhm An alternative but eq uivalent description of the computation, 
involving only It - 1 steps, can be given as follows: 

(a) Assuming d,.,= min,., (di;)-.;do, let C;, . .. , C,~ be the groups after 
joining the pair 1, 2 to form ct. 

(b) D efine the new «n- I) X( n - l» distance matrix D* =(dm witb 
d~; ~ min (d'i' d2;) for j = 3, .... Il ; dt = d'l for i, j = 3 .. ... II . Find 
min (dt), i, j = 2, ... , II and then proceed as in (a). 

Note that this algori thm uses the recurrence relation 

(13.3.1 ) 

to define the distance between group k and the group (ij) formed by the 
fusion of groups i a nd j . 
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in hierarchical methods, clustering is generally obtained through two 
types of algorithm: 

(a) agglomerarive-a successive pooling of subsets of the set of objects; 
(b) divisive-successive partitions of the set of objects . 

In the above discussion, we have used an agglomerative procedure, bur it 
should be noted that the single-linkage method can also be implemented 
by a divisive algorithm, and by an algorithm which helongs to neither 
category (Jardine, 1970). In general, a method should not he confused 
with its algorithm. Indeed. Lance and Williams (1967) have given a 
general agglomerative algorithm with which many of the common 
hierarchical methods can be described (see Exercise 13.3.1). The impor
tance of a method lies in the fact that the generated clusters have some 
desired property. 

Properties (1) Chaining The m.l.e. methods tend to lead to spherical 
or elliptical clusters each one around a nucleus . However, the above 
method leads to "rod" type elongated clusters partly because the links 
once made cannot be broken. Also. the clusters have no nuclei, thus 
leading to a chaining effect. (See Example 13.3.2.) Thus, it is expected 
that single linkage will not give satisfactory results if intermediates (as a 
result of random noise) are present between clusters. 

(2) MOl1orol1icity It can be seen tbat the single linkage method gives 
clustering of identical topology for any monotonic transforma tion of d". 

(3) Ties It is easily checked that it does not matter which choice is 
made if, at some stage in the algorithm. there is a tie fo r the smallest 
distance hetween two clusters. However, other hierarchical methods are 
not always well defined in tbis situation. 

(4) Other properties Jardine and Sibson (1971) show that this is the 
only method consistent with a particular set of axioms for hierarchical 
clustering. In particular, it optimizes "connected sets of points". Hartigan 
(1973) uses this method in an attempt to minimize the number of 
mutations in a reconstruction model of evolutionary history. Gower and 
Ross (1969) have shown the relation of this method to the minimum 
spanning tree, and a computer algori thm is given by Ross (1969). 

Dendrogram A dendrogram is a tree diagram in which the x axis 
represents the "objects" while the lower y axis represents distances. The 
branching of the tree gives the order of the /I - 1 links ; the first fork 
represents the first link. the second fork the second link. and so on until 
all join together at the trunk. We illustrate this definition by an example. 

EXlIlIIpie 13.3.2 For the da ta in Example 13 .3.1. a dendrogram {rom 
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Table 13.3. 1 is given in Figure 13.3.1. The first link joins (3, 5), etc. The 
level of the horizontal lines shows the order in which the links were 
formed. We have arranged the order of the objects along the x axis as 
arising sequentially in clustering in Table 13.3.1 so that links do not 
··overlap'· . The dendrogram indicates that the distances between animals 
from the SciUy Isles are very smaU, suggesting origin from a common 
stock. The distances between shrews from Sark (6) and Jersey (7) is 
greater than between any pair of Scilly Island populations. The three 
populations of Crocidura russcula (8, 9. 10) do not form as close a cluster 
as those of the Scilly Islands_ 

The value of the threshold (do) is arbitrary, and no probabilistic work 
bas been done here. For the complete dendrogram take do= oo. Obviously 
(or a given do, the clusters can be read off from a dendrogram. e .g. for 
do=3.50 we obtain from Figure 13.3.1 (1,2,3,4,5,6,7) and (8, 9. 10). 
I! we know g in advance. again the dendrogram gives the clusters. 
Broadly speaking, do and g are functionally related. 

4 6 7 8 9 10 

I 

2 f--

~ 

31-

-

5 

6 

7 

Figure 13.3.1 Dendrogram for shrew data (single linkage ). 
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T he dendrogram can be used to construct a new distance matrix 
between the objects. For two objects i and j. let u'; be the smallest 
threshold do for which i and j lie in the same cluster. The horizontal lines 
in the dendrogram are called nodes. Then ',<, can be found from the 
dendrogram as the smallest node which is linked to both i and j. For the 
single linkage dendrogram (although not in general for other dendro
grams) . the II" satisfy the ulrramerric illcqllality 

fOr all i. j, k (13.3 .2) 

(see Exercises 13.3.4 and 13.3.5). 

13.3.2 Complete linkage (furthest neighbour) method 

The complete linkage method i similar to the single linkage method 
except that the distance he tween two clusters is now defined as the largest 
distance between pairs of elements in each cluster. rather than tbe 
smallest. The method can be described by the following algorithm. 

(a) Stan with clusters C, ... . . C. containing I " ...• I ., respectively. 
(b) Assuming d.2 = min (d'l) over all i and j, let C: .. . .• C: be the 

groups after joining the pair 1.2 to form C; 
(c) Define a new «11 - 1) X (n - J )) distance matrix D* = (d~) with 

d!j= max(d ,/. d, , ) for j = 3 .. . " n : d! = d" for i, j=3, . . .. n. Find 
min d~, i. j = 2, .. . , 11; then proceed as in (b). 

Continue until all the distances between clusters are greater than d", 
where do is an arbitrary threshold value. ote that when the clustering is 
completed we will have maxI.I.e cI,,"" do for each cluster C. Thus, this 
method tends to produce compact clusters with no chaining effect. As in 
single-linkage. it can be seen that computatio n can be carried out using a 
recurrence relation for the distance between group k and a group (ij) 
formed by the fusion of groups i and j; namely, 

(13.3.3) 

Most of the comments made for the single linkage method apply to this 
method except that its optimization properties are not known. Of course, 
the final groups in complete linkage do possess the property that all 
within-group distance are less than the threshold value. but the converse 
is not true. i.e. the method is not guaranteed to find all such groups. Like 
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Figure 13.3.2 Dendrogram for the shrew data (complete linka ge). 

single linkage, the method has the invariance property under monotone 
transformations of the d,,. However, the complete linkage method may 
not be well defined if at some stage in the algorithm there is a tie for the 
smallesl distance (unlike single linkage). 

Example 13.3.3 For the shrew data, the smallest distance is dJ.5 = \.35, 
so that these are cl ustered, Although d 1.5 = 1.40 we cannot cluster these 
next because d1.3 =1.98. The next cluster is (1 , 2) since d 1.2 = 1.61. 
Following this procedure, we find the dendrogram as given in Figure 
13.3.2. ote that there is no cbaining as in the single linkage case (Figure 
13.3.1). At do = 3.38, we have groups (1,2,3,4, 5), (6, 7) , (8.9. 10) but a t 
each stage the groups are tlo/ chained as seen in Figure 13.3.2. 

13.4 Distances and Similarities 

13A.1 Distances 

Definition L e/ P and Q be two poill/s wllere these may represent measure
me,lls X and y 011 two objects. A real-valued tUltc/iolt d(P, 0 ) is a dis tance 
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function if ir has the fol/owillg properries: 

(1) symmetry. d (P, 0) = d (0, P): 
(II) non-negativity, d(P, Q);;.O; 

(III) identification mark, d(P, P)= 0, 

For many distance fUllctiolls the following properries also hold.: 

(IV) definiteness, d(P, Q) =0 if and only if P= Q: 
(V) triangle inequality, d(P, Q)";;;d(P, R ) ... d(R. Q ). 

If (I)-(V) hold d is called a metric, 
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For some purposes, it is sufficient to consider distance functions satisfy
ing only (I}-(III), but we will on ly consider distances for which (l)-(V) are 
satisfied unless otherwise mentioned . Note that (I) need not always be 
true: in sociology perhaps , subject p's opinion of subject Q mea$ured by 
d(P, Q) may differ from subject Q 's opinion of subject P, d(Q, Pl. 
Further, (V) is not satisfied for some distances (see Exercise 13.4.6). On 
the other hand, the distance may satisfy some stronger condition than (V), 
such as the ultrametric inequality (13.3 ,2). 

One would expect d (P, Q) to increase as "dissimilarity" or "di
vergence" between P and Q increases, Thus d(P. Q) is also described as 
a coefficient of dissimilarity even when it does not satisfy the metric 
properties (IV) and (V). 

Quantirarive data 

Euclidean disrance Let X be an (/I x p) data matrix with rows x;, . .. , s~ . 
Then the Euclidean distance between the points x, and Xi is di" where 

~= f (x .. - X;,)2= I i -S, 11
2

, (13.4.1) 
k-' 

This distance function satisfies properties (I)-(V). It also satisfies the 
foUowing properties: 

(a) Positive semi-definite property Let A = (-1d~). Then HAD is 
p,s,d., where B = I-n- '11' is the centring matrix. (For a proof of 
this result, see Section 14.2. In fact, Theorem 14.2,1 also gives the 
converse result.) This property will be of importance when we 
examine similarity coefficients. 

(b) di; is invariant under orthogonal transformations of the :IS. 

(c) We have the cosine law 

( 13.4.2) 
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where b,; = (x, - i)'(s; - xl is tb. centred inner product between Xi 

and Xi' Another useful identity for calculation purposes is given by 

. " . 
L L d~=2n L biO , (13.4.3) 

1-1,-- 1 I _ I 

Karl Pearson distance When tbe variables are not commensurable, it is 
desirable to standardize (13.4.1); that is. we can use 

d
2 _ t- (x,. -xr.f . 4,- ~ ., 

k ... l Sk 
(13.4.4) 

where s~ is the variance of the kth variable. We shall call such a 
standardized distance the "Karl Pearson distance" and denote it by K 2, 
This distance is then invariant under changes of scale. Another way to 
scale is to replace s. by the range 

R. = max I"" - x" I. (13.4,5) 
'" 

For cluster analysis, one usually uses (13.4.4) exce pt when the difference 
in scale between two variables is intrinsic, when one uses Euclidean 
distance , 

Mallalanobis distance We define squared Mahalanobis distance between 
points Xi and Xj as 

(13.4.6) 

its variants and properties have already been discussed in Sections 13.2.2 
and J ,6. 

Qualitative da ra (multinomial populations) 
Consider a classification of individuals into p categories. For each r = 
1, ... , g, let (x,j .. ", x.,,) = x; denote the observed proportions from a 
population of size II, lying in each of these categories. For example, x, 
might denote tbe proportions of people having blood group types AI' A" 
B, and 0 in each of g countries. Of course, 

,=I. . .. ,g. 

We shall now consider several choices of a distance measure between 
these populations, 

Euclidean distance The points s. Ue on the hyperplane x, + . . . + xp = 1 
in the positive orthant of RP, An obvious measure of distance between 
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these points is Euclidean distance , given by 

d~= f (x,, - x,.)'. 
, - I 
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This distance may be suitable if the proportions are merely measured 
quantitie for which nO model of stochastic "ariation is being considered . 
However. if the proportions are thought of as random vectors, then a 
Mahalanobis-like distance is more appropriate. 

A Mahalanobis-like distance Suppose that for each r = 1. .... g. x, 
represents the proportions based on a sample II, from a multinomial 
distribution with parame ter a =(a" .... IIp)' (the same parameter for each 
r). Then x, has mean a and covariance matrix :1;, = II, 'X, where X = (<T,,) is 
given by 

<T. = {",( I - a,), 
" - arilr• 

i=/. 

i" j : 
(13.4.7) 

that is. 'l: = diag (a, - aa '. Since x, lies on a hyperplane. X is singular. 
However. it is casily checked that a g-inverse of X is given by 

I = diag(a ,· , . ... a .'). (13.4.8) 

Thus (see Example 11.2.5), we can define a (generalized) Mahalannhi. 
distance between x. and XJ as 1I.11~/( 1I. + uJ ) limes 

f (x" -x"o)'_ (13.4.9) 
j .. l ar 

Remarks (I) Unfortunately, there are two problems with thIS approach. 
First. in practice we wish to compare multinomial populations wi th 
diffe,em parameters (and hence different covariance matrices). Thus 
(13.4.9) can only be viewed as an "approximate" Mahalanobis distance 
and a must be thought o[ as an "average" parameter for the populations. 
To reduce the effect of the differences between populations on sample 
size, we shaU drop the factor 11,11,/ (11, + II,} given before (t 3.4.9). 

(2) The second problem involves the estimate of the "average" 
parameter a . A common procedure is to estimate a pairwise using 

Ii, (r, s) = i (x" + xu) 

(so a(" s) depends on r and .~) . Then (13.4.9) becomes the Mahalanobis
like distance 

(13.4.10) 
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This (orm was suggested by Mahalanobis (see Bhattacharyya, 1946) and 
rediscovered by Sanghvi (1953). 

(3) O ther possibili ties for estimating II include a global average of all 
the proportions (ii, = g- '(x" + .' . + x,;)) and/or weighting each propor
tion x" by its sample size n, (see Balakrishnan and Sanghvi, 1968). 

(4) The distance in (13.4. 10) is obtained by using a pooled estimate of 
the parameter a . An alternative procedure is to use a pooled estimate of 
X. based on the sample covariance matrices thus giving yet another 
Mahalanobis-like distance. See Exercise 13.4.1 and Balakrishnan and 
Sanghvi (1968). 

BlwlIacharyya dislallce Let v, = (x::', . .. , X::'2)' . , = 1, ... , g, so that the 
vectors v, are points on the unit sphere in R ' witb centre at the origin. 
The cosine of the angle between v, and v. is 

cos Br, = f L"n V,l =- t (X"xs1 )l f 2 , (13.4.11 ) 
. - 1 I-I 

so that the angle B,s is ahe great Circle distance between ", and v ~. The 
Euclidean distance of the chord between v, and v, is given by 

D' = (!. (X' I2_ X'''')' 2 :n- L n .,)"1· ( 13.4. 12) 

We shall call D 2 •n the BharraciTaryya disrallce (although sometimes the 
angle Bn is given this name). The two measures are connected by 

D t " - 4 sin2 ~B".. 

Remarks (I) If .:, and x. cOme from multinomial populations with the 
same parameter a . then D~ and 4D~ are asymptotically the same for large 
n" 11,. See Exercise 13.4.2. 

(2) Bhattacharyya distance can be interpreted as an asymptotic 
Mahalanobis distance. From Example 2.9 . 1, we see that v, 
N.(b ,(4 I1, )-'X) (or large 11" where b,=a,''' , i= l, ... ,p, and X = J- bb' . 
Although X is singular, it is easy to see th at a g-inverse 01 X is given by 
X- = I . Thus il v, and v, are proportions from multinomial distributions 
with the same parameter. the asymptotic squared Mahalanobis distance 
between them is given hy 

411,11,(11, + n,)D i.". 

(3) Note that with both D~ and D~, differences between very small 
proportions are given more weight than differences between intermediate 
Or large proportions. However. with E uclidean distance all such differ
ences are weighted equally. 
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(4) Practical studies (Sangbvi and Balakrishnan, 1972) have shown that 
D~ and Di are very similar to one another and in practice it hardly 
maners which one is cbosen. Bhattacharyya distance is perhaps preferable 
because there is no need to estimate unknown parameters and because it 
has a simple geometric interpretation. 

Example 13.4.1 Table 13.4.1 gives the relative gene frequencies for the 
blood-group systems with types A" A z, S, and 0 for large samples from 
four human populations: (1) Eskimo, (2) Bantu, (3) English, and (4) 
Korean . The Object is to assess the affinities between the populations . 

The Bhanacharyya distance matrix is found to be 

Eskimo Bantu English KOrean 

Eskimo 0 23.26 16.34 16.87 
Bantu 0 9_85 20.43 
Englisb 0 19.60 
Korean 0 

Use of Ihe complete linkage clustering method suggests the two clusters 
Bantu-English and Eskim<>-Korean. Cavalli-Sforza and Edwards (1967) 
came to this conclusion by a maximum likelihood method . However. the 
single linkage method , which one might think would be appropriate in 
this situation, does not support this conclusion . 

Multi-classification case 
H there are t c1assificatiuns instead of a single one, e .g. if the re are gene 
frequencies for each of tbe five blood-group systems of classification. then 
we can sum the distances using 

Table 13.4. 1 Relative frequencies of hlood groups AI> Azl R. 0 
for four populations (Cavalli-Sforza and Edwards. 1967) 

Populations 

Slood 
groups Eskimo Bantu English Korean 

A, 0.2914 0.1034 0.2090 0.2208 
A, 0.0000 0.0866 0.0696 0 .0000 
S 0.0316 0 .1200 0.0612 0 .2069 
0 0.6770 0 .6900 0.6602 0.5723 
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Table 13.4.2 Distances 

{ • },a 
1. Euclidean distance : I w.< ... - .... )' . .-, 

<al Unstandardized, w, ~ 1. 
(b) Standardized by s.d .. w. ~ 11s~ (Karl Pearson distancel. 
(c) Standardized by range w, ~ 11 R ~. 

2. Mahalanobis distance: HI, - I ,)'l:-'(I , - I ,n ,,, 
'I = any transforming positive definite matrix. 

3. City-block metric (Manhattan metric): f w, Ix.. - x.,I · ,-, 
Mean character difference W k = l Jp 

4. Minkowski metric: {t w .. lx.. _.xt:k I ... }IJ~. ~ ~ L ,-, 
. f lx., - .... 1 

5. C.anberra metnc: ~ ( ) . ., _1 x,. .. + x,. 
(ScaJing does nnl depend on whole range of the variable.) 

6_ Shallacharyya distance (proportion,): {f (x:" _ y:,,), }'f2 ,-, 
7. Distances between groups: 

(a) Karl Pearson dissimilarity coefficient: 

{.!. f (X" - x.,)' }'" 
p . .. 1 (s~n, )+(s~Alln,) , 

where " , = size of jth sample j = ' . s; i; .. , slit = rnean and variance of kth variable 
for the jtb sample, 
(b) ManaJonobis distance: Hi, - i .)' t - '(i. -x,)}'''-

where Dl, .. f = 1, 2, is either the Mahalanobis distance or the Bhat
tacharyya distance hetween two populations on the ktn classification. 

The process of summing up distances in this way is meaningful when 
the t types of classification are independent. 

A lis 1 of various distances is given in Table 13.4.2. 

13.4.2 Similarity coefficients 

So far, we have concentrated on measures of distance or dissimilarity, but 
there are situations as in taxonomy where it is often common to use 
measures of similarity between points A and B. 
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De6nitioo A reasonable measure of similari ty, , (A , 8), sllOuld Itave tlte 
[ollowing properties: 

(i) s{A, 8 ) = siB, A ), 
(ii) s(A. 8 ) > 0, 

(iii) s{A, 8 ) increases as tlte similarity between A and 8 increases. 

Because greater similarity means less dissimilarity, similarity coefficien ts 
can be used in any of the hierarchical techniques of Section 13 .3 simply 
by changing the signs of all the illequalities . 

We now consider some examples. 

QualitQtive variables 
Let the presence or absence of p attributes on two objects P and Q be 
denoted (x " ... , xpl and (Yt> .... Yp ), where X,= 1 or 0 depending 00 

wbether the ith attribute is presen t or absent for object P. 
Set 

II = LX,)'" 

b = L (l- x,)y" 

C = L x,{I -y,), 

d = L (I-x,)(l-y,): 

(13.4.13) 

that is, a, b, c, dare tbe frequencies of (x,. y,) = (1, 1), (0. 1), ( 1. 0). and 
(0, 0), respectively. 

The simplest measure o[ s imilarity between P and Q is 

a 
", (P, Q) = - . 

p 
(13.4.14) 

Ar. alternative is the simple matchin g coefficielll (Sokal and Michener. 
1958) defined as 

which satisfies S2(P, P) = 1. 

s,{P, Q )= (a + d) . 
p 

(13.4.15) 

It is not clear in practice whether to use 5 " S2' or some other 
association coefficient. In S2 all matched pairs of variables are equally 
weigbted, whereas in S, negative matches are excl uded. In both s, and S2 

every attribute is given eq ual we ight, but in some applications it might be 
preferable to use a differential weighting of att ributes. For a discussion of 
these problems, see Jard ine and Sibson (1971. Chapter 4) and Everi tt 
(1974. pp. 49-50). 
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Let X be the data matrix containing the presence/absence information 
on p attributes fo r n Objects. The matrix X is called an incidence matrix 
since x" = 1 or O. In view of (13.4.13), the matrix or similarities based 00 

(13.4.14) is simply 

(XX') 
8.=-- , (13.4.16) 

p 

whereas. the matrix ot similarities based on (13.4.15) is 

{XX'+(J- X)(J-xl1 
8, . (1 3.4.17) 

P 

where J =11', s, =(s~:» . Note that the diagonal elemen ts of 82 are 1. 
Clearly, (13.4.16) and (13.4.17) are p.s.d. 

Example 13.4.2 Consider the (6 x 5) data matrix of Example 8.5.1 in 
which x" = 1 if the ith grave contains tbe jth variety of pottery and 0 
otherwise . The aim here is to see whicb graves have similar varieties of 
pottery to one another. 

It is found that 582 for A. ... , F is 

5 0 3 5 3 

0 5 2 0 4 2 

3 2 5 3 3 

5 0 3 5 1 3 

1 4 1 1 5 3 

3 2 3 3 3 5 

We can now use any clustering method or Section 13.3 to see if there are 
any clusters. For example, using single linkage. A and D are grouped 
togethe r fi rst (which is not surprising since they are identical), and then B 
aDd E. The next link joins all the graves into a single group. 

Mixed variables 
U tbere are qualitative as well as quan titative variables, Gower (! 9710 ) 
has proposed the following similarity coefficient between ith and jth 
poi nts: 

s?,' = 1 - .!. f w. Ix" - xi. l, 
p 1-' 

(13.4.18) 

where w. = 1 if k is qualitative , w, = l / R, if k is quantitative wbere R , is 
the range of the k th variable. 
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It can be shown that the matrix (s~)} is positive semi-definite, but if R .. 
is replaced by the sample standard deviation s" this may not be so (see 
Exercise 13.4.3). 

In some applications the data consists of an (n x II) matrix D consisting of 
distances (or similarities) between the points, rather than an (n x p) data 
matrix X. In this situation, the cboice of distance has already been made 
and one can immediately apply any of the hierarchical techniques of 
Section l3.3. Examples of such data are quite common in the context of 
multidimensional scaling (see Chapter 14). 

13.5 Otber Metbods and Comparative Approacb 

We have only considered a few approaches to cluster analysis in the 
previous sections. However, there is a wide range of different approaches 
none of which falls neatly into a single (ramework; for example, clumping 
techniques in which the classes or clumps Cf . : overlap and mode analysis, 
in which one searches for natural groupings of data, hy assuming disjoint 
density surfaces in the sample distribution. For a good discussion of these 
methods, we rele, the reader to Everitt (1974) and Jardine and Sibson 
(197 J). Other useful references are Cormack (I97l) and Sneath and 
Sokal (t973). For cl ustering algorithms, see Hartigan (1975). 

13.S.1 Comparison of methods 

Optimization techniques usually require large amounts of computing time 
and consequently their use is limited to small data sets. For the various 
likelihood criteria mentioned, the underlying assumptions about the 
shape of the distributions are important (e.g. whether or not 1: is the same 
(or aU groups, and whether or not 1: is known). Also it i important to try 
several different starting configurations when carrying out the optimiza
tion. Possible starting configurations include a partially optimized config
uration arising from some simple cluster technique or a configuration 
based on a priori knowledge . 

Hierarchical techniques are more suitable for use in the analysis of 
biological or zoological data because for such data a hierarchical structure 
can safely be assumed to exist; e.g. in the shrew data where shrews can be 
gTouped ioto species and tbese species themselves can be grouped into 
genera, etc. These methods bave the considerable advantage in requiring 
far less computing time and therefore they can be used for larger data 
sets. The major difficulty with these techniques is making a choice of a 
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distance mea ure. Of various hierarchical techniques, single linkage is the 
only one to satisfy various analytical properties (see Jardine and Sibson, 
1971 ; Fisher and van ess, 1971, 1973). 

As has been already mentioned. in practice single linkage may not 
provide useful solutions because of its sensitivity to the noise present 
between relatively distinct clusters and the subsequent chaining effect. On 
the other hand, the complete linkage method gives compact clusters, but 
it does not necessarily guarantee 10 find all groups where within-group 
distances are less than some value. 

The use of aDV hierarchical method entails a loss of information. For 
example the single linkage method effectively replaces the original dis
tance matrix D by a new set of distances which satisfy the ultra-metric 
inequal ity. In general. hierarcnical techniques should be regarded as a 
useful descriptive method for an ini tial investigation of the data. For a 
fuller discussion. see Everitt (J974). 

Spuriou., solurions All tbe cluster methods make implicit assumptions 
about the type of structure present. and when these assumptions are not 
satisfied spurious solutions are likely to be obtained; that is. each cluster
ing method imposes a certain amount of structure on the data and it 
should be ensured that the conclusions we reach are not just an artefact 
of the method used . For example, most of the optimization method are 
biased toward finding elliptical and spherical clusters. If the data contains 
clusters o( other shapes (say snake·like), these may not be found by such 
methods and consequentlY important information will have been lost, and 
in some cases a misleading solution will result. On the other nand, 
hierarchical methods impose hierarchy when it may nOl be present. 
Everitt (1974) considers examples to e lucidate these points. 

13.S.2 Comparative and Graphical Approach 

In general. several different techniques should be applied for clustering as 
the variety helps to prevent misleading solutions being accepted. These 
methods should be supported by graphical techniques ; we have already 
used canonical variates for the shrew data for the multi-sample case and, 
similarly, principal coordinates could be used fo r the single sample case . 
In some cases, when the only data is an inter-point distance matrix, 
multidimensional scaling techniques could be used, see Chapter 14. The 
harmonic curves given in Section 1.7.3 also give some idea of clu~tering. 

EIl1Dlple 13.5.1 Consider again the shrew data of Section 13.1.2. The 
differences between Ibe to races of shrew are conveniently summarized 
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Table 13.5.1 Canonical means for shrew data 

Canonical va date 

Sample 2 3 4 5 6 7 8 9 

I -2.33 -0.37 - 0.39 - 0.07 0.26 0.00 0.06 0.05 -0.0 1 
2 -2.29 0.39 - 1.12 0.26 -0.49 -1.05 - 0.53 - 0.03 0.02 
3 -2.77 1.06 0.34 0.46 - 1.01 0.79 - 0.54 0.28 -0.04 
4 -1.37 0.53 - 0.85 - 1.37 0.59 0.85 - 0.75 - 0.52 -0.03 
5 - 2.23 1.14 0.36 0.Q7 - 0.19 0.02 0.17 - 0.Q7 0.01 
6 - 2.01 - 2.54 1.52 0.39 -0.31 - 0. 16 -0.06 - 0. 11 - 0.02 
7 - 1.76 - 0.59 2.15 - 1.92 0.76 0.23 - 0.50 0.24 U.13 
8 8.10 1.27 0.98 - 0.33 0.43 - 0.39 - 0. 10 0.05 - 0.04 
9 6.54 - 0.69 - 0.53 - 0.49 - 0.45 0.12 0. 11 - 0.00 0 .01 

10 5.95 - 0.05 - 0.19 2.01 0.52 0.30 - 0.14 - 0.03 0.03 

in Table 13.5, I using the canonical means M of Example 12.5 .2. where 
m,; denotes the j th canoOlcal coordinate of the ith race of shrew. 
j = 1 .... , 9; i = 1, ... , 10. For convenience each canonical coordi nate is 
cen tred to have weighted sample mean O. 

A plot 01 the 10 harmonic curves is given in Figurc 13 .5. 1. Note that 
these curves are dominated by their lower Irequencies because the 
canonical means vary most in their first coordinate . Further. note that 
the L2 distance between the harmonic curves equals the Mahalsnobis 
distance between the corresponding races 01 shrew: hence the distances 
between the curves agree with Table 13.2.3. In particular, Ihe curves 
seem to fo rm two main clusters, 1-7 and 8-10, in agreement with the 
single linkage cluster analysis 01 Example 13.3.1. 

Exercises and Complements 

13.2.1 (Scott and Symons, 197 1) Let us suppose I , . .. .. I " to be a 
mixed sample from the N.{j.L. , :1:, l, k = 1, . . .. g, populations where the p , 
are unknown. Ll 1: = .. . = 1:, = 1: where :1: is known. show thaI the ML 
partition.y minimizes tr(W"l- '). Show that it is equivalent to maximizing 
the weighted between groups sum 01 sq uares 

< L n,(i , - i)'1: - '( x. - i ). 
k- ' 

where i . is the mea n for a cluster Co. 
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Figure 13.5. 1 Hannonic curves fo r tile shfew data. 

13.2.2 Let us suppose :t, . . ..• x" to be a mixed sample Irom the 
N. {j.L" 1.,), k = 1. . . . . g, populations where p , and 1., are unknown. 
Further, let y ••. .... Y'rn. = I. .. . . g, be previous samples 01 indepen
dent observations known to come Irom N. {j.L" 1..), k = 1, . .. . g. respec
tively. Show that the m.!.e.s of Pk' l., and the parti tion y of the xs are 
given by 

(Wk. + W" + W • ., l. 
(m. + n.J 



MULTIVARLATE ANALYSIS 

and y minimizes 

where 

and 

W ." = L (x, -i,Hx, - i d ', 
e. 

W" = L (y .. -j,)(y" - j ,)" 
c. 

13.2.3 (Day. 1969) Let x" ... . ". be drawn from the mixture 

{(x) = P.r,(S) + p,{,(,,). 

where {, is the p.d.f. of p(p." ::E), i = I. 2. and P, + p, = t. 
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(a) Show tbat the mean m and the covariance matrix V of the mixture 
are given by 

m = P,,,, + P2l'2, 

Show that the m.l .e.s of m and V are given by 

Let 

Show that 

m = i , V =S. 

i = V- '(ji., - ii2)/{ 1 - 11,11,(;;',- ji,)'V- '(ji..-",J}. 
6 = - ia'(ji., + JiJ+ log (P,/Pl)' 

(b) If P(k I " i) is the probability that observation Xi arises from the 
component k then the m.l.e.s of P(k I Xi) are 

where 

P(I 1",) = P, e, / {P1e
" 

+ p,e,,}, 
P(2 1 ",) = 1 - P( I I ",), 
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Hence show that the m.1. equations can be written as 

~= f p(2l x4t P(1 ls) , 
PI 1-1 ,-1 

'" = {~X;P(11 "i)}/~ P(II ";)' 

.. , = { L x;f>(21 "i)} / L P(2 1 "i)' , , 
t = .!. L {("i - ;" )("; - ... )' p(1 1 " j) + ("; - ;',)(:1, - ... )' p(2 1 ",)}. 

It i 

Hence, deduce that Ph .... and ... are SOme functions of the "s and of Ii 
and 6, whereas V is a function of the "s only. Hence conclude that (0) and 
( .. ) form a set of equations of the form 

Ii = <1> .(8. 6; X, ' .. . • " .), 6 = <1> ,(8,6 ; " ., . .. . " .) 

which can be solved numerically by iteration. 

13.2.4 (a) Substituting 

i /- x,I( = ;1 L tI, (ij -i r ) 

t ,E e.. 

in w; given by (13.2. 12), and then , using 

(ii -i,),X- I(i, -i,) = ~(Df,+ D;, - D~J. 

prove (13.2. 15). 

j, r. SEC;. 

(b) Using i,- ~ =N;' L 1I,(ii -i) 
i ,£C, 

in (13.2 .13), prove (13.2.16). For g = 2, use N,(x, - i )=-N,(x,- i) to 
show that 

13.3.1 (Lance and Williams, 1967) Let D= (d,,) be a distance matrix . 
Show that the distance between group k and a group (ij) formed by the 
merger of groups i and j can be written 

d'(I,) = ad" + ad., + y Id,,- d,)1 
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with observations into two groups and comment all the result. 

(i) a =1, Y = 4 for single linkage, 
(ii) a = t, y = t for complete linkage, 

(iii) a =i. y = 0 for a "weighted average". 

13.3.2 Show that the squared Euclidean distance matrix (d~) fo r the iris 
data of Table 1.2.2 IS 

0 0.36 0.02 0.50 1.69 0.05 

0 0.26 0.02 0.61 0.53 

0 0.40 1.37 0.05 

0 0.61 0.73 

0 1.78 

0 

Draw the dendrograms obtained on applying single linkage and complete 
linkage clustering methods. Show that (i) at threshold 0.30, the single 
linkage method leads to clusters (1,3 , 6), (2,4), (5) and (ii) at threshold 
0.75, the complete linkage method leads to clusters (1 , 2,3,4,6), (5). 
From the scatter diagram of tbe points in Example 13.2.1, compare and 
contrast these results with the clusters 0.3.6) and (2, 4,5) obtained in 
Example 13.2.1. 

13.3.3 Suppose two bivariate normal populations AI> A, have means 

(~) and (~) 
and each .has dispersion matrix 

[1 OJ' o L' 

The fo llowing observations were drawn at random from A, and A 2 , the 
first six (rom A , and the last three from A 2 • 

( 1.14) 
LOI • ( 

0.98) (0.49) 
-0.94' 1.02' (

-0.31) (1.78) 
0.76' 0.69' ( 

0.40) 
-0.43 ' 

(2.42) (2.55) (2.97) 
1.37 ' 1.06 ' 2.37' 

Using single linkage cluster analysis, and the Euclidean distance matrix 
(unsquared distances) for these nine observations given below, divide the 

2 3 4 5 6 7 8 9 

1 1.96 0.65 1.47 0.72 1.62 1.33 1.41 2.28 
2 2.02 2.13 1.82 0.77 2.72 2.54 3.86 
3 0.84 1.33 1.45 1.96 2.06 2.82 
4 2.09 1.39 2.80 2.88 3.65 
5 1.78 0.93 0.85 2.06 
6 2.71 2.62 3.80 
7 0.34 1.14 
8 1.38 

13.3.4 (Ultrametric distances) If d is a distance which satisfies the 
u!trametric inequality 

diP, 0) ""max {d(P, R ), d(O. R )}, 

for all points P, 0 , and R, then d is called an ,,/rramerric distance. 

(a) For three points P, O. and R, let a=d(P, 0) , b= d(P, R), and 
c = d( 0, R) and suppose a'" b "" c. Show that b = c, i.e. the two larger 
distances are equal. 

(b) Usi ng (a), show that d satisfies the triangle inequality. 

13.3.5 Let D =(d;, ) be a distance matrix and let U= (u;, ) denote the 
distance matrix obtained {rom the corresponding single linkage dendro 
gram ; that is, "'/ is the smallest threshold do for which objects i and j lie in 
tbe same cluster. 

(a) Show that U is an ultrametric distance matrix; that is, 

for all i, j, k. 

(b) Show that D = U if and only if D is ultrametric. 
(e) Consider the matrix of distances between five objects: 

o 4 4 3 

o 4 2 4 

043 

o 4 

o 
Draw the dendrogram for the single linkage method. Verify that D = U 
and hence that D is ultra metric. 
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13.4.1 (Balakrishnan and Sanghvi, 1968) Let x" • .. .• x'P be propor
tions based on II, observations for r = 1. ...• g. Let 

Define 

i = i, 
i*i· 

Why might (x, - x.)':t- '(x,-x.,) be a suitable m:asure of distance when ,t 
is suspected that the :I'd are not all equal. Is :I singular? 

13.4.2 Suppose x and y are proportions based on samples of sizes II , 

and " 2 from multinomial distributions with the same parameter B. Let 
/II = min (II" 112)' Using (3.4.10) and (3.4.12), show that the ratio between 
the Mahalanobis distance and the Bhaltacharyya distance is given by 

D! =2 t (x:n+ y:n)' 
D, ,. J (x, + y,) 

Let b =(a:n •... , a!'2)'. Using the fact that x:12-b; and y:l2-b, have 
order 0.(m- 1I2), show that Di/D~-4 has order Op(m-'} and hence D~ is 
asymptotically equivalent to 4Di as 111 -+ "". (The notation , 0.0, order 
in probability. is defined in (2.9.1).) 

13.4.3 (Gower. 1971 a) (a) For quantitative observations with values 
x" ... , x., consider the similarity coefficient 5" = 1- Itx, - .x/ II R}, wbere R 
is the range. Show that we can assume R = I by rescaling, and I = x, "" 
X2 "" .,. "" Xn -] ,,"x. = 0 by permuting the rows of the data matrix and 
shifting the origin so that x. = O. Thus the similarity matrix SM = (s,,) is 

1 l-(x,- x,) 1- (.x, -.x,) 

1 1 - (.x2 - x,) 

I 

I-(x,-.x.) 

1-(x2- x,,) 

I-(x,-x.) 

1 

By a series of elementary transformations, show that for I ... P'" II, the 
principal P x P leading minor is 

p-' 
LI •• = 2P-'[1 -4(.I , -.xp )] n (.I,-.x,. ,) . . -, 
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Since x, -xp " x, - x" = 1 and x, - x,_ ] "" 0 show that LI .. "" 0 for all p. and 
therefore S. is a p.s.d. matrix. Extend this result to I quantitative variates, 
noting that the average of I p.s.d. matrices is again p.s.d. Hence deduce 
that (5::') is p.s.d. 

(b) Suppose S! is defined by s~ = l- {lx, - x, I/ T}. where T > R. Show 
that again LI"" "" 0 and so S!, is p.s.d. 

(c) If R is replaced by tbe standard deviation s, then we may have 
S < R. S'll. -~(x,- xp ) need not be positive and therefore LIp. need not be 
positive. Hence S" obtained from s" = 1 -lix, - x/lis} need not be p.s.d. 

13.4.4 Obtain S , for the data in Example 13.4.2 and apply the single 
linkage method to obtain clusters. Why is it an unsatisfactory approach? 

13.4.S (D. G. Kendall , 1971.) Let X be a (n x p) matrix of actual number of 
occurrence (or proportions) called an abundance matrix ; that is, XiI.. is a 
non-negative integer representing the number of artefacts of type k found 
on individual i; or x,. is a fraction between 0 and 1 repre enting the 
fraction of artefacts of type k which are found on individual i (so 
It . , x" = 1). Define a similarity measure 

s" = f min (li •. >j.). 
' _I 

If ~t _, .x •• = I, ,how that 

s,' = 1--
2
1 f ix,. - ",.1 .-, 

and that (5,;) need not be p.s.d. 

13.4.6 Show tbat the measure of divergence between two p.d.f.s I, and 

'2 given by 

f (f, - '2) log (f.) d.x 

does not satisfy the triangular inequality. 

13.4.7 Let s , - pu." :I}, i = I, 2. Show that the squared Bhattacharyya 
distance 

between the points is a function of the squared Mahalanobis distance, 

D 2 = (jJ.,- jJ.2P: - '( jJ. , -jJ.z). 



14 
Multidimensional Scaling 

14.1 Introduction 

Multidimensional scaling (MDS) is concerned with the problem of COn
structing a configuration of n points in Euclidean space using information 
abou t the distances between the n objects, The interpoint distances 
themselves may be subject to error. Note that this techniqlle differs from 
those described in earlier chapters in an important way, Previously. the 
data points were directly observable as n points in p-space, but here we 
can only observe a function of the data points, namely the ~II( II -1) 
distances . 

A simple test example is given in Table 14.1.1, where we are given the 
road distances (nOt the "shortest distances") between towns. and the aim 
is to construct a geographical map of England based on this information. 
Since these road distances equal the true distances sllbject to small 
perturbations, we expect that any sensible MDS method will produce a 
configuration which is "close" to the true map of these towns. 

However, the distances need not be based on Euclidean distances, and 
can represent many types of dissimilarities between objects. Also in some 
cases, we start nol with dissimilarities but with a set of similarities 
between objects. (We have already given a general account of different 
types of distances and similarities in Section 13.4.) An example of 
similarity between two Morse code signals couid be the percentage of 
people who think the Morse code sequences corresponding to the pair of 
characters are iden tical after hearing them in rapid succession. Table 
14.1.2 gives such data for characters consisting of the 10 numbers in 
Morse code. These "similarities" can then be used to plot the signals in 
two-dimensional space . 'Ihe purpose of this plot is to observe wh ich 
signals were "like", i.e. near. and which were "unlike", i.e. fa r from each 
other, and also to observe the general interrelationship between signals. 
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Table 14.1.1 Road distances in miles between 12 British towns t 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
II 
12 

2 3 

244 
21g 350 
284 77 369 
197 ]67 347 
312 444 94 
215 221 150 
469 583 251 
166 242 116 
212 53 298 
253 325 57 
270 168 284 

4 5 

242 
463 441 
236 279 
598 598 
257 269 

72 170 
340 359 
164 277 

6 

245 
l69 
210 
392 
143 
378 

7 

380 
55 

168 
117 
143 

8 

349 
53] 
264 
514 

9 

190 
91 

173 

La 

273 
lit 

11 L2 

256 

t .I = Ahcrystwyth. 2 = Bnghton, 3 = Carlisle, 4 = Do .... er. 5 = Exeter. 6 = Glasgow. 1 = Hull, 
8= Inverness, 9=Lceds, 10 = London. 11 = Newcasde. 12 =Norwich. 

Definition An (11 X II) marrix D is called a disrallce marrix if it is 
symmerric and 

drT=O, r7' s. 

Starting with a distance matrix D. the object of MDS is to find poin ts 
P" .... p. in k dimensions such that if d" denotes the Euclidean dis tance 
between P, and Pp then 6 is "similar" in some sense to D. The points P, 
are unknown and usually the dimension k is also unknown. In practice 

Table 14. 1.2 Percentage of times that the pair~ of Morse code signals for two 
numbers were declared to be the same by 59S subjects (Rothkopf, 1957; the 
reference contains enlries for 26 leners 8S well) 

] 

2 
3 
4 
5 
6 
7 
8 
9 
o 

84 
62 
16 
6 

12 
12 
20 
37 
57 
52 

2 

89 
59 
23 

8 
14 
25 
25 
28 
18 

3 

86 
38 
27 
33 
l7 
16 
9 
9 

.j 

89 
56 
34 
24 
13 
7 
7 

5 

90 
30 
18 
10 

5 
5 

6 

86 
65 
22 

8 
18 

7 

85 
65 
31 
15 

8 

88 
58 
39 

9 

91 
79 

a 

94 
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one usually limits the dimension to k ="),2, or 3 in order to facilitate the 
interpretation of the solution. 

Nature of the solution It is important to realize that the configuration 
produced by any MDS method is indeterminate with respect to transla
tion, rotation , and reflection. 1n the two-dimensional case of road dis
tan ces (Table 14.1.1), the whole configuration of points can be "shifted" 
from one place in the plane to another and the whole configuration can 
be UrotatedH or " reflected". 

In general, if P I!"') p" with coordinates J: ~ = (-G" .. " x,p), i = 

t, . . . , II, represents an MDS solution in p dimensions, then 

y, = Ax, +b, i = i , . .. , ,~ 

is also a solution, where A is an orthogonal matrix and b is any vector. 

Types of solwion Methods of solution using only tbe. rank order of the 
distances 

(14.1.1) 

where (r " s,), . .. , (rM' SM ) denotes all pairs of suhscripts of rand s, r< s, 
are termed 1I01l-metric methods of multidimensional scaling. 

The rank orders are invariant under monotone increasing transforma
tions f of the d~, i.e. 

d"., < d"" < .. . ~ f(d" .,) < f(d",, ) < ... . 

Therefore the configurations whicb arise from non-metric scaling are 
indeterminate not only witb respect to translation, rotation, and reflec
tion, but also with respect to uniform expansion or contraction. 

Solutions which try to obtain P, directly from the given distances are 
called metric methods. These methods derive P, such that, in some sense, 
the new distances dn between points P, and P, are as close to the original 
dn as possible. 

In general the purpose of MDS is to provide a " picture" whieh can be 
used to give a meaningful interpretation of the data. Hopefully, the 
picrure will convey useful information about the relationships between 
the objects. Note that this chapter differs from most of the earlier 
chapters in that no probabilistic framework is set up ; the technique is 
purely data-analytic. 

One important use of MDS is seriation. The aim here is to order a set 
of Objects chronologically on the basis of dissimilarities or similarities 
between them. Suppose the points in the MDS configuration in k = 2 
dimensions lie nearly on a smooth curve. This property then suggests that 
the differences in the data are in fact one-dimensional and the ordering of 
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the points along this curve can be used to seriate the data. (See D. G. Kendall , 
1971.) 

14.2 Classical Solution 

14.2.1 Some tbeoretical results 

Definition A distance matrix 0 is called Euclidean if there exisls a 
configuration of poims in some Eue/idean space whose il1lerpoint distallces 
are given by D ; that is, if for some p, there exists points lC ..... , It, E R P 

such t!tat 

d~ = (i:, - x,)'(i:, - x.). (14.2. 1) 

The following theorem enables us to tell whether 0 is Euclidean, and, 
it so, how to find a couesponding configuration of poin ts. First we need 
some notation. For any distance matrix 0 , let 

A =(a,,), (14.2.2) 

and set 

B= HAH. (14.2.3) 

where H=1- 1I- ' II' is the (" X n) centring matrix. 

Theorem 14.2.1 Let 0 be a distance matrix and define B by (14.2.3). 
Then 0 is Eue/idean if and only if B is p.s.d. In particular, the following 
results hold : 

(a) If D is tl,e matrix of Eue/idea" interpoin t distances for a configura
tiott Z = (Zit ... , z" ),, then 

bn = (z, - iHz, - z), T,s=l •.... n. (14.2.4) 

bt matrix form (14.2 .4) becomes B=(HZ)(HZ), so B :;;.O. Note that 
B COIl be interpreted as the "centred i,mer product matrix" for tire 
configuration Z . 

(b) Conversely, if B is p.s.d. of rank p thell a configuration corresponding 
ro B can be constructed as follows. Let A I> ... > Ap denote the 
positive eigeltvalues of B with corresponding eigenvectors X = 
(X(1" . .. , lI:(¥,) normalized by 

i = I, . .. . p. (14.2.5) 

The" the points P, in RP with coordinates lC, = (.<" , . . . , ."",r (so s, is 
the rth rOw of X ) ha ve interpoin, distances given by D . Further, this 
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configuration has cencre of graviry i = 0, and B represents the inner 
product matrix for this configurarion. 

Proof We first prove (a). Suppose 

We cao write 

where J = 11'. Now 

1 
-AJ= 
n 

where 

lilt . .•. a ... . 

d;, = - 2a" = (z, -z,),(z, - z,). 

I 
-JA = 
" 

a.I_" ii ." 

a.I .,. a." 

1 
-JAJ = ,,' 

" 

(14.2.6) 

(14.2.7) 

Q" •• . ii . 

a . . . a. 

) . 
ii,. = - L a,,, 

'1 j,--1 

1 " 
a.~ =- L a'1-' 

n . _1 
a 2 L "n' (J 4.2.8) 

II 1 • .11 = 1 

Thus 

b'5 = an - a, . -a., +ii .. . (14.2.9) 

After substituting for an from (14.2.6) and using (14.2.8), this formula 
simplifies to 

b~ = (z, - z),(z,-z). (14.2.10) 

(See Exercise 14.2.1 for further details.) Thus (a) is proved. 
Conversely, to prove (b) suppose B ;;. 0 and consider the configuration 

given in the thorem. Let A =diag (A" .. . • Ap) and let r= XA- If2
, so that 

the columns of r, 'Ym = A ;- \12"'0 are standardized eigenvectors of B. Then 
by the spectra) decomposition tbeorem (Remark 4 after Theorem A.6.4). 

B = rAI" = XX' ; 
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thal is. b, .. = x~x.n so B represents the inner product matrix for tbis 
configuration. 

We must nOW show that D represents the matrix of interpoin! distances 
for this configuration. Using (14.2.9) to write B in terms of A, we get 

(x~ - x)'(s. - 1:,) = :'::1, - 2J:~J: .. ...L. J:~~ 

= b.r - 2b'5 + bn 

= alT - 2a,.!" + au 

=-2an = d~ 

because a" = -4d;=O and -2an=d~. 

(14.2.)]) 

Finally, note that Bl = HABl= O. so that 1 is an eigenvector of B 
corresponding to the e igenvalue O. Thus 1 is orthogonal to the columns of 
X, xji)1 = 0, i = 1, .. .• p. Hence 

. 
Ilj = L ~,= X'l=(~:"I ..... ",,,1),=0 .-, 

so that tbe centre of gravity of this configuration lies at the origin. • 

Remarks (1) The matrix X can be visualized in the folJowingway in terms 
of the eigenvectors of B and the corresponding points: 

Eigenvalues 
~ 
A, .1.2 A. 

P, XII X I2 · · ·X1p 

P2 X 21 X22' •• X2p 

Points 

p. Xnl X012 •• • ~p 

Vector notation. ),,(1~2)'" .I(p) 

Centre of gravity: 

i,=O, ~= 0, ... , ip= 0, 

Vector 
notation 

x; 
~ 

, 
x" 

) 
i=- L ". =0. 

n 

In short. the rth row of X contains the coordinales of the rth point , 
whereas the ith column of X contains the eigenvector corresponding to 
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(2) Geometrically, if B is the centred inner product matrix fo r a 
configuration Z, then b::Z equals the distance between z, and Z, and 
b,J(b"b .. )ll2 equals the cosine of the angle subtended at z berween z, and 
z, . 

(3) Ole tbat 1 is an eigenvector of B whether D is Euclidean or not. 
(4) The theorem does not hold if B has negative eigenvalues . The 

reason can be found in (14.2.5) because it is impossible to normalize a 
vector to have a negative squared norm . 

(5) History This result was first proved by Schoenberg (1935) and 
Yo ung and Householder (1938). Its use as a basis for multidimensional 
scaling was put forward by Torgerson (1958) and the ideas were substan
tially ampWied by Gower ( 1966). 

14.2.2 A practical algorithm 

Suppose we are given a distance matrix D which we hope can approxi
mately represent the interpoint distances of a configuration in a Euclidean 
space of low dimension k (usually k = l , 2, or 3). The matrix D mayor 
may not be Euclidean; however, even if Dis Euctidean , the dimension of 
the spa","- in which it can be represented will usually be too large to be of 
practical interest. 

One possible choice of configuration in k dimensions is suggested by 
Theorem 14.2.1. Cltoose the configuration in R ' whose coordinates are 
determined by tlte first k eigenvectors of B. if the first k eigenvalues of B 
are " large" and positive and the other eigenvalues are near 0 (positive or 
negative), then hopefully, tbe interpoint distances of this configuration 
will closely approximate D . 

This configuration is called the classical solurion /0 the MDS problem in 
k dimensions. It is a metric solution and its optimal properties are 
discussed in Section 14.4. For computational purposes we sball sum
marize the calculations involved: 

(a) From D construct the matrix A = (-!d~). 
(b) Obtain the matrix B with elements b" = an - ii,. - ii., + ii .. . 
(c) Find the k largest eigenvalues AI > . . . > A. of B (k chosen ahead 

of time), with corresponding ~igenvectors X = ('/ (1) • ... ,.x,.») which 
are normalized by "<.,xH) = A" i = I, ... , k. (We are supposing here 
that the first k eigenValues are all positive.) 

(d) The required coordinates of the points P, are s , = (x,. " ... , x .. )" 
r= 1. . . . , k, the rows of X. 

Example 14.2.1 To illustrate the a lgorithm, consider a (7 x 1) distance 
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matrix 

0 I ../3 2 ./3 1 I 

0 .J5 2 ..J5 1 

0 1 .J3 2 

D = 0 1 .J5 
0 1 

0 1 

0 

Constructing the matrix A from (14.2.2), it is found that 

r = 1, . .. t 6. ii7 .= - ~; 

iL = -~. 

Hence from ( l4.2.9) the matrix B is given by 

2 - 1 -2 -I 1 0 

2 I - I -2 -1 0 

2 ] -1 - 2 0 
I 

B = -
2 

2 1 - 1 0 

2 1 0 

2 0 

0 

The columns of B are li nearly dependent. It can be seen that 

b(3)= b(2) - b(!), b •• ) = - b(l), "<,, = - b(2), 

b(. , = ben - b(2). b(7) = O. (14.2.12) 

Hence the rank of matrix B is at the most 2. From the leading (2 x 2) 
matrix it is clear that the rank is 2. Thus, a configuration exactly fitting 
the distance matrix can be constructed in k = 2 dimensions. 

The eigenvalues of B are found to be. 

.1.,=3, .1. 2 = 3, .1.,='" =.1.,=0 . 

The configuration can be constructed using any two orthogonal vectors 
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tor the eigenspace corresponding to A = 3, such as 

x(1) =(a,a,O,-a,-a,O,O)t a=tJ3, 
"~21 = (b, -b, - 2b, -b. b. 2b, 0). b = ~. 

Then the coord inates of the seven points are 
ABC D E F G 

(O,4) GJ3, -!) (0,-1) (-0. -1) (-O,4) (0, 1) (0, 0). 

The centre of gravity of these points is of course (0,0), and it can be 
verified that the distance matrix for these poin ts is D. in fact, A to Fare 
vertices of a hexagon with each side of length 1, and the line Fe is the y 
axis. Its centre is G. (Indeed , D was constructed witb the help of these 
points.) A similar configuration based on a non-Euclidean distance is 
described in Exercise 14.2.7. 

14.2.3 Similarities 

in some situations we start not with distances between n objects, but with 
similarities. Recall that an (n x n) matrix C is called a similarity matTix if 
Cn = c,r and if 

c" ~ C,r for all r, . (14.2.13) 

Examples of possible similarity matrices were given in Section 13.4. 
To use the techniques of tbe preceding sections, it is nr.cessary to 

transform the similarities to distances. A useful transformation is the 
following. 

Definition Tile standard transformation f rom a similariry malrix C ro a 
distance marrix D is defined by 

(14.2.14) 

Note that if (14.2 .13) holds, tben the quantity under tbe square root in 
(14.2.14) must be non-negative, and that d" = O. Hence D is a distance 
matrix. 

Many of tbe similarity matrices discussed in Section 13.5 were p.s.d. 
This property is attracrive because the resulting distance matrix, using tbe 
standard transforma tion , is Euclidean. 

Theorem 14.2.2 If C ;;.O, then the disrance matrix D defined by rhe 
standard transformation (14.2.14) is E .. c/ideall, wirh centred inner producr 
marrix B = BCll. 

Proof First note that since C ;;. O. 
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where" is a vector with 1 in the rth place and - 1 in tbe sth place, for 
rl' s. Thus, the standard transformation is well defined and D is a distance 
matrix. 

Let A and B be defined by (14.2.2) and (14.2.3). Since HCD is also 
p.s.d., it is sufficient to prove that B = nCB in order to conclude that 
D is Euclidean with centred inner product matrix HCn. 

Now B = HAH can be written e1ementwise using (14.2.9). Sub tituting 
for a~ = -!d~. using (1 4.2.14) gives 

I • I " - - L (cl/- 2c,.+c,, ) +, L (c,,- 2c'l+ c,,) 
n ,_I tI I"J - I 

= -2t n: +2c, +2c.s -2c .. . 

Hence 

b,.~ =C,,,- c,. -c ... +c. 

or, in matrix form, B = nCR. Thus the theorem is proved. • 

Example 14.2.2 We now consider the Morse code data given in Table 
14.1.2 and described in Section 14.1. The data is presented as a similarity 
matrix C = (c,,). Using the standard transformation from similarities to 
distances, take 

da =(c" + c" - 2~)U2. 

We obtain the eigenvectors and eigenvalues of HCB in act'Ordance with 
Theorem 14.2.2. It is found lbat 

A,= 187.4. A2 = 121.0, A,= 9S .4, .1..= 55.4, ,1, , =46.6, 

A. = 31.5, A,= 9.6, A.= 4.S. A.= 0.0, ,1" . =-4.1. 

Tbe first two eigenvectors appropriately normalized are 

(-4.2, - 0.3, 3.7, 5.6, 5.4, 3.8, 0.9, - 3.0, -6.2, - 5.7). 

(- 3.2, -5.8, - 4.3, - 0.6, 0.0, 4.0, 5.5, 3.6.0.6,0.2). 

However, the first two principal coordinates account for o nly 100(.1. , + 
A:JflIA, 1 percent = 56% of the total configuration. The points Pr are 
plotted in Figure 14.2.l. It can be seen that the x , axis measures the 
increasing number of dots whereas the X, axis measures the heterogeneity 
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o ·4 .... _ 

i . 

~ . 

Figure. 14.2. 1 Classical solurion for Morse code data in Tablt 14. 1, I 
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of the signal. If we regard the OP,s as vectors. tben angles between 
consecutive vector.; are about 450 except between the vectors from 0 and 
9, and 4 and 5. Tbe small separation between these latter points might be 
expected because tbe cbange in just the last character may not make 
mucb impact on the untrained ear. Thus the configuration brings out the 
main features of the general interrelationship between these signalS. The 
points are roughly on a circle in the order 0, 1, .. . • 9. 

14.3 Duality Between &incipa] Coordinate Analysis aod 
Principal Component Analysis 

So far in this chapter we have treated tbe (/I X II) matrix 0 of distances 
between n objects as the starting point for our analysis. However, in 
many situations, we start with a data matrix X(II X p) and must make" a 
choice of distance function. 
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Several possibilities for a distance function were discussed in Section 
13.4. The simplest choice is, of course, Euclidean distance. In this case 
there is a close connecllon between the work in Section 14.2 and 
principal component analysis. 

Let X(n x p) be a data matrix and let A.;;;' ... ;;. Ap be the eigenvalues 
of nS = X'IIX, where S is the sample covariance matrix. For simplicity we 
shall suppose the eigenvalues are all non-zero and distinct. Then 
A" . ... Ap are also the non-zero eigenvalues of B = IIXX'H. Note that 
the rows of IIX are just the centred rows o( X, so that B represents the 
centred inner product matrix. 

b" = (s, -i)'(s, -i). 

De1in.ition Let Viii be Ihe ill! eigenvector of B, 

normalized by .... ,V'" = Ai' i = 1. .. . , p. For fixed k U'" k "'p), the rOws of 
V 0 = (vO )' . .. • v(o ,) are called rhe principal coordinates of X in k dimen
sions. 

Thus, from Theorem 14.2.1 , if 0 is the Euclidean distance matrix 
beTWeen the TOWS of X. then the k-dimensional classical solution to the 
MDS problem is given by the principal coordinates of X in k dimensions. 
Principal coordinates are closely linked to principal components. as the 
foUowiog result shows. 

Theorem 14.3.1 TIle principal coordi.wles of X in k dimensions are give" 
by tI.e cenlred scores of Iile " objecls on Ille firsl k principal compo"e"rs. 

Proof Let 'Y(.) denote the ith principal component loading vector. stan
dardized by "«i)'Ym = 1, so that by the spectral decomposition theorem 
(Theorem A.6.4). 

X'IIX=rAr', 

where r = h(.) . .. " . 'YiP» and A= diag (A ••. .. ,Ap). By the singular value 
decomposition theorem (Theorem A.6 .5), we can choose the signs of 'Yen 
and v(')' so that IIX can be written in terms of these eigenvectors as 

IIX=W'. 

where V = V p = (v(I ), " . . • v(p,)' 
The scores of the" rows of IIX on the ith principal component are 

given by the n elements of IIX'YC»- Thus. writing r k = ('Y(l), .. . , 'Y(k» ' the 
scores on the first k principal components are given by 
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since the columns of r are orthogonal to one another. Heoce the tbeOrem 
is proved . • 

Since the columns of r k are orthogonal to ooe another, r~r. = I., we 
see that V. = xr, represents a projection oC X onto a k-dimensiooal 
subspace of RP. The projection onto principal coordinates is optimal out 
of aU k-dimeosional projections because it is closest to tbe original 
p-dimensional configuration. (See Theorem 14.4.1.) 

Tbis result is dual to the result in principal component analysis that the 
sum of the variances of the first k principal components is larger than the 
sum of the variances of any other k uncorrelated linear combination of 
the columns of X. (See Exercise 8.2.5.) 

14.4 Optimal Properties of tbe Oassical Solution and 
Goodness of Fit 

Given a distance matrix D, the object of MDS is to find a configuration X 
in a low-dimensional Euclidean space R ' wbose interpoin! distances, 
d~ = (x, - x.),(i, -i.) say, closely match D . The circumflex Or "bat" will 
be used in this section to indicate that the interpoinl distances D for the 
configuration X are "fitted" to the original distances D . Similarly. let B 
denote tbe fitted centred inner product matrix. 

Now let X be a configuration in RP and let L=(LbL,) be a (pxp) 
orthogonal matrix where L, is (p x k). Then XL represents a projection of 
the configuration X onto the subspace of R P spanned by the columns of 
Lt. We can think of i = XL as a "fitted" configuration in k dimensions. 

Since L is orthogonal, the distances between the rows of X are the 
same as the distances between the row. of XL, 

d~,= t (x" _.<,,)2= f (x;J(I)_X:~i)2. (14.4.1) ,-, ,-, 
If we denote the distances between tbe rows of XL, by b, tben 

k 

d~= L (s;J(;) -S~,» 2. (14.4.2) 
,- I 

Tbus, d,.", d~ ; tbat is, l'rojecting a configuration reduces tbe interpoint 
distances. Hence, a measure of the discrepancy between the original 
configuration X and the projected configuration X is given by 

~= t (d~-a;.). (14.4 .3) 
,~ - I 
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Then the classical solution to tbe MDS problem in k dimensions has 
the following optimal property: 

Theorem 14.4.1 Let D be a Euclidean distance matrix correspondillg 10 a 
configuratioll X in RP, and fix k (1". k < pl. TIl en amollgst all projections 
XL, of X onto k-dime/lSional subspaces of R P, the quantity (1 4.4.3) is 
minimized wilen X is projected 0/110 its principal coordinates ill k dimell
siol1s. 

Proof Using (14.4.1) and (14.4.2) we see that 

~ = f f (x;~, , - r,l(l,)2 

= tr L;{ f (s, - x,)(s , - x.r}L, 
,.,- - 1 

= 2 •• ' IT L!,SL, 

since 

f (x,- ",)(", -,.,)'=2n f (s,-i)(x,-i), - 2 f (x,- i ) f (x,- i), 
r~ - 1 

=2n'8. 

Letting A,;;.···;;. Ap denote the eigenvalues of nS with standardized 
eigenvectors r = ("YO)! ..• 'Y(pl)' we can write 

~=2ntrF2AF2 ' 

where F, = r'L, is a column orthonormal matrix (F,F2 = I p _,). Using Exer
cise 8.2 .7, we see that ~ is minimized when F, = (0 , Ip_.)'; that is, when 
L 2= (yr.-I)' ... , Yrp,)· Thus the columns of L J span the space of the first k 
eigenvectors of liS and so XL, represents the principal coordinates of X 
in k dimensions. ote that for this principal coordinate projection, 

(1 4.4.4) 

When D is not necessarily Euclidean, it is more convenient to work with 
the matrix B = BAH. ff i is a fitted configuration with centred inner 
product matrix B, then a measure of the discrepancy between Band B is 
given (Mardi a, 1978) by . 

1/1= L (b,,- 6~)'=tr(B - B)2. (14.4.5) 
,., -1 

For this measure also, we can prove that the classical solution to the MDS 
problem is optimal. 
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Theorem 14.4.2 If D is a dislance malrix (nol necessarily Euclidean), 
Ihen for fixed k, (14.4.5) is minimized over all configurations i: in k 
dimensions when i: is Ihe classical solulion to Ihe MDS problem. 

Proof Let A I '" ... '" A .. denote the eigenvalues of B, some of which 
might be negative, and let r denote the corresponding standardized 
eigenvectors. For simplicity, suppose A. > 0 (the situation A. < 0 is discus
sed in E~ercise 14.4.2). Lei A,'" ... ~ An '" 0 denote the eigenvalues of 
B. By the spectral decomposition theorem (Theorem A.6.4) we can write 
the symmetric matrix r ' ilr as 

r'or=GAG', 

where G is orthogonal. Then 

1I=tr (B - B)2=tr r '(B - il)rr'(B - B)r = tr (A - GAG')(A - GAG'). 

We see that for fixed A (see Exercise 14.4.2), '" is minimized when G = I , 
so that 

i- I 

Since X lies in R ', B = uXX'H will have at most k non-zero eigenvalues, 
which must be non-negative. Thus. it is easy to see that 11 is minimized 
when 

. {Ai' A= , O. 
i= 1 ... . , k. 

i=k + I .... . n, 

Hence B = r ,A,P " where r, = ('YO)' ... , 'Y(. ,) and A, = diag (A ... .. , A. ) 
so that X can be taken to equal r ,A:", the classical solution to the MDS 
problem in k dimensions. Note that tbe minimum value of '" is given by 

(14.4 .6) 

The above two theorems suggest possible agreemelll measures for the 
"proportion of a distance matrix D explained" by the k-dimensional 
classical MDS solution . Supposing A. > 0, these measures a-re (Mardia, 1978) 

a ... = (t, A.j.t, IA. I) X 100%, (14.4.7) 

and 

(14.4.8) 

We need to use absolute values in (14.4.7) because some of the smaller 
eigenvalues might be negative . 
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Example 14.4.1 We nOW consider the example of constructing a map of 
Britain from the road distances between 12 towns (Table 14.1.1). From 
this data, it is found that 

A, = 394 473, '\2 = 63634, '\ , = J3 544, A. = 10 245, 

'\, = 2465. ,\. = 1450, ,1. , =501, A. = 0, 

'\0= - 17, '\ 10=-214, '\" = - 1141. A'2 =-7063. 

We note that Ihe last four eigenvalues are negalive, but they are small in 
relation to A" ... , A •. We know from Theorem 14.2.1 that some negative 
values are expected because the distance matrix is not Euclidean. 

The percentage variation explained by the liTst two eigenvectors is 

<>' •• 2=92.6% or a2.2 =99.8%. 

The first two eigenvectors, standardized so that x" ,'x(" = Ai> are 

(45,203. -131\, 212, lilY. - 234, - 8, - 382, -32, 153. - 120. 112) 

(140, -18, 31, -76, 140, 31, - 50. - 26. - 5. - 27 , -34, - 106). 

Since the MDS solution is invariant under rOlations and translations. the 
coordinates have been superimposed on tbe true map in Figure 14.4.1 by 
Procrustes rotation with scating (see ElCample 14.7. 1). We find that the 
two eigenvectors closely reproduce the true map. 

14.5 Seriation 

14.5.1 Description 

Multidimensional scaling can be used to pick out one-dimensional struc
ture in a data set ; that is, we expect the data to be parametrized by a 
single axis. The most common example is seriation, where we want to 
ascertain the chronological ordering of the data. Note that although MDS 
can be used to order the data in time , the direcrioll of time must be 
determined independently. 

Example 14.5.1 Consider the archeological problem of Example 8.5 .1 
where the similarity between graves is measured by the number of types 
of pottery they have in common. Usi ng the similarity matrix S2 of 
Example 13.4,2 and the standard transformation of Theorem 14.22 (see 
Exercise 14.2.6), it is found that 

", , =1.75. '\2=0.59, ,1,3 = 0.35, ,1..=0.05, '\5=,\. =0. 
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Figure 14.4.1 MDS solunons fortile road data in Table 1.2.2 . • , original pointS; 
~, classical solution; 0. Shepard-Kruskal solwio,L 

411 MUL TIDIMENSIO. AL SCALING 

with coordinates in two dimensions 

(-0.60,0.77, -0.19, -0.60, 0.64, -0.01), 

and 

(-0.15.0.20,0.60, - 0.15, -0.35, -0.14). 

See Figure 14.5.1. The coordinates in one dimension suggest the order 
(A, D), C, F, E , B, which is similar but not identical with the ordering 
given by correspondence analysis (Example 8.5.1 ). 

It is often a good idea to plot the data i:: more than one dimension to 
see if tbe data is in fact one -dimensional. For example, the artificial data 
in the above example does not particularly seem to lie in one dimension. 
However, even when the data is truly one-dimensional, it need not lie on 
the axis of the first dimension but can sometimes lie on a curve as the 
following section shows . 

6 

e 5 

Figure 14.5. 1 Classical MDS solution lit two dimensions using similarity matrix 
S, for grave dara ill Example 14.5. 1. 
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14.5.2 Horsesboe efted 

In some situations we can measure accurately the distance between two 
objects wben they are close together but not when tbey are far apart. 
Distances which are "moderate" and those which are "large" appear to 
be the same. For example, consider the archeology example described 
above. Graves which are close together in time will have some varieties of 
pottery in common, but those which are separated by more than a certain 
gap of time will have 110 varieties in common. 

This merging of all "large" distances tends to pull the farthest Objects 
closer together and has been labelled by D. G. Kendall \ 1971) the " horse
shoe effect". This effect can be observed clearly in tbe following 
artificial example. 

Example 14.5.2 (D. G. Kendall , 1971) Consider the (51 XS1) similarity 
matrix C defined by 

c,. = 9. 
{

8 if ~ Ir- 51"'3. 
c~ = j" if 22"' I,-sl",24, 

o if Ir- s l;;;' 25. 
Using the standard transformation from similarities to distances leads 

to eight negative eigenvalues (varying from -0.09 to -2.07) and 43 
non-negative eigenvalues, 

126.09,65.94,18.17,7.82,7.61.7.38,7.02.5.28,3.44, .. . ,0.10. O. 
A plot of the configuration in two dimensions is given in Figure 14.S.2 . 

". 

.. . . 
Figure. 14.5.2 Two·dimensionai represenraliofl of Kendall's matrix. 
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The furtbest points are pulled together so tbat the configuration looks 
roughly like part of the circumference of a circle. Note tbat while the 
ordering is clear from this figure , it is not ascertainable from tbe one
dimensional classical solution. 

14.6 Non-metric Methods 

Implicit in the preceding sections is the assumption that there is a "true" 
configuration in k dimensiOns with interpoint distances lin- We wish to 
reconstruct this configuration using an observed distance matrix D whose 
elements are of the form 

(14.6.1) 

Here the e" represent errors of measurement plus distortion errors 
arising because the distances do not exactly correspond to a configuration 
io R '. 

However, in some situations it is more realistic to hypotbesize a less 
rigid relationship between d" and 1>" ; namely. suppose 

(14.6.2) 

where f is an unknown monotone increasing function . For this "model", 
the only information we can use to reconstruct the S~ is the ,ank order of 
the d". For example, for the road map data. we could try to reconstruct 
the map of England using the information 

the quickest journey is that from Brighton to London; 

the next quickest journey is tbat from Hull to Leeds; 

tbe longest journey is that from Dover to Tnverness. 

In this non-metric approach D is not tbought of as a "distance" matrix 
hut as a "dissimilarity" matrix. In fact the oon-metric approach is often 
most appropriate when the data is presented as a similarity matrix. For in 
this situation tbe transformation from similarities to distances is some
what arbitrary and perhaps tbe strongest statement one should make is 
that greater similarity implies less dissimilarity. 

An algorithm to construct a configuration based On the rank order 
information has been developed by Shepard (J962a,b ) and Kruskal 
(1964). 
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Shepard-Kruskal algorirlmt 
(a) Given a dissimilarity matrix D , order the off-diagonal elements so 

that 

I 
In =2n(n - 1), (14.6.3) 

where (r
" 

5,) •. .. ,(rm • s",) denote all pairs of unequal subscripts, 
r, < 5,. Say that numbeIll d~ are monotonically related to the d~ 

(and write d~"!?n <1,,) if 

for all r < 5, " < v. (14.6.4) 

(b) Let X(I! x k) be a configuration in R ' with interpoint distances a". 
Define the (squared) stress of X by 

(1 4.6.5) 

where the m.inimum is taken Over d! such that d: m~n duo The d~ 
which minimizes 04.6.5) represent the least squares mOMOtone 

regression of a" on d ... Thus (14.6.5) represents the extent to which 
the rank order of the aB disagrees with the rank order of the dB' If 
the rank orders match exactly (wbich is very rare in practice). then 
S<X) = O. The presence of the denominator in (14.6.5) standardizes 
the stress and makes it invariant under transformations of tbe sort 
y, = ex,., r = 1, ... t n, c# O. The stress is also invariant under trans
formatioDs of the form y, = Ax, + b when A is orthogonal. 

(e) For each dimension k, the configuration which has the smallest 
stress is called the be.1 filting configuration in k dimensions. Let 

s, = .min SeX) 
XL~l< t ) 

denote this minimal stress. 
(d) To cboose the correct dimension, calculate S ,' S2, ... , until the 

value becomes low. Say, for example, S, is low for k = ko. Since S, 
is a decreasing function of k, k = ko is the "right dimension". A 
rule of thumb is provided hy Kruskal to judge the tolerability of SI< ; 
S,;;o20%, poor; S,=10%, fair ; S,,,, 5%, good ; S,=O, perfect. 

Remarks (I) The " best configuration" starting from an arbitrary initial 
configuration can be obtained by using a computer routine developed by 
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Kruskal ( 1964) which utilizes the method of steepest descent to find the 
local minimum. The initial configuration can be taken as the classical 
solution. Unfortunately, there is no way of distinguishing in practice 
between a local minimum and the global minimum. 

(2) The Shepard-Kruskal sol ution is invariant under rotation, transla
tion, and uniform expansion or contraction of the best-fining configura
tion . 

(3) The Shepard-Kruskal solulion is non-metric since it utilizes only 
the rank orders (14.6. 3). However, we still need a sufficiently Objective 
numerical measure· of distance to determine the rank order of the d". 

(4) Similarities The non-metric method works just as well with 
similarities as with dissimilarities . One sim ply changes tbe direction of the 
inequalities. 

(5) Missing values The Shepard-Kruskal method is easily ada pled to 
the situation where there are missing values. One simply omits the 
missing dissimilarities in the ordering (14.6.3) and deletes tbe correspond
ing termS from the numerator and denominator of (14.6.5). As long as 
not too many values are missing, the method still seems 10 work well . 

(6) Treatment of ties The constraint given by (14.6.4) is called the 
primary treatment of lies (PTT). If d" = d"" then no constraint is made on 
d~ and d~". An alternative constraint, called the secondary tremmeHt of 
lies (STT) is given by 

which has the property that d" = d., ~ d! = d~, .. However, one must be 
cautious when using STT on data with a large number of ties. The use of 
STT on data such as Example 14.5.2 leads to the horseshoe effect (see, 
D. G. Kendall. 1971). 

(7) Comparison of melhods The computation is simpler for the classi
cal method than it is for the non-metric method. It is not known how 
robust the classical method is to monotone transformations of the dis
tance function ; however, both methods seem to give similar answers when 
appbed to well-known examples in the field. Figure 14.4.1 gives the two 
solutions for the road data. For the Shepard-Kruskal solution for the 
Morse code data, see Shepard (1963). 

(8) We have not commented on the non-metric method of Guttman 
(1968) . For a mathematical and empirical analysis of multidimensional 
scaling algorithms of Kruskal 's M-D-SCA 1 and Guttman-Lingoes' 
SAA-I, we refer to Lingoes and Roskam (l973) which also contains 
certain recommendations for improvement of these algorithms . 
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14.7 Goodness of Fit Measure: Procrustes Rotation 

We now describe a goodtless orjir measure (Green. 1'152: Gower. 1971b ). 
used lO compare two configurations. Let X be the (n x p) matrix ot the 
coordinates of n points obtained from D by one technique. Suppose that 
V is the (n x q) matrix of coordinates of another set of points obtained by 
another technique, or using another measure of distance. Let q";;; p. By 
adding columns of zeros to V, we may also assume Y lO be (" x pl. 

The measure of goodness of til adopted is obtained by moving the 
points y, relative to the points x, until the " residual" sum of squares 

f (x, - y,)'(x, - y,) (14.7.1) 
,.1 

is minimal. We can move y, relalive to x, through rotation. refleclion, and 
translation. i.e. by 

A 'y,T b, r= I . . ... n. (\4.7.2) 

where A' is a (p x p) orthogonal matrix. Hence. we wish to solve 

" 
R '= min L (x,-A'y,- b),(x, - A 'y,- b) 

A.b , _ 1 
(14.7.3) 

for A and b . Note that A and b are found by least squares . Their values 
are given in the following theorem. 

Theorem 14.7.1 Let X( .. X p) alld V(n x p) be two conjig,uariollS of n 
poinrs, for co,wenience cenrred at the origin, so x=y=O. Ler Z= V'X and 
using tile singular value decomposirion theorem (TIleorem A.6.5), wrire 

Z = YrU. (14.7.4) 

where V and U are orthogonal (px p) matrices and r is a diagonal matrix 
of non-negarive eleme,lIs. TIle" lI,e mtllimizing values of A and b in 
(1 4 .7.3) are given by 

Ii = O. A= vu'. 
alld fu rther 

R'= Ir XX'''-If VY' -2 tr r . 

Proof On differentiating with respect 10 b, we have 

b =i-A'y 

(14.7.5) 

( 1-1.7.6) 

(14.7.7) 

where y ="i y ,l tl. it. = ~ X,lll. Since hoth configurations are centred . ii = 0 . 
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Then we can rewrite (\4.7 .3) as 

R'= min u (X - YA)(X - YA)' =tr XX' + trVY' - 2 max u X'YA. 
A A 

(14.7.8) 

The constraints on A are AA' = 1, i.e. aiai = 1, a~aJ = O. i:F j, where a ~ is 
the ith row of A . Hence there are p(p + l ll2 constraints. 

Let iA be a (p x p) symmetric matrix of Lagrange multipliers for these 
constrain ts. The aim is to maximize 

Ir {Z' A - ~A(AA' - I )}, 

where Z ' =X'Y. By duect differentiation it can be shown that 

~tr(Z'A)= Z aA . ..!..U(AAA')=2AA . 
ilA 

(14.7.9) 

(14.7.10) 

Hence on differentiating (14.7.9) and equating the derivatives to zero, we 
find that A mu t satisfy 

Z = AA. (14.7.11) 

Write Z using (14.7.4). Noting that A is symmetric and that A is to be 
orthogonal. we get. from 04.7.11), 

A'= ZA'AZ= ZZ' = (VrU)(UrV'). 

Thus we can take A = YrV'. Substituting this value of A in (14.7.11) we 
see that 

A = VU' (14.7. 12) 

is a solution of (I4.7.1I). ote that A is orthogonal. Using this value of A 
in (14.7.8) gives (14.7.6). 

Finally. to verify that A maximizes (14.7 .9) (and is not just a stationary 
point) we must differentiate (14.7.9) with respect to A a second time. For 
this purpose it is convenient to write A as a vector a =(8(1) • ... , afp»)', 
Then (14.7.9) is a quadratic function of the elements of a and the second 
derivative of ([4.7.9) with respect to a can be expressed as the matrix 
-I. ® A. Since A = vrv', and the diagonal elemen ts of r are non
negative, we see that the second derivative matrix is negative semi· 
definite. Hence A maximizes (14.7.9). • 

We have assu med that the column means of X and Y are zero. Then 
the "best" rotation of Y relative to X is Y A, where A is given by 
( 14.7.12), and A is ca lled the Procrustes rotarion of V relative to X. 

oting from (14.7.4) that X'YY'X = ur'u ', we can rewrite (14.7.8) as 

R'= If XX' + 1f YY'- 2 tr (X'VY'X)II2 . (I4.7.12) 
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It can be seen that (14.7.8) is zero if and only if the y, can be rotated to 
the x, exactly. 

Scale faclOr J[ the scales of two configurations are diffe rent, then the 
transformation (14.7.2) should be of the form 

where c > O. Following the above procedure, it can be seen that 

c= (Ir n /( lr YY') (14.7 .14) 

and the other estimates remain as before . This transformation is called 
the Procrusres rotarion with scaling of Y relative to X. Then Ihe new 
minimum residual sum of squares is given by 

R2 = tr (XX').,.,:> Ir (YY')- 2C Ir (X 'YY'X) '12. (14.7 .15) 

where c is given by (14.7.14). Note that this procedure is not symmetrical 
with respect to X and Y. Symmetry can be obtained by selecting scaling 
so that 

Ir (XX') = Ir (YY'). 

For an excellent review of this topic. see Sibson (!978) . 

Example 14.7.1 The actual Ordnance Survey coordinales of the 12 
IOwns in Table 14.1.1 are 

I 2 3 4 5 6 7 8 9 to 1 I 12 

E 257 529 339 629 292 259 508 265 433 533 420 627 

279 104 554 142 90 665 433 842 438 183 563 308 

Treating these quantities as planar coordinates X(12 X 2) (the curvature of 
the Earth has little effect). and the first two eigenvector from lhe classical 
MDS solution fOr the data given in Example 14.4.1 as Y, It is found that 

'Y= ( 182119.068 -91647.926) U = (-0.347729 -0.937595) 
X -495 108.159 -25629.185 ' 0.937595 -0.347729 ' 

f =(5 27597.29 0 ) 
o 94851.13 ' 

v = ( -0.999 890 0.014858) 
0.0 14 858 0.999 890 . 

This leads \0 the transforming of the ys to match the xs by 

y~=cA·y,-rb. 
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where 

c = 1.358 740, A= VU' = ( 0.333760, -0.942658) b = (424.250) . 
-0.942658, -0.333760 ' 383.417 

The transformation has been used on y, to obtain y~, and these y~ are 
plotted in Figure 14.4.1 together with the. x,. We have 

tr XX' = 853 917, trYY'=458107. 

Hence from (14.7.15), the residual is R'=8172. 
The She.pard-Kruskal solution has a stress of 0.0404. Using this 

solution as Y and the Ordnance Survey coordinates again as X leads to a 
residual of R 2 = 13 749. Hence the classical solution fits a bit better for 
this data. Of course Figure 14.4.1 sbows little difference between the two 
solutions. 

If we are given two distance matrices D c and D2 but not the corres
ponding points, (14.7.6) cannot be computed without using some method 
10 comp~le Ihe "points" . The first two terms are expressible in terms of 
D , and D, but not tI f . 

*14.8 Multi-sample Problem and Canonical Va.riates 

Consider the case of g p·variate populations with means 11" r = I , ... , g, 
and commOn covariance matrix 1:. If we are given a data matrix Y 
representing samples of size II, from the Ttb group, r= I, ... , g, let y, 
denote the ,th sample mean, and estimate the COmmon covariance matrix 
1: by W/v, where W is the within-groups sum of squares and products 
(SSP) matrix with I ' degrees of freedom . 

Assume that the overall (un weighted) mean j is 

" 
j= I j,=O. (14.8.1} 

~, 

We shall work with the Mahalanobis distances 

d2 (j - l'W- 'I.. - ) ,.= JI ,-Ys \3,-Ys ' ( 14.8.2) 

it is easily checked that if B is defined by (14.2.3), then 

B=v-VW- 'Y'~ 

where Y' = (j" ... ,Y,). 
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Thus B ", 0 and so D is Euclidean. Let X be the configuration for B 
defined in Theorem 14.2.1, and fix k, 1", k '" p. Then, the first k columns 
of X can be regarded as tbe coordinates of points representing the g 
means in k dimensions (k "'p). This configuration has the optimal prop· 
erty that it is the " best" representation in k dimensions. 

ate that Y'Y is the (unweighted) beiween·groups SSP matrix. Let I, 
denote the ith canonical vector of Section 12.5 using this unweighted 
between·groups SSP matrix; that is. define I, by 

i= I, ... , min (p, g) 

where'\, is the ith eigenvalue of vW" Y'Y. which is the same as the ith 
eigenvalue of B. Then the scores 01 the g groups on the ith canonical 
coordinate are given by 

¥I,. 
Since BY!, = A, VI, and I;YYI , = A" we see from (14.2.5) that 

Yll = I {IP' 

so that VI, is also tbe itb eigenvector of B. Thus, the canonical means in k 
dimensions, that is, tbe scores of the first k canonical variates on the g 
groups. are the same as the coordinates given by Theorem 14.2.1. 

E"ercises and Complements 

14.2.1 Using (14.2.6). show that (14.2.9) can be wrinen in the form 
(14.2.10). 

14.2.2 In the notation of Theorem 14.2.1 show that 

(a) b"=ii. -2ii, .. b.,=a"-ii, -ii,-a. ,"'s ; 

(b) B = i: "xl .. ; 

14.2.3 (Gower. 1968) Let D= (d") be an (n X n) Euclidean distance 
matrix with configuration X = (x, ____ , x.J' in p·dimensional principal 
coordinates. given by Theorem 14.2. L Suppose we wish to add an additional 
point to the configuration using distances d, .• ", r= 1, .... " (which we 
know to be Euclidean), allowing for a (p T !lth dimension. If the first n 
points are represented by (x" .... , .t,p' 0)'. r = I. .... II, then show that 
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the (n + I Jth point is gIven by 

where 

f =(f .. · .. , f.J', 

and 

Hence" is uniquely determined but y is determined only in value, nOt in 
sign. Give the reason. (Hint: substitute I, =21t:I"'I-X~t-1X"+1 for I, in 
terms of x" ... , x. <, to verify the formula for x.) 

14.2.4 If C is p.s.d. then show that c,' + C,i - 2c,; > O. Show that the 
distance d" defined by d~=c" +c,,-2c., satisfie.s the triangle inequality. 

14.2.S For the Bhattacharyya distance matrix D given in Example 
13.4.1, the eigenvalues of Bare 

A, =318.97, A, = 167.72. '\3=11.11, ,1..=0. 

Hence, D is Euclidean and the two·dimensional representation accounts 
for a 1.2 = 98% of the variation. 

Show that the principal coordinates in two dimensions for Eskimo, 
Bantu, English, and Korean are, respectively, 

(9.69,7.29), (- J 1.39, -2.51). (-6.00,4.57), (7.70, -9.34). 

Plot these points and comment on the conclusions drawn in Example 
13.4.1. 

14.2.6 For the grave data (Example 13.4.2) using the similarity matrix 
Sz show that the distance matrix given by the standard transformation is 

0 FlO 2 0 -./8 2 

0 16 10 i2 .J6 
D = 0 2 J8 2 

0 .f8 2 

0 2 

0 

14.2.7 Suppose that I. 2 ..... 7 are region (enclosed b) unbroken lines) 
in a country arranged as in Exercise Figure l. Let the distance matrix be 
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5 6 

7 

2 

Exercise Figure 1 Seven regions in a country. 

constructed by counting the minimum number of houndaries crossed to 
pass from region i to region j. 

Show that the distance matrix is given by 

0 1 2 2 2 1 

0 1 2 2 2 

0 1 2 2 

0 1 2 1 

0 1 

0 I 

0 

Show thar the distances constructed in this way obey the triangle inequal
ity d" "" d" + d,,, but by showing that the eigenvalues of the matrix S are 

..\1=A2=~J ).J=..\,,=4, A5=0, A6=-~' A7 =-1. 

deduce that this metric is non-Euclidean . 
Since A I = " 2, select any two orthogonal eigenvectors corresponding to 

A, and A2 and, by plott ing the seven points so obtained, show that the 
original map is reconstructed . As in Example 14.2.1, the points are 
vertices of a hexagon with centre at the origin . 

14.2.8 (Lingoes, 1971; Mardia, 1978) Let D be a distance matrix. 
Show that for some real number a, there exists a Euclidean configuration 
in P"" /I - 2 dimensions with interpoin! distances d! satisfying 

d!=O. 

Thus d~2 is a linear function of d~, so the configuration preserves the 
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rank order of the distances . ll-[i nt: show that the matrix D* leads to A * 
and B* given by 

A*= (-4d!2) =A-a(I-J), S * =UA*B = 8 - a B o 

lf S has eigenvalues A, ....... A. > 0:.. A; ....... A~, then S * has eigen-
values A, - a, r = I , .... u ; 0: and A; - G, r = I , . .. . v. Then the choice 
a = A ~ makes S * p.s.d. of rank at most n -2.) 

14.4.1 Let I " ... , I. be orthonormal vectors in Rq(p""q) and Jet z" 
r= 1, ... , n, be points in R q. Let H, denote the foot of the perpendicular 
of Z, on the subspace spanned by I " ... , I •. Show that with respect to the 
new coordinate system with axes I " ... , I., the coordinates of H, are 
(I;z, ..... 1;,z,)'. What modification must be made if the I, are orthogona l 
but not orthonormal' 

14.4.2 Let A =diag (A, •...• Ar ). where A,:"" ... Ar are real numbers. 
and ler A = diag (A" ... ,Ap). where A, "" ... :"A." 0 are non· negative 
numbers. Sbow that mininlizing 

tr(A- GAG')' 

over orthogonal matrices G is equivalent to maximizing 

tr (AGAG') = f AIA;gf, = f A;h, = c,b(h) say. 
i,J - 1 i- I 

where 

and 

Show that c,b(h) is maximized over such vectors h when h, = Aj for 
i = t, .... p; that is. when G = I. 



15 
Directional Data 

15.1 Introduction 

We have so far considered data where we are interested in both the 
direction and the magnitude of the random vector I = (~ ••.... ~. )'. There 
are various statistical problems whicb arise when the observations them· 
selves are directions, or we are only interested in the direction of ~ . We 
can regard directions as points on the circumference of a circle in two 
dimensions or on the surface of a sphere in three dimensions. In general. 
directions may be visual ized as POlOts on the surface of a hypersphere . 

We will denote a random di rection in p dimensions by I. where J'J = I. 
The unit vector I takes values on the surface of a p·dimensional 
hypersphere 5, of unit radius and baving its centre at the origin. ( ote that 
this notation differs from the notation in topology where 5. is usually 
wrinen 5.- ,.) 

For p = 2. we can equi"alent ly consider the circular variable 0 defined 
hy (see Figure 15.1.la) 

I) = cos 8, 0"'0<27T. ( 15.Ll) 

whereas for p = 3 we have the spher;cal variable (0. tb) defined by (see 
Figure \'.l.lb» 

I, = cos O. 1,=5in 0 cos </>. 1,= sin 0 sin </>. 0.;;0 '" 7T, O"'</> < 27T 

(15 .1.2) 

In general, it is convenient to consider the density of I in terms of the 
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Figure 15.1.1b Represelllariorr for sphencal variable. 
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spherical polar coordinates 9'=(9 1, ••• ,0._1) with the help of the IIans
formation 

1= u(9), i = 1 .... . p-2. 0.s0._1 < 2n. 
(15.1.3) 

where 
1-1 

ll, (9) = cos 8, fl sin 8" i = 1 •...• p. sin Oo=cos 8. = 1. 
,-0 

15.2 Descriptive Measures 

Let I" i= 1, .. . , r~ be a random sample On 5 •. For p=2, these points can 
be ploned on a circle. whereas for p = 3, they can be plotted 00 a globe . 
Let 

1 n 

1=- L Ii 
n I -I 

denote the sample mean vector. The direction of the vector I is 

10= I/R, (15.2. 1) 

which can be regarded as the mean direction of the sample . The points I, 
regarded a..(; of unit mass t have centre of gravity 1 which has direction L, 
and distance from·the origin R (see Figure \5.2.1). 

The mean direction has the following /ocational property similar to i. 
Under an orthogo nal transformation 1* = AI , i.e. under an arbitrary 
rotation or reflection, tbe new mean direction is seen 10 be 

that is, the transformation amounts to simply rotating 10 by A, Further, it 
has the following millirniza'rioll property , Consider 5(a), the arithmetic mean 
of the squared chordal distances between I, and a, where a'a = 1. We have 

1 n 

5 (a)= - L 11,- al' =2(1-I '8). 
n i - I 

(\5.2.2) 

Using a Lagrange multiplier, it can be seen tbat (15.2.2) is minimized 
when a = 10. Further. 

min5(a) =2(t-R). (15.2.3) 
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;I 
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Figure 15.2.1 Basic circular SlallSlIcs R (distance from orr.gil1). 1{1 (mean 
drrection ). (Data in Exercise 1:5.2.3.) 

Since 5(a) is non-negative and R is positive, we have 

O"", R .sl. (15.2 .4) 

In view of (15.2.3) the quantity 2(1 - R) may be called the sph erical 
variance. However, it is usual to work with R in place of 2(1- R) in 
directional data. and it measures clustering around the mean direction. 
Note that R ;, 0 when ttle points are uniformly distributed (Le. widely 
dispersed) and R '" J wben the points are heavily concentrated near a 
point. Following the terminology of mechanics, the quantity R = oR is 
called the "resultant length" , and the vector 

n 

r =ol= L I, (15.2.5) 
i-J 

is called the "resultant vector". 

Example IS.2.1 The declinations and dips of remnan t magnetization in 
nine specimens of Icelandic lava Hows of 1947--48 given in Fisher (1953) 
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Table 15.2. 1 ~reasuremenlS (Tom the mag
netized lava flows in 1947-48 in 1celand 
(Hosper d,l. cited in Fisher, 1953) 

I, I, I, 

0.2909 -0,0290 -0.9563 
0.1225 -0.0624 -0.9905 
0.2722 -0.2044 -0.9403 
0.4488 -0,4334 -0.7815 
0.2253 -0,2724 -0.9354 
0. 1705 -0.3207 -0.9317 
0.3878 0,1171 -0,9 143 
0.5176 0.0217 -0,8554 
0.1822 0.0032 -0.9833 

lead to th~ values given 10 Table 15.2. I ,We find that 

428 

. 
L I"~ = 2.6178. 

n 

L 42 = -!.lS03. f 1.3 = -8.2887. 
, -I ,.1 ,-, 

Hence 

Consequently. R =0.9747. which indicates heavy concentration around 
the mean direction. Further. the mean direction from (15.2.1) is -given by 

10= (0.2984. -0.1346. -0.9449). 

15.3 Basic Distributions 

Following Section 15.2. we define the population resulrartr lertgrh p by 

p = [J. {E(I,)}'),,2 = {E(I')E(J»)I'2, (15.3.1) 

and when p > O. the population mean direction is defined by 

Il =E(I )/p. (15.3.2) 

We will denote the prohability element (p.e.) of 1 on Sp by dSp• The 
Jacobian of the transformation from (r. 9) to x is given by (2.4.7). On 
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separating the parts for rand 0, in tbe Jacobian, it is seen that 

dSp = a,(O) dO, (15.3.5) 

where. 
,-, 

ap(O) = n sinP
- ' 9,_" a,(9) = 1 . 

,-2. 

15.3.1 The uniform distribution 

If a direction I is uniformly diSlribw ed on S", then its probability element 
is cpdSp• Thus, on using (15 .3.3), the p,d.!. of 9 is 

Cpa,. (9). (15.3.4) 

Integrating over 9, it is found that 

cp = r(~p)/(21Tp/2) . (15.3.5) 

From (15.1.3) and (15.3.4), it can be seen that E(I)= O for tbis distribu· 
tion. Hence we have p = O. Consequently, I' is not defined for this 
distribution. Similarly. 

E(I,I,) = 0 for i;i j, E(m= l i p. 

15.3.2 The von Mises distribution 

A unit random vector 1 is said to have a p.variate POll Mises-Fisher 
distribution if its p.e. is 

c (K)e·~' dS 
p P' (15.3.6) 

where K ;;' 0 and 1"1' = 1. Here K is called the concentration parameter 
(for reasons given below) and <;'(K) is the normalizing constant. II a 
random vector I has its p.e. of Ihe form (15.3.6). we will say that it is 
distributed as M. (I', K). For the cases of p = 2 and p = 3, the distributions 
are called von Mises and Fisher distributions after the names of the 
originators (see von Mises, 1918; Fisher. 1953), and these particular cases 
explain the common nomenclarure for p> 3. However, the distribution 
(15.3.6) was introduced by Watson and Williams (1956). 

TIle lIormalizirtg COIISrartt 
We show that 

(15.3.7) 

wbere l.{K ) denotes the modified Bessel function of the first kind and 
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order r. which can be defined by the integral formula 

(15.3.8) 

The proofs of the results assumed about Bessel functions in this chapter 
can be found in G. _ Watson (1944). We have 

(15.3 .9) 

where we have transformed I to I' by an orthogonal transformation so 
that If = j.t'1. Under this transformation d5. remains invariant. On using 
the polar transformation 1* = u(9). we find with the help of (15 .3.3) that 

1c,.(KW ' = J ... J J e"~" n sinP- 101_ld9, ... dOp_I' 

u () u 

Using (15.3.K) in carrying out the integration on the righ t-hand side, we 
obtain (15.3.7). 

Mean directiotr 
We show that the mean direction of 1 is ,., and 

Je{K) 
(15.3.10) 

Let a = Kj.t. From (15.3.6), we have 

J e"' ds" = 1I<:,(18'al' I2)· 

IEs,. 

Differentiating both sides with respect to a and using the recurrence 
relation 

(15.3.11) 

we find that 

(15.3.12) 

Hence (15.3.10) follows. 
On differentiating the logarithm of (15.3.6) twice with respect to j.t, we 
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note that the mode of the distribution is also j.t if K > 0. It has an 
antimode at 1=-..... 

Closure property 
Under the orthogonal transformation 1"= AI. 1* is again distributed as 
M.(Aj.t. K). 

Particular cases 
Let ",' = (a , •... ,a._I) be tbe spherical polar coordinates of j.t. Using the 
polar transformation (15.1.3), we find that the p.d.!. of 9 is 

g(9 ; "'. K) = cp(" )[exp {Ku'(a)o(9)}]a,,(9), 

O"'O,"'rr. i=1 ..... p-2. °",0._ 1 < 2rr. (15.3.13) 

Thus the density of the vOn Mises distribution (p = 2) is 

g(O; a. K)= {2.".[.(KW 'e""""·-o" 0", e <2.".. (15.3.14) 

whereas the density for the Fisher distribution (p = 3) is 

g(O, 4>; a, 13. K) = {KI(4r. sinb K)} exp [K{COS a cos 0 

·sin a sin 0 cos (d> - j3)}] sin 9. O:!!S;6~1T, 0"'d><21T. (1S.3.tS) 

where K > 0 and (see Exercise 15.3.2 for details) 

[,,.(,,)= (2 sinh K)I(2.".K)[12. 

[f a =0. we have. from (15.3.13). 

g(9; a. I() = Cp(K ){exp (K cos 0,)}1l.(9). 

0""9. "" 7T. i = I. .... p -2. 0"" 0._[ < 21T. 

(15.3.t6) 

(J 5.3.17) 

where 0, is the angle between 1 and (1. 0 • .... 0)'. Hence 0, and 
(8, •... ,8._, ) are independently distributed. Further. from (15.3.4) 
(02 •.••• 8,_, ) has a uniform distribution on 5._, and the p.d.f. of 0, js 
given by 

g(8,; K)={<:'(K)/Cp_,}e"""'·' sinp- l Ol> 

Values of K 

For large K we have. approx.imately. 

2K(1-1'",)-X;_I' (15 .3.19) 

To prove this result, suppose .... = (1,0, .... 0)' so that 1-1' .... = I -cos 0
" and note that. with large probability, 8, will be near O. Then substitute 

cos 9, ,;, I-!O;. 
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in (15.3.18) to conclude that, approximately 

K8i- X;- I' 

which is eq uivalent to (15 .3.19) since cos 9, ± I - 19;. 
For K = O. the distribution reduces to the uniform distribution given by 

(15 .3.4), where (see Exercise 15.3. 1) 

lim Cp(K) = cp' .-0 
Shape of the dislriblllion 
Using the foregoing results, we can now look into the behaviouT of the 
distribution. For K > 0. the distribution has a mode at the mean direction, 
whereas when K = 0 the distribution is uniform. The larger the value of K, 

the greater is the clustering around the mean direction. This behaviour 
explains the reason for describing K as the concentration parameter. 

O.B 

- 180°-150 -120 -90 -60 -30 0 30 60 90 120 150 180 0 

FIgure 15.3. Ja Linearr.p, ..... ",aru,n of rh. densiry of M,« t. 0). K l. ,, = o. t 1. 2. 4. 
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~~----__ t-________ -,~ __ ~OO 

Figure 15.3 . 1b CirCldar represenlalion of the densllY of M'l«cos a,sin a)', 1). 

Figures I 5.3.1a and 15.3.1 b give the shapc of tbe distribution for varying 
values of K and IJ.. For p= 3 and Il= (1. O. 0)' the distribution is rotation
ally symmetric about the x, axis, baving a maximum at the north pole 
9 = 0 and a minimum at the south pole fI = 7r. 

15.3.3 The Bingham distribution 

Sometimes the observations are not directions but axes ; that is. the unit 
vectors I and - I define the same axis. In this context it is appropriate to 
consider p.d .f.s for I whicb satisfy the a ntipodal symmetric property 

f(J) = f(-I). 

The observations in such cases can be regarded as being on a 
hyperhemisphere, or on a sphere with opposite points not distinguiShable. 

An important distribution for dealing with directional data with an
tipodal symmetry and for dealing with axial data is the Bingham distribu
tion . The unit vector 1 is said to have a Bingham distribution , B.(A, te), if 
its p.e . is of the form 

d (te) exp {tr (J(A'II' An dS., I E 5" (15.3.20) 

where A now denotes an orthogonal matrix, K is a diagonal matrix of 
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constants K= ("""" ",)' and d(K) is the normalizing constant depending 
only on K and is given (see Exercise 15.3.6) by 

• 
I ~ - n r('j +4) , • 

-=2 L '" L ,-I n ~ ( 
d(K) .,_1) •• -or(f ,,+E) j- I'j!' 15.3.21) 

j _ 1 2 

Since tr(A1I'A)= 1, the sum of the parameters 1(, in (15.3.20) is 
arbitrary. and it is usual to take "p = O. For '" = ... = "., the distribution 
reduces to the uniform distribution. We have 

tr(KA'U'A)= f K,(I'8;,/, 

Using the polar transformation (15.1.3) as in Section 15.3.2 when 
"2= . . . = K,=O. K, = K. the joint p.d.f. of a becomes 

O~OI~'"' i=1 ..... p-2, O-=S;6p _.<2 rr. 
(15.3.22) 

For" > O. this rlistribution is symmetric with high concentration around 
the equator (for p = 3) in the form of a '"girdle", while for K < 0 the 
distribution is bimodal with poles at 0, = O. 7r and is Totationally symmet
ric about the x, axis. For K =0, the random variables 0, .. ,0._, are 
uniformly distributed. In general. the larger the elements of K , the greater 
the clustering around the axes with direction cosines 8 m, j = l. .... p. 
Further, different values of K in (15.3.20) give the uniform distribution. 
symmetric and asymmetric girdle distributions (i.e. the probabiliTy mass is 
distributed in the form of an elliptic pattern like a girdle around a great 
circle) and bimodal distributions. Figure 15.3.2 shows COmmOn configura
tions of sample points on a sphere. The sample points in Figure 15.3.2(a) 
could arise from a Fisher distribution while the sample points in Figure 
lS.3.2(b) and (c) could have arisen from the Bingham distribution. 

For p = 2. the p.d.!. (15 .3.20) reduces in polar coordinates to 

K>O, 0,,;0<27T. 

The distribution is of course bimodal with the two modes situa ted 180· 
apart, aDd is called the bimodal distribution of von Mises type. The 
transformation O' = 0 mod 7r represents an axis by an angle in (0, rr), and 
the distribution of 9* is called the von Mises-type axial distribution. Note 
that the distribution of 0' = 20* = 20 is M((cos 2a, sin 2"),, K) . Thus the 
process of "doubling the angles' of 0 (or 0*) leads to the von Mises 
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• 0 

( 0 ) t . ) I e) 

Figure 15.3.2 Configuration of sample points from (a) unimoda~ (b) bimodal, 
and (c) girdle distributions. An open circle denofes a poil11 ()n tile. nrhe.r side.. 

distribution. Unfortunately there is no simple analogue to this process for 
p,,;3 related to the distribution M.( .... ,<). 

The distribution for p = 3 was put forward by Bingham (1964, 1974) 
who investigated its statistical properties extensively. For an elaborate 
discussion of the distribution for p = 2 and for p = 3, we refer to Mardia 
( I 972a). 

15.4 Distribution Tbeol'Y 

Let , ,, ...• 1, be a random sample from Mp( .... K) . For inference prob
lems. the sample resultant length R and the sample mean direction vector 
ii (in polar coordinates) are of importance: that is. 

. 
~ 1,=(""' " ',)'=r= Ru(ii) _ (15.4.1) .-, 

The statistics 'I, ... , '. are the components of the resultant vector r = D .. 
In most cases, the sampling distribution of Rand ii from tbe von 
Mises-Fisher population can be derived with the help of the correspond
ing distribution for the uniform case, which we consider first. 

15.4.1 The characteristic function method and the isotropic ca..., 

Let </>(t ) = E{exp (it'I)} be the characteristic function of I. Then from the 
inversion theorem. the p.d.f. of r for sample size rl is given by 

(15 .4.2) 
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provided "'"(I) is an absolutely integrable function. On using the polar 
transformations 1= pula ) and r = Ru(e) in (15.4.2), we find that the p.d.f. 
of (R, e) is 

.) S, 

(15.4.3) 
where 

.p(p, a l = [",(tl]' • •• ,." 

and the second integral is taken over 0 "" "', ""?T. i = I, ... , p - 2; 0 "" 
<1>._ , < 27T. 

We now deduce the following results for the isotropic random walk with 
n equal steps. starting from the origin, in p dimensions; that is, I ..... , I" 
is a random sample from tbe uniform population with p.d.!' given by 
(15.3.4). In this case it can be shown that (15.4.2) is valid for all n;;.2 at 
all continuity points of the p.d.!. of R, provided that when <1>"(1) is not 
absolutely integrable, the integral is interpreted as a limit over increasing 
discs centred at O. (See Watson, 1944, pp. 419-421.) 

Since (15.3.9) holds for complex variables (see Exercise 15.3.3). the c.f. 
of I is 

.p(p. a ) = c. feU') dJ = c,JC.{ip) = rGp)Gp) ' - pl2 J,p _' )"(p) , 

S, 
(15.4.4) 

where J,(p) is the ordinary Bessel function of rth order related to the 
modified Bessel fu nction by 

J,(p ) = i - 'J,(ip). (1S.4.S) 

On substituting (15.4.4) in (15.4.3), we deduce from (15.4.3), after 
integrating over a with the help of (15.3.9), that 

(i) R aDd ii are independently distributed; 
(ii) ii is uniformly distributed On S.; 

(iii) the p.d.!. of R is given by 
~ 

h. (R ) = (27T)-'C;-' R ' - ' J pP- '{c.(ipR )c;(ip))- ' dp 

o 

= 2"-·"Kft-" r(ip)" - ' R f p"- .'" - lIn 

o 

0< R < n (15.4.6) 
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Of course. R denotes the distance covered from the origin after n steps 
in the random walle 

15.4.2 The von Mises-FlSber case 

Let us now assume that I., ...• 1" is a random sample from Mp(sL, K). On 
integra ting the joint density over constant values of (R. e). we find that 
the p.d.!. of (R, e) is 

g(R, e; ". K) = {C;(K)/c;}e"R.,,,,). (i Jgo(R,ii) , 

where go is the p.d.!. of (R, 9) under uniformity. From Section 15.4.1, we 
get 

(15.4.7) 

wbere h.,(R) is the p.d.!. of R for the uniform case given by (15.4.5). On 
integrating (15.4.7) over 9 with the help of (15.3.9), we see that the 
marginal density aT R is 

(15.4.8) 

This result is due to Watson and Williams (1956). From (15.4.7) and 
(15.4.8) it follows (Mardia. 1975b) that 

91 R - Mp(sL, KR). (I 5.4.9) 

otice that the distribution of 9 depends on Runless K = 0, which is in 
contrast to the normal case where the mean vector and the covariance 
matrix are independently distributed. This fact influences inference on J.L. 

For other distributional problems, see Exercises IS.4.1-15.4.3. 

15.5 Maximum Likelihood Estimators for the von 
Mises-Fisber Distribution 

Let I" i = 1, . ..• n, be a random sample from MplJ.L, K). We assume K >0 
so that the population is non-uniform. The logarithm of the likelihood 
function is 

(15.S.1) 

where A is a Lagrange multiplier. On differentiating with respect to J.L. we 
find that 

Kr =2A" . 
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Using 11'11 = 1. we find that 

it= r/R = 10 , ( IS.5.2) 

Differentiating (15.5.1) with respect to K and substituting (1 5.5.2) gives 
the m.l.e. of K as the solution of 

(IS.5.3) 

where R = n- ' R. On USing (15.3.7) and (15 .3.11), we find that 

c~K)lcp(K)= - A (K), (15.5.4) 

where A (K) is defi ned by (15.3.10). Hence (15.5.3) becomes 

A(K)=R or K=A - '(R) . (15.5.5) 

The functions A(K) and A -I(K) are tabulated for p = 2 and p= 3 (see. fOT 
example. Mardia, 1972). Using for large K the asymptotic formula 

(15.5.6) 

we have 

( 15.5.7) 

Hence, for large K, 

K~t(p-I)/(I-R). (lS.5.8) 

This approximation can be trusted for R ?- 0 .8 when p = 2 and R ?>0.9 
when p=3. 

Since ' .(K) can be written in a series as 

(15.5.9) 

it follow, that, for small K , 

(15.5.10) 

so that 

(IS.5.11) 

This approximation can be used for R."O.1 when p=2 and for R<O.05 
when p= 3. 

11 can be seen that tbe m.l.e. of a is 9. Further, differentiating the log 
likelihood, log L, twice and using the following result from (15.3.12), 

E(r) = IIA(K)I1 = IIA(K)u(a), 
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we obtain (Mantia. 1975a) 

{ 
iJ' log L} _ . 

E aK' - nA (K). i=l. ...• p-I. 

(15.5.12) 

E{ a' IOgL}= o. 
a""aa, i>' j. 

{
a' log L} ,-. 

E , = nKA (K) n sin' "',. atl i 1-0 
i=l •...• p -1. 

(lS .5.13) 

Hence. for large n, we conclude from Section 4 .2 .1 that K, 6, ..... 6._,. 
are asymptotically independently normally distributed with means K. 

a l •· · .• 0 p _ lo and 

var (K)=[nA '(Klr'. ( 155.14) 

_ 1 { .- , }- . 
va! (8,) = - KA(K ) n sin' a , ' = 1 ..... P -1. (15.5.IS) 

" ,-0 

15.6 Test of Uniformity: The Rayleigh Test 

Let I,. i = I, ... , 11. be a random sample of M. (v., K). Consider 

HO: K=O against H ,: K>'O , 

where 11 is unknown. Let A be the LR statistic . Under Ho, the likelihood 
function is 

Lo= c;, (IS.6.1) 

whereas on using the m.l.e.s of K and 11 given (15.5.2) and (lS.5.5), we 
find that 

L, = {cp(K)}" exp (m,R). (15.6.2) 

where 

(15.6.3) 

Let A be the likelihood ratio statistic fo r the problem. From (1S.6.1)
(1S.6.3), we find that 

log A = - II{log (c.(R)lc.) + RA(K)}. 

Note that ,I, is a function of R alone. 
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We now show that A is a monotonically decreasing function of R. First 
think of log A as a function of R. Using the following result from (15.5.4), 

(15 .6.4) 

we obtain 

d(lo~ A) _ /IRA '(0<). 
dK 

(15.6.5) 

Since R;;. 0, to show that (15.6.5) is negative it remains to establish 

(15.6.6) 

If u(9) is distributed as Mp«I,O .. ..• 0)'. K), we have, from (15.3.12), 

E(cos 8,)= A(K) ; (15.6.7) 

that is, from (JS.3.18), 

~ 

A(K) = Cp(K) Jcos O,e"-" sinP - ' 8, d8,. 
Cp _l 

" 
On differentiating both sides with respect to K and using (15.6.4) and 
(15.6.7), we find that 

A '(K) = V (cos 8,) ;;, O. (15 .6.8) 

Hence A is a monotonically decreasing function of K. Finally. on differen
tiating (15.6.3) with respect to K and using (15 .6.6), it is found that K is a 
monotonically increasing function of R. 

Therefore the critical region of the Rayleigh test reduces to 

R > K. (15.6.9) 

This test is wbat we should expect in tu itively since, under the hypothesis 
of uniformity, the value of R will be mall . 

The p.d.f.s of R under Ho and H, are given by (15.4.6) and (15.4.8), 
respectively. For large n, we show that asymptotically under Ho. 

p1lR2
- x~. (15 .6.10) 

From Section 15.3.1 , E(I)= O, V{I)= p-II . Hence r is distributed asymp
totically as Np(O, (n/p)I). Consequently, the asymptotic distribution of 
R 2 = r'r can be obtained which leads to (15.6 . 10). 

The result for p = 3 was first proved by Rayleigh (1919). For approp
Iiate tables and further discussion, see Mardia (1972a). This test is the 
uniformly most powerful invariant test (see Exercise 15.6.2) for testing 
uniformity against the alternative of a von Mise5-Fisher distribution . 
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Example 15.6.1 From the vanishing angles of 209 homing pigeons in a 
clock resetting experiment (Schmidt- Koenig, 1965: Mardia, 1972a, p. 
123). it is found that 

" = - 7.2098, ' 2 = 67.3374, R=0.3240. 

ft is expected that the pigeons have a preferred direction. We have 
2nR' = 43.88. The upper 1% value of xi is 13 .82. Hence we reject tbe 
hypothesis of uniformity. 

15.7 Some Other Problems 

There are various inference problems which arise in directional data . 

15.7.1 Test for the mean direction 

Consider the problem of testmg 

HQ :,,= (1.0. 0 •.. . ,O)'= e, against H, :" ;'e,, (15.7.1 ) 

where K i~ known and is non-zero . Let A be the likelihood ratio test for 
the problem. Using (15.5.2), we find that the critical region is 

- 2 log A =2K(R - ,,» K. (15.7 .2) 

When Ho is true, we ohlain from Wilks' theorem that, asymptotically as 
f1 -+ x, 

(15.7 .3) 

For another proof of ( 15.7.3) for large K. see Exercise 15.7.1. This 
approximation is valid for II ;;' 20 and K ;;' 5 if P = 2, K ;;' 3 if p = 3. Better 
approximations for p = 2. 3 are given in Mardia (1972, p. 115 and p. 
247). 

When K is unknown. we can again obtain the likelihood ratio test. For a 
discussion of thi and other exact tests see Mardi. (1972). However, for 
large K, the foUowing procedure of Watson and Williams (1956) is 
adequate. Since 

in polar coordinates, we have {rom (15.3.19) that approximately . 
2K(n - ' ,)=2K I (1-cos 8. ,)- x!(P- ')' (\5 .7.4) .-1 
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Now 

2K(n-'I) = 2K(R -,,)+2K(II-R ). (15.7.5) 

From an application of Cochran's theorem to (15.7.3) and (i5.7.4) it can 
be shown that 

(15.7.6) 

approximately for large K. Further the two terms on the right-hand side of 
(15.7.5) are approximately independently distributed. Hence for testing 
(15.7 .1) with large but unknown K we can use the statistic 

Fp_,.(._",P_1l = (n - 1)(R - ,,)I(Il - R ), (15.7.7) 

where Ho is rejected for large values of F. 
For a general mean direction "". " should be replaced by . '1';. in 

(15.7.7). Then this test for testing H o: .. ="" against H , : .. '" "" becomes 

Fp_ l.ln _ "'p_" = (,1 - 1)( R - r'",,)I( .. - R) 

and Ho is rejected for large values of F. This test can be used when 
r'""",t n if p=2 and when r'''''''~n if p= 3, for all sample sizes 11 ",2. 

Thus. under H o. 

P{(1I-1)(R-r'",,)/(n - R) "" Fp_,.,.-",v-II,.} = \- ClI, 

where Fp-U,,-l)(p- l) .n. is the upper a percentage point of the Fp_l" ... - U(P - Il 

distribution . Wri ting r'"" = R cos 8. the above inequality can be rear
THnged to give 

cos 8", 1- (II - R )Fp _"(' _1)(p _II,.J[( n - 1 )R], 

which gives a 100(1- 01)% confidence interval for Ii and hence for "". In 
three dimensions the vectors "" allowed by this value of Ii lie within a 
cone of semiangle 8 and axis through the sample mean I (see Figure 
15.7.1). 

Example 15.7.1 In an early Quaternary zone of lava flows from Western 
Iceland, it was found for 45 readings (Hospers' data cited in Fisher, 1953) 
that the sums of the observed directions were 

,,=-37.2193, '2= -116127, ,,=+0.6710. (15.7.8) 

The sample dipole field appropriate to the geographical latitude is found 
10 have the direction 

0.9724, 0.2334, o. (15.7.9) 

It is enquired whether the direction of magnetization differs from the 
reversed dipole field. 
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Figl~ re 15.7. 1 Omfidence cone for rllt true mean direction. 

Under HOI. we may take the true mean direction as the reversed dipole 
field. i.e. from (15.7 .9) the components of ... are 

1" , = -0.9724. 1"2 = -0.2334. 1-'3 = o. (15.7.10) 

We bave. R = 38.9946. Since if is large, we use the approximation 
(15.5.8) [or estimating K. It is found that K =7.3. Also . 

1'- , ', + 1'-2'2 + JL3' , = 38.9025. 

Hence the observed value of (15.7.7) is 0.67. The 5% value of Fa8 is 
3.10. Hence the null hypothesis is accepted al Ihe 5% level of signifi
cance. 

For this data the confidence interval (or I) becomes at the 95% level 

(n - I)R(I-cos 8)/(1l- R) "" 3.10. 

This gives cos 1)"'0.9891, or 8""8.4°. Thus the semiangle of the 95% 
confidence cone is 8.4°. 

15.7.2 Principal component analysis 

Let I;, i = 1, ... , n, be a random sample of unit vectors. We can sensibly 
define tbe fi ' st p,illcipal di ,ection as the direction a (a'a = 1) which 
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minimizes the angles /I, between a and I" i = 1, ... , n; that is, if 

Q = f cos' 8, = f (a'I;)' (15.7.11) 
. -1 i_I 

is maximum. The square of the angle ensures that we are talking of angles 
between two lines a and I, passing through the origin, so tbat for this 
purpose each I, is considered as an axis rather than a direction. Let 

" 
T= \' 1·1' L, ,. (15.7.12) 

be the matrix of sums of squares and products. (Notice that the mean has 
not been subtracted off.) Suppose that A, . ... , Ap are the eigenvalues of T 
(A, > . . . > Ap) and 1'(11<'" , Y (P) are the corresponding eigenvectors. In 
view of lili = 1, 

trT=n=A,+ ... +Ap. (15.7.13) 

Further maximizing (15.7.11) is equivalent to maximIzing 

Q=a'Ta 

subject to a'a = L Using the argument of principal compon~nt analysis 
(Chapter 8), we conclude that the maximizing value of a is a = 1'(1), which 
represeots tbe first principal direction. aod max Q = A" which measures 
the concemration around this axis. 

We can Similarly talk of the second principal direction b, where b is 
perpendicular to a . Of course b = 1'(2) and so On. However. note tbal Ap is 
specified from (15.7.13) as SOon as A" ... , Ap _' are known. 

If A,': ... ,: Ap , the angular distances will be almost the same for all a . 
Hence, in this case, the sample distribution is approximately uniform. 

We have not dealt with the distributional problems. but the maximum 
likelihood estImators of the parameters in the Bingham distribution 
neatly tie up with these eigenvalues and eigenvectors. (See Exercise 
15.7.5) This leads to the solution of various other inference problems. For 
example. it is natural to use the following criterion for testing uniformity 
for axial data. 

This has been studied by Bingham (1964) and Mardia (I 97Sd). There is a 
wealth of recent statistical thinking in this area and we refer to Mardia 
(1975d) and Downs (1972) for a review of recent developments. 
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Example 15.7.2 Mardia (1975d). Tyror (1957) analysed the distribution 
of tbe directions of perihelia of 448 long-period comets (with periods 
greater than 200 years up to and including comet 1952f). From the 
accretion theory of Lyttleton (1953, 1961), one expects the following 
behaviour of the distribution of these directions: the distribution should 
be non-uniform, and, in particular. the perihelion points should exhibit a 
preference for lying near the galactic plane. 

The various statistics are as foUows. 

R =63.18, IQ = (-0.0541, -0.3316. 0.9419). 

[ 

0.289988 -0.012393 0.030863] 
TIn = -0.012393 0.389926 -0.01l153 . 

0.030863 -0.011 153 0.320086 

where T denotes the matrix of sum o( squares and products. It may be 
noted that if we apply the Rayleigh test which assumes the alternative of 
a Fisher distribution. we have 3 PlR2- xi. The observed value 3 nR'= 26.3, 
wbich is significant at the 0.1 % level. 

The values of the eigenvalues and the eigenvectors of TIn are as 
follows where A, = Aj,!: 

A, = 0.3947, 

A2 =0.3347. 

A3 =0.2705. 

Y(ll = (-0.1774, 0.9600, -0.2168)'. 

Y (2l = (0.4922, 0.2773. 0.8251)', 

y (J) = (0.8522,0.0397. -0.5217)'. 

Disparate values of A, indicate a lop ·sided girdle distribution. Further, the 
normal to the preferred great circle (containing the girdle) has the 
direction cosines 

1=0.8522, In =0.0397, II = -0.5217. (15.7.14) 

Now the direClion of the galactic pole is 

(0.8772, -0.0536. -0.4772) 

and the angle between this direction and the direction of the eigenvector 
(15.7.14) corresponding to A, is only 6.08". Hence there is strong 
evidence thaI the Lyttleton theory is true. 

The large value of R and the disparate values of A, suggest that this 
data comes from some distribution which combines the features of both 
the von Mises-Fisher and Bingham models . For further statistical analysis 
of this data, see Mardia (1975d). 
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Exercises and Complements 

15.2.1 Show that R is invariant under orthogonal transformations I: = 
Ali' i = 1 . .. .. n. 

15.2.2 Show that R = 0 for the points {cos (21Ti/n). sin (2 'lTi/n) }. i = 
I , ...• n. (These points are called "uniform scores" on the circle.) 

IS.2.3 The following stopping positions were observed for nine spins of 
a roulette wheel marked 0°, 1°, ... , 359°. 

Show that 

1 - L cos 8, =0.4470. ,. ~ L sin 0, =0.5529. 
n 

Hence. show that R= 0.71, 0=51°. Does the data indicate a preferred 
direction? 

15.3.1 Using (15.3 .7) and (15.5.9), show that lim._n Cp(K) = cp' 

IS.3.2 For p=3, show that (15.3.18) gives (wi th 9,= 9) 

0" integrating over (0. 7T), prove that the normalizing constant is 

C3(K)/C, = K/(2sinh K). 

Hence deduce (15.3.16). 

15.3.3 (Mardia. 1975b) Denne an analytic function 

I!(z) = f (z/4)' . 
. _o[k! (v+ 1) ... (v+k)] 

(a) Using (15.5.9) show that 1!(z) is related to the modified Bessel 
function by 

(b) Show tbat the normalization constant for the von Mises-Fisher 
distribution can also be written 

(c) Using analytic continuation on the normaLization constant, show 
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that the characteristic function of the von Mises-Fisher distribution is 

0/1(1:",. K)= J cp (K)exp(it'l+Kj1'I)dSp 

'£5, 

= J~2_ .(,,'- I't+ 2i"I'",)/ 1:12_,(K 2). 

(d) Deduce that 

E(I) = A(K)", 

15.3.4 Let" be distributed as N.c.., ,,- 'I) with .,.',,= J. Show tbat the 
conditional distribution of" given ,,',,= 1 is M"c.., ,,). 
IS.3.S Let II be p(O,1;). Show that the cond itional distribution of " 
given ,,'x = I leads lO a density of Bingham form. 

15.3.6 If I is distribllted as Bp(A . K), and G is an orthogonal matrix. 
show that 1* = GI is distributed as B.(GA, K). Hence the nonnalizing 
constant depends only on K . Further. using the polar transformation, 
sbow that 

[d(KW' = J .. , J J ,0, exp {K,u:(9)}up (0) dO. 

H 11 0 

On expanding the exponentials and illlcrchangir:g the summation and 
integration . show that d(K) reduces to (15.3.2 1). 

15.3.7 If I ,s uniformly distributed on Sp, show that I" = Gl is also 
uniformly distributed where G is an orthogonal matrix . 

15.3.8 (See, for example, Mardia. 1972a ) (aJ Let 0 be uniformly distri
buted on (0.2".). Letting E(e''')=<I>. denote the Fourier coefficients of 8 
for integer p, show that 4>. = 1 if P = O. and <p. = 0 otherwise. 

(b) Let two independent variables 8, and 9, be distributed on a circle 
with 9, uniform. Using the Fourier coefficients or otherwise, show that 
(6, + 82 ) mod 21T is again uniformly distributed. 

IS.3.9 (Mardia, 1975c, d) Maximum entropy dlGraclerizalions let t(l) 
be the p.d.!. of I. The entropy of the distribution is defined by 

E{-Iog t(l)}. 

Show that the maximum entropy distribution 

(i) with no constraints on the moments of I. is the uniform distribution: 
(ii) with E(I) fixed, non-zero, is M.c.., K) ; 

(iii) with E(ll') fixed is Bp(A, K). 
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15.3.10 (von Mises, 1918; M. S. Bingham and Mardia, 1975) Maximum 
likelihood cha,acterizaljoltS Let f(l; /L) be a p.d.f. on Sp with mean 
direction /L and p > O. If 

(i) for all random samples with R > 0, 10 is a maximum likelihood 
estimator of /L, and 

(ii) f(l ; /L) = g(1'/L ) for all IES", where g is a function of one variable 
and is lower semi·continuous from the left at 1, 

then J has a von Mises-Fisher distribution. 

15.3.11 (Mardia. 1972a, p. 114; Kent, 1978) Show that as K-"', 
M.Cp, ,, ) converges to a multinormal distribution with mean /L and 
covariance matrix ,, -' times the identity 00 the hyperplane tangent to the 
sphere at /L . (HIDt : using Exercise 15.3.3 aDd the asymptotic formula 

z~oo, targz l<~1T-8, 

where 8 is an arbitrary positive number, show that 

as K ..... cc for each I , where 1: =}- ...... . J 

15.4.1 Letl be uniformly distributed on Sp' Show that the p.d.f. of r is 

cP',"(R )/RP- '. 

where h" (RJ is the p.d.!. of R = (r 'r) ' I> given by (15.4.6). 

15.4.2 (Mardia.1975b) If in the isotropic random walk , the successive 
steps are of different lengths f3" ... , f3" then show that the c.t. of I, is 
c.Jc.(iPf3,) rather than (15.4.4). As in Section 15.4.1 , prove that 

(i) ij and R are independent ; 
(ii) ij is uniformly distrihuted and the p.d.f. of R is 

fl. (R, Pl = (211') - ·C;·1 W - 1 f pP-'{cp( ipR) fI cp (iPf3/W' dp. 
1- ' o 

Using (15.4.4)-(15.4.5), express the p.d.f. of R in terms of ordinary 
Bessel functions. 

15.4.3 For /L = (1 , 0, . .. ,0), show that 'I is a sufficient statistic for " . 
Hence deduce that the distribution of R I " does not depend on K. (For 
the p.d.f. of R I ,,, see Stephens (1962), Mardia (1975b ). 
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15.5.1 For /L = (1, 0, ... , 0)', 

(i) show from the Rao--Blackwell theorem that , ,I ll is the best un· 
biased estimator of A(K), and 

(ii) show that the m.l.e. of K is A - '(,,). 

15.5.2 Prove that 

A'(K) = [K - (p - l )p- Kp2]JK 

where p= A (K) and express (15.5.14) and (15.5.15) in terms of p and K. 

(Hence, for tabulated values of p= A(K ), the asymptotic variances of K 
and ij can be obtained .) Using (15.5.7) and (15.5.10), examine the effect 
as K - 0 (uniformity) and K _ x (normality) on these variances. 

15.5.3 Writing the log likelihood (15.5. 1) as 

10gL = co,lSIanl+nlogc(K) 

+ I1K{T,/-L I + ... + 1. - ,1',.-1 ± 1. 0 - 1< i - . .. - /-L ;_ I)'12} 

show that 

Efa> log L}= 0, 
OKOP., 

Hence. show that the distributions of K and (iLlo .... iLp- l) are asymptoti· 
cally independent normal but iL , • . .. , ";"' -1 are no longer independent. 

15.6.1 Let I" .. . . 1. be a random sample from Mp(e" K) where e, = 
(1 ,0, . ... 0)' . For testing 

Ho: K = 0 against H, : K~O, 

show that the eyman-Pearson lemma leads to the best critical region of 
the form ', > K. Why is this critical region expected intuitively? What is 
the asymptotic distribution of " under Ho'! 

15.6.2 (Beran , 1968 ; Mardia, 1975b) From the eyman-Pearson 
lemma show that the uniformly most powerful test for uniformity in· 
variant under rotation with MpCp, K) as the alternative has a critical 
region of the form 

[cp(K)]" f ,1]. {exp (KI'l,)) dl > K ; .. 
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that is, the test is defined by 

Using A(K);;'O, Cp(K);;'O. and c~(K)=-A(K)Cp(K), sbow that Cp(K) is a 
decreasing function of K. Hence show that this test is the same as the 
Rayleigh test. 

15.7.1 Let 1" . .. , I. be a random sample from Mp(e" K) , where eJ = 
(1. 0, . . . ,0)'. 

(a) Show that 

From (15.3.19), deduce that. for large K. 2K(R - ' I) is approximately a 
X;- l variable. 

(b) For large f1 , show that, approximately R - N(p.A'(K )/n). 

15.7.2 (Mardia, 1975b) For a sample of size fI from Mpw., K) where K 
is known, show that a (1-a )100% confidence COne for I'" can be con
structed from (15.4.9) as follows . Since cos- ' (1'1'") I R is distributed as 
(15.3. l7) with K replaced by KR, let P(cos J (i'l1) >.s I R ) = a. Then show 
that for given K and R, the probability that the true mean direction lies 
within a cone with vertex at the origin, axis through j and semi-vertical 
angle .s is 1- a. 

11 K is unknown, it can be replaced by K and the method provides an 
approximate confidence cone for 11. 

15.7.3 (Watson , 1956) Let F. be the upper a critical value of the 
F-ilistribution with degrees of freedom p - 1 and (" - J)(p - 1). For large 
K, from (15.7.7) show that a 100(1- a )% confidence cone for 11 is a cone 
with vertex at O. axis through the sample mean direction and semi-vertical 
angle 5, where 

5 = cos- ' [I -{en - R )F./ (II - l)R}]. 

15.7.4 (Watson and Williams, 1956) Let R I • . .. , R., denote the resul
tant lengths for q independent random samples of size ", •... , n. drawn 
from Mo(l1, K) . Let ,,= L It;. Suppose that. R is the resultant of the 
combined sample . For large K, using tbe Watson-Williams approxima
tions (15.7.4) and (15.7.6), sbow that. approximately. 

where these two random variables are independently distributed . Hence. 
for large K, construct a test of equality of the mean directions. 
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15.7.5 (For p=3see Bingham, 1972; also Mardia, 1972a ) Let I, .. . . , I. 
be distributed as Bp(A, K). Suppose that K,'" K,,,,;; ... .,. Kp _ ' .,;: Kp and 
Kp = O. Show that the m.!.e. of s(i) eq uals 'Y(I) ' Further, the m.l.e.s of 
K h • • , , Kp_J are the solutions of 

a log de,, ) 1 
-Aj, 

dKj n 
i=l, ... , p-l. 

where A,;;' • .. ;;. Ap are the eigenvalues of T and 'Ym,· .. ,'Y(p) are the 
corresponding eigenvectors. 



Appendix A 
Matrix Algebra 

A.I Introduction 

This appendiJt gives (i) a summary of basic defimtions and results in 
matrix algebra with comments and (ii) details of those results and proofs 
which are used in this book but normally not treated in undergraduate 
Mathematics courses. It is designed as a convenient source of reference to 
be used in the rest of the book. A geometrical interpretation of some of 
the results is also given. If the reader is unfamiliar with any of the results 
not proved here he should consult a text such as Graybill (1969, espe
cially pp . 4-52.163- 196. and 222-235) or Rao (1973. pp. 1-78). For the 
computational aspects of matrix operations see for example Wilkinson 
( 1965). 

Definition A matrix A is a rectallgular array of "umbers. If A lJas " rows 
and p columns we say it is of order " X p. For example. n observations all p 
random variables are arrallged ilt this way. 

Notation 1 We write matrix. A of order n x p as 

a " a 12 a •• 
a 2l 0,2 a,. 

A = =(a., ). (A. 1.1 ) 

a. . a., a.. 

where a., is the elemen t in row i and column j of the matrix A. 
i = 1, ... . ,t ; j = 1, ... , p. Sometimes. we write (A)" for a.;. 
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We may write the matrix A as A(n x p) to emphasize the row and 
column o~der . In general, matrices are represented by boldface upper 
case leltcrs throughout this book, e.g. A. B, X, Y, Z . Their elements are 
represented by small letters with SUbscripts. 

Definition The transpose of a matrix A is formed by iltlerchanging the 
rows and columns: 

a u a 21 aft 1 

G I 2 a22 Q .. 2 

A' = 

Definition A matrix with column-order aile is called a column vector. 
TI.us 

Q, 

a = 

is a column vector with n components. 

In general , boldface lower case leiters represent column vectors. Row 
vectors are written as column vectors transposed, i.e. 

a' =(a lt ·· · , ~) . 

Notation 2 We write the columns of the mairix A as 8; ", "12., ... • a.., 
and the rows (if written as column vectors) as a:. aj, . .. , a,! so that 

where 

a' n 

(A .1.2) 
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Definition A matrix written In terms of its sub-matrices is called a 
partitioned matrix. 

Notation 3 Let A, ,, Arl• A 21> and An be submatrices such that 
AlI (, x s) has elements Il;j. i=l , .. . , r; j=l, . . .• s and so on. Then we 
write 

A (n X p)=[ A II (r x s) 
A 2 ,«n- r )x s) 

A'2(' X(P-S» ] 
A 2 ,(n-r)x (p-s» . 

Obviously. this notation can be extended to contain further partitions 
of A ll' A 12• etc. 

A list of some importan t types of particular matrices is given in Table 
A.I.1. Another list which depends on the next section appears in Table 
A.3.L 

Table A.l . l Particular matrices and types of matrix (List J ). For List 2 see 
Table A,3.L 

ame 

Scalar 

2a Column vector 

2b Un.it vector 

3 Rectangular 

4 Square 

4a Diagonal 

4b Identity 

4c Symmetric 

4d Unit matrix 

4e Triangular- matrix 
(upper) 

Triangular matrix 
Oowe,) 

5 Asymmetric 

6 Null 

Defini(on 

p = " = 1 

p= l 

( 1. .... 1)' 

p = n 

diag (1) 

G;j= a" 

p = n. Q.;j = 1 

a" = 0 below the 
diagonal 

aij = 0 above the 
diagonal 

a.=O 

Notation 

a.b 

J or 1 .. 

A(" x p ) 

A (p Xp ) 

diag (0;,) 

1 Or I, 

1, =11' 

A' 

o 

Trivial 
Examples 

( I) 

G) 
C) 

(~ ~ ~ 
3 2 ; ) 

G ~) 
(
0 0 0) 
0 00 

455 APPENDIX A ~fATRlX ALGEBRA 

As shown in Table A .Ll a sq uare matrix A(p x p) is diagonal if a'j = 0 
for all ito j. There are two convenien t ways to construct diagonal matrices. 
U a = (a .. ... • a,,)' is any vector and 8 (p x p) is any square matrix then 

(

a, 

diag(a) =diag (a,)=diag (a, •. . .• a.)= ~ 

and 

(

bll 

Diag(B)= ~ 

each defines a diagonal matri'(. 

A.2 Matrix Operations 

T able A.2. L gives a summary of varIOus importa nt matrix operations. We 
deal with some of these in detail .• assuming the definitions in the table . 

Tablt. A .2.1 Basic matri.'{ operations 

Operation Restrictions Definitions Remarks 

I Addition A. B of the same order A +B ~(a;,+ b,,) 

2 Subuaction A . B of the same order A-B ~(a;,- b,,) 
3a Scalar 

multiplication cA = ( CGij ) 

3b Inner product • . b of the same order .1> ~ L a;b, 
3c Muhiplka tion Number of columns 

of A equals number 
of rows of B AB = (a:b",) AB ;< JlA 

4 Transpose ,.. '=('a •. • 2 . · .- .... ) Section A .2. L 
5 Trace A SQuare tT A. = [a,• Section A.2.2. 
6 Determinant A square IAI Section A.2.3. 
7 fm'erse A square and IAI" 0 AA- 1= A -1A = J (A + 8 )-1 ¢ A -1+ B- ' , 

Section A .2.4 
8 g -inve"" (A -) A(" X p) AA-A ~ A Section AS 

A.2.1 Transpose 

The transpose satisfies the simple properties 

(A')'= A . (A + B)' = A'+ B', (AB)'= B'A'. (A.2.1) 
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For partitioned A . 
A, =[A" AZI]. 

A;l Ah 
If A is a symmetric matrix. aij = asn so that 

A'= A . 

A.2.2 True 
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The trace function . tr A = la". satisfies the following properties for 
A (p X pl. B(p X p), C(p x n). D (II X pl. and scalar a : 

lfa = a. tr A±B = tr A ± tr B. traA=a irA (A.2.2a) 

tr CD = tr DC = L ci,d" , (A.2.2b) 
'., 

Lx:Ax,= tr(AT), where T = L'X.x: , (A.2.2c) 

To prove this last property. note that since I x; Ax, is a scalar. the lefl
hand side of (A.2.2c) is 

tr L " fAx, = L tr .:Ax, by tA.2.2a) 

= L tr Ax,': by (A.2.2bl 

= tr A L " x: by tA.2.2a). 

As a special case of (A.2 .2b) note that 

tr CC' = trC'C= L c~. 
A.2.3 Determinants and col actors 

(A.2.2d) 

Definition The delerminanl of a square malrix A is defilled as 

IA I = L (-I )"" a I.,,,· .. a""pl' (A.2.3a) 

where Ihe summalioll is lakell over all permUlalions T of (I. 2, . ... p). and 
ITI equals + 1 Or -1. depending 011 whelher T call be wrillen as Ih e producl 
of all even or add number of Iransposilions. 

For p = 2_ 
(A.2.3b) 

Definition The cofactor of 0" is defined by (-I)' -, limes lite minor of a" . 
wltere tI.e minor of a" is Ihe value of Ihe delerminanl oblailled afler delelillg 
the ilh raw alld the jlh colUllln of A . 

We denote the cofactor of a., by A.,. Thus for p = 3. 

a231· 
a .:n 

0 22
1. 

0 3 2 

(A.2.3c) 
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Definition A square malrix is non-singular if IAI ¥ 0; olherwise il i.r 
singular. 

We have the following results: 

• • 
(I) IAI = I a.,A" = L ai,A. .. any i. j. ,-I 

but 

0-1 

(ll) If A is triangular or diagonal. 

(UI) le Al = cp lA I. 
(IV) IABI = IAIIBI· 

IAI= n aU' 

i,. j. 

(V) For square submatrices A(p x p) and B(q x q). 

(A.2.3d) 

(A.2.3e) 

(A.2.30 
(A.2.3g) 
(A.2.3h) 

I ~ ~ 1 = IA IIBI. (A.2.3i) 

I 
All Aul -I - I = IA"IIAn - A2IA " A 121 = IAnIIA " - AI2An A211. 
A21 An (A .2.3j) 

I:' ; I = IAI(b-a' A-I a) . 

(Vi) 

(Vll) For B(P X n) and C(/I x p). and non-singular A(P X p) . 

IA + Bq= I lip + A- IBq=lAlll n + CA - IBI, 

IA + b' al= IAI (1 + b' A -, a) . 

(A.2.3k) 

Remarks (1) Properties (I}-(llD foUow easily from the definition 
(A.2.3a). As an application of (T), from (A.2.3b). (A.2.3c). and (A.2.3d), 
we have. for p = 3. 

IAI = 0,,(0220,,- a"a,,) - 0 \2(0 21 0 '3 - a2,a3l).,. an (a 21 a32 -a31 0 22) ' 

(2) To prove (V). note that the o nly permutations giving non-zero 
terms in the summation (A .2.3a) are those taking {l , .. .• p} to {l, ... , p} 
and{p+I. ... , p+q} to {p+l •...• p+q}. 

(3) To prove (VI). simplify BAB' and then take its determinant where 

B = [I -A,2A,i] o 1 . 

From (VI). we deduce. after putting A " = A. A 12= x'_ etc .. 

I~ : I = IAl{c -x' A - 'x}. (A.2.31) 
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(4) To prove the second part of (VTI), simplify 

lip - A-IB I 

C I. 

using (VI). As special cases of (VII) we see that, for non-singular A. 

IA + bb'l = IAI (t + b'A -'bl. 

and that. for B(p x rt ) and C(rt x pl. 

lip + BC! = lin + CBI. 

(A .2.3m) 

(A.2.3n) 

In practice. we can simplify determinant~ using the propeny that the 
value of a determinant is unaltered if a linear combination of some of the 
columns (rows) is added 10 another col umn (row). 

(5) Determinants are usually evaluated on computers as follows. A is 
decomposed into upper and lower triangular matrices A = LU. If A >O. 
then the Cholesky decomposition is used (i.e. U = L' so A = LL'). Other
wise the Crout decomposition is used where the diagonal elements of U 
are ones. 

A.2.4 Inverse 

Definition As already defined in Table A. t. l. the ,"verse of A IS the 
unique matrix A ' satisfyirtg 

AA- '=A - IA = I (A.2.4a) 

The inverse exists if and on ly if A is non , singular. thar is, if and only if 
IA I1'O. 

We write the (i. j)th element of A - I by a'i. For partitioned A. we write 

The following properties hold: 

(I) A -, = I~ I (A ,,)'. 

(IT) (eA)- ' =C'A - I 

(III) (AB )- '= B- ' A- '. 

AIZ] 
An' 

(IV) The unique sol ution of Ax = b is x = A -' b. 

(A.2.4b) 

(A.2Ac) 
(A.2.4d) 
(A.2Ae) 

(V) If all the necessary inverses exist. then for 
C(rt x n). and D (n x pl. 

A(p x pl. B(p x n), 

(A+ OCDj-l =A-1 -A -'B(C-1+ DA-'Br'DA- 1, 

(A + a b,)-I= A- 1_ {(A-I a)(b' A- ')(1 + b ' A-I a) -I} 
(A.2.4f) 
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(VI) Ii all the necessary inverses exist. then for partitioned A. the 
elements of A -I are 

(VII) 

A " = (A " -AI2A2~A'l)-I. 

AI2=-AlIA I2A2~' 

A"-(A A A-I A )- '} - 22- 21 11 12 • 

A '21 = -A;~A2IA II. 

Alternatively, A ,2 and A 2' can be defined by 
(A.2.4g) 

A l2=_A~ll A I2A U • A 21 =-A 22A 2I A ll'. 

For symmetrical matrices A and D. we have, if all necessary 
inverses exist 

(
A B )-'=( A- l 0) ( E) 0 ' D 0 0 + - , (D - B 'A-' O)-I(-E' , I) 

where E=A-lB. 

Remarks (1) The result (I) follows on using (A.2.3dl. (A.2.3e). As a 
simple application. note that. for p = 2, we have 

A- ' 1 ( a" -al') 
altQ22-QllQ :2!1 -all all 

(2) Formulae (IIHVI) can be verified by checking that the product of 
the matrix and its inverse reduces to the identity matrix, e .g. to verify 
(111), we proceed 

(AB)- '(AB ) = B -'A - '(AB) = B - ' IB = I. 
(3) We have assumed A to be a square matrix with IAI"'O in defining 

A -I. For A(n x p), a generalized inver e is defined in Section A.S. 
(4) In computer algorithms for evaluating A - '. the followi ng methods 

are commonly used. If A is symmetric. the Cholesky method is used. 
namely, decomposing A into the form LL' where L is lower triangular 
and then using A - I = (L-I ),L- I. For non-symmetric matrices. Crout's 
me thod is used, which is a modification of Gaussian elimination. 

A.2.5 Kronecker products 

Definition Let A =(a,;) be all (In Xn) matrix and B =(b .. } be a tpxq) 
matrix. Theil the Kronecker product of A and B is defi/led as 

"liB a 12B a ln B 
U 21 B anB Q2n B 

Q," ,8 a",2B arn"B 

",/, iell is an (mp x IIq) matrix. Ir is d.rtoted by A ® B . 
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Definition If X IS an (/1 X p) matrix lei X V denote the np-vector obtained 
by "vecwrizing" X; that IS, by stacking the columns of X 011 lOp of one 
another so thaI 

From these definitions the elementary prupenies gIVen below eaSily 
follow: 

(1) a(A® B)=(aA)® B =.~® (aB ) for all ,calar a. and bence 
can be written without ambiguity as aA ® B . 

(Tn A®(B®C)=(A®B)®C. Hence this can be wrinen a, 
A®O®C. 

(rIl) (A®B)'= A '® B'. 
(IV) (A ® B)(F® G ) = (AF) ® (BG). Here parentheses are necessary. 
(\I) (A ® 0 )- ' = A - , ® B - ' for non-singular A and B. 

(Vl) (A+ Bl® C = A®C + B®C. 
(VII) A®(B + C)= A®B+A®C. 

(V1II) (AXB)v = (O'® A )X v. 
(LX) tr (A ® B) = (tr A) (tr B). 

A.3 Further Particular Matrices and Types of Matrix 

Table A.3.1 gives another list of some important types of matrices. We 
consider a few in more detail. 

A.3.1 Orthogonal matriees 

A square matrix A(II x /I) is orthogonal if AA' = I. The followillg proper
ties hold: 

(I) A - '=A'. 
(II) A 'A = 1. 

(ID) IA I=±1. 
(IV) a~.J = O. ; ~ j; aia l =- 1. a:t )~" = O. i r= j , a:1 )~n = I. 
(V) C = AB is orthogonal if A and 0 are orthogonal. 

Remarks (1) All of these properties follow easily from the definition 
A A' = I. Result (IV) states that the sum of squares of the elements in each 
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Table A.3. J Particular types of matrices (List 2) 

Name Definition Examples Details jn 

Non-singular IA I"O [~ ~] Section A.2.3. 

Singular IA I~O [: ~] Section A.2.3. 

Orthogonal AA'=A'A=J [COS (J 

sin 8 
-sin 6] 

cos 8 
Section A.3.l. 

Equicorrelation E =(l-p)l+pJ [; ~] Section A.3.2. 

Idempotent A'=A 1 [ J 
2 -1 -:J 

Centring matrix. RIO R IO = I .. -n- 1J .. Section A.3.3. 
Positive 

definite (p.d.) xlAx>O for all ~y!O x;+x~ Section A.7. 
Positive semi-

definite (p.s.d.) x'Ax"O for all .,.0 (Xl - X,;)' Section A. 7. 

row (column) is unity wbereas the sum of the cross-products of the 
elements in any two rows (columns) is zero. 

(2) The Helmen matrix is a particular orthogonal matrix whose col
umns are defined hy 

. (1)= (n- 1/2 
• • , •• n - 1I2

) . 

ai" = (d, . ... , d;. - (i -l)d,. O ..... 0), i = 2 ..... n. 
wbere d, = {iti -In-''', is repeated i - I times. 

(3) Orthogonal matrices can be used to represent a cbange of basis, or 
rotation. See Section A.S. 

A.3.2 Equicorrelation matrix 

Consider the (p x p) matrix defined by 

E = ( l - p)l+pJ, (A.3.2a) 

where p is any real number. Then e;, = 1, e" = p, for i,o i. For statistical 
purposes tbis matrix is most useful for -(p-lt' < P < 1, wben it is called 
the eqllicorreiarion matrix. 

Direct verification shows tbat, provided p,o 1, -(p -1)-', then E -' 
exists and is given by 

(A.3 .2b) 



MULTIVARIATE ANALYSIS 462 

Its determinant is given by 

iEi=(l-pr'{I +p(p-l)}. (A.3.2c) 

Thi, formula is most easily verified using the eigenvalues given in Remark 
Ii of Section A.6. 

A.3.3 Centring IIUItrix 

The (11 X 11) centring matrix is defined by EI = H" = 1-,,- '1. where J =11'. 
Then 

(1) H'=H. H'=H. 
(II) H1=0. HJ=JH=O. 

(lU) Hx=x-Xl. where i=,,-'Ix,. 
(IV) x Hx = ,,-I I (x, -x)'. 

Remark (1) Property (I) Slates that R is symmetric and idempotent. 
(2) Property (lIT) is most important in data analysis. The ith element of 

Ox is x, - x. Therefore. premulriplying a column vector by H has the 
effect of re-expressing the elements of the vector as deviatio"s from the 
",ealt. Similarly. premultiplying a matrix by H re-expresses each element 
of the matrix as a deviation from ils colu", .. mea ... i.e. ox has iL. ii, j)lh 
element Xii - Xj' where :t, is the mean of the jth column of X. This 
"centring" property explains the nomenclature for H. 

A.4 Vector Spaces, Rank, and Linear Equations 

A.4.1 Vector spaces 

The set of vectors in R " satisfies the following properties. For all x, yE Rn 
and all A.". E R. 

(I) A(>:"'y)=h+Ay, 
(2) (A~"')X =Ax+!L X, 

(3) p.".)" = A (".xl. 
(4) lx = ", 

Thus R" can be considered as a veclO' space over the real numbers R. 

Definition If W is a subset of R " such Il,at fo, all ". YEW alld A E R 

A(X+Y)E W. 

then W is called a vector subspace of R O. 

Two simple examples of subspaces of R" are {OJ and R" itself. 
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Definition VeclOrs x, ..... x. are called linearly dependent if there exist 
numbers ,1., •.•• , A .. nOI all zero. sud, that 

A,x,+ ... +A"X.=O. 

Otherwise the k vectors a,e linearly independent. 

Definition Let W be a subspace of R". Theil a basis of W is a maximal 
linearl~ independent set of vectors. 

The following properties hold for a basis of W: 

(I) Every basis of W contains the same (finite) number of elements. 
Tbis number is called the dimension 01 Wand denoted dim W. In 
particular dim R" = n. 

(II) II x, ..... x. is a basis for W tben every element lC in W can be 
expressed as a linearly combination of x, .... , x.: that is. x= 
A 1Xl + ... + Aft:!" for some numbers )'1, ..• J Ak • 

Definition The inner (0' scalar 0' dot) product between two vee/ors 
x, y E R " is defined by 

" 
". y=x'y= I x.y,. .-, 

The veClors x and yare called orthogonal if " . y = o. 
Definition The norm of a vecto, xE R" is given by 

11.11 =(x ' x),n = (I x~ )'''. 

Then the distance beTWeen two veCto's " and y is given by 

Ilx-yli. 

Definition A basis x, .... , x, of a subspace W of R n is called orthonor
mal if all Ihe elements have nom, 1 and are orlhogol/al 10 One anolher; 
that is, if 

, {l. 
x, xJ = O. 

i = j , 

i'" j. 

I n particular, if A(n x n) is an orthogonal matrix then the columns of A 
form an orthonormal basis of RO. 

A.4.2 Rank 

Definition The rank of a malrix A(n xp) is defined as the maximum 
tlumbe, of linearly independetll rows (columns) iot A. 
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We denote it by rCA) or rank (Al. 
The following properties hold: 

(I) 0 <;; rCA) <;; min (n. p). (A.4.2a) 
(U) rCA) = rCA '). (A.4.2b) 

(TIn ,(A+B)<;;r{A)+,(B). (A.4.2c) 
(IV) ,(AB).;;min {rCA), ,(B)}. (A.4.2d) 
(V) ,(A' A) = ,(AA ') = rCA). (A.4.2e) 

(VI) If B(nxn) and C(pxp) are non-singular then r(BAC)=r(A). 
(A.4.2f) 

(V1l) If II = P then rCA) = p if and only if A is non-singular. (A.4.Zg) 

Table A.4.1 gives the ranks nf some particular matrices. 

Remarks (1) Another definition of rCA) is rCA) = the largest order of 
those (square) submatrices which have non-vanishing determinants. 

(2) If we define M(A) a~ the vector subspace in R" spanned by the 
columns of A. then ,(A)= dim M(A) and we may choose linearly inde
pendent columns of A as a basis for M(A). Note that for any p-vector s. 
Al< = x'~1) + ... + x"~,, is a linear combination of the columns of A and 
hence Ax lies in M(A). 

(3) Define the null space of A{n x p) by 

N(A)=b:e R' : Ax=O}. 

Then N(A) is a vector subspace of R ' of dimension k. say. Let e" ...• e. 
be a basis of R' for which e" ... , e. are a basis of N(A). Then 
Ae. - I ' ... ,Ae. form a maximally linearly Independent set of vectors in 
M(A), and hence are a basis for M(A). Thus, we get the important result 

dim N(A)+dinl M(A) = p. (A.4.2h) 

(4) To prove (V) note tbat if Ax=O, then A'Ax=O; conversely if 
A'Ax=O then x'A'Ax= IiAxIF=O and so Ax=O. Thus N(A)=N(A'A). 
Since A and A'A each have p columns, we see from (A.4.2h) that 
dimM(A)=dim M(A'A) so that r(A) = r(A'A). 

Table A.4.1 Rank of some matrices 

Matrix 

Non-singular A(p "p) 
diag (a,) 

". Idempotent A 
CAB. non-singular B, C 

Rank 

p 
Number of non·zero a, 

n-t 
irA 
,(A ) 
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(5) If A is symmetric, its rank equals the number of non-zero eigen
values of A . For general A(II x p), tbe rank is given by the number of 
nOD-zero eigenvalues of A'A. See Section A.6. 

A.4.3 Linear equations 

For the n linear equations 

".-.,,+ ... +x,,-.,, = b (A.4.3a) 

or 

Ax=b (A.4.3b) 

with the coefficient matrix A(n x p), we note the following results: 

(I) If n = p and A is DOD-singular, the unique solution is 

(A.4.3c) 

(ID The equation is consislenl (i.e. admits at least one solution) if and 
only if 

rCA) = r[(A , b)J. (A.4.3d) 

(TIl) For b = 0, there exists a non-trivial solution (i.e. x'" 0) if and only 
if r(A)<p. 

(IV) The equation A' A = A'b is always consistent. (A .4.3e) 

Remarks (1) To prol(e (II) note that the vector Ax is a linear combina
tion of the columns of A. Thus the equation Ax = b bas a solutiol;l if and 
only if b can be expressed as a linear combination of the columns of A. 

(2) The proof of (m) is immediate from the definition of rank. 
(3) To prove (IV) note tbat M(A'A) S; M(A ') because A'A is a matrix 

wbose columns are linear combinations of the columns of A'. From 
Remark 4 of Section A.4.2 we see that dimM(A'A)=dimM(A)= 
dimM(A') and hence M(A'A)= M(A'). Thus, A"beM(A'A), and so 
r(A'A) = rCA' A, A'b). 

A.S Linear Transformations 

Definitions The trans!omlotioll from x(p X I) 10 Y( II X I) given by 

y = Al<+b, (A.S.I) 

where A is on (n x p) marrix is called a linear transformation. For n = p, 
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Ihe transform arion is called non-singular if A is non -singular and in Ihis 
case Ihe inverse transformalion is 

,,= A -'(y - b). 

A" orthngonal Iransfonnarion is defined by 

y = Ax, (A.S.2) 

where A is an orrhogonal marrix. Geomelrieally, all orrhogonal malrix 
represe,,'s a rOlalio" of Ihe coordinale axes. See Secrion A.I O. 

A_6 Eigenvalues and Eigenvectors 

A.6.1 General resuUs 

If A(p x p) is any sq uare matrix then 

q(A ) = lA - Ail (A.6.1) 

is a plh order polynomial in A. The p roots of q(A ), A, . . ... A,. possihly 
complex numbers. are called eigenvalues of A . Some of the A, will be 
equal if q(A ) has mUltiple roots. 

For each i = I, .... P. - A, II = o. so A - AI I is singular. Hence , there 
exists a non-zero vector -y satisfying 

(A.6.2) 

Any vector satisfying (A.6.2) is called a (righl ) eigenveclor of A for the 
eigenvalue A,. If A, is complex. then -y may have complex entries. An 
eigenvector -y with real entries is called slarrda rdized if 

(A.6.3) 

If x and yare eigenvectors for ,I., and a E R. then s + y and ax are also 
eigenvectors for .I.,. Thus. the et of al l eigenvectors for ,I., forms a 
subspace which is called the eigenspace of A for A,. 

Since the coefficient of AP in q(A ) is (-1)". we can write q(.I. ) in terms 
of its roots as 

P 

q(A)= n (A;- A) . 

Setting A = 0 in (A.6.1) and (A.6 .4) gives 

IA I= n A;; 

(A.6.4) 

(A.6.S) 

that is.IAI is the product of the eigenvalues of A . Similarly. matching the 
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coefficient of A in (A.6.1) and (A.6.4) gives 

L a,,=trA= LA.; 
that is, tr A is the sum of the eigenvalues of A . 

Let C(p x p) be a non-singular matrix. Then 

IA -AlI= IClIA -A C- 'CI IC- 'I=lcAC-'-AJI. 

(A.6.6) 

(A.6 .7) 

Thus A and CAC-' have the same eigenvalues. Further. if -y is an 
eigenvector of A for A;, then CAC- '(C-y)= A,C-y. so that 

" =C-y 

is an eigenvector of CAC- ' for A,. 
Let aE R. Then IA+al-AlI=IA - (A-a)l l. so that A+al has eigen

val ues A,+a. Further, if A-y =A,-y, then (A + a(}y =(A,+a}y, so that A 
and A + al have the same eigenvectors. 

Bounds on the dimension of the eigenspace of A for A, are given by the 
following theorem. 

Theorem A.6.1 LeI A, denole any parlieular eigenvalue of A(p x pl. wuh 
eige"space H of dimension r. If k denOles Ihe m"llipliciry of A, in q(A). 
lhe" I.;; r" k. 

Proof Since A, is an eigenvalue , there is at least o ne non-trivial eigen
vector so , ~1 . 

Let e , ..... e, be an ·orthonormal basis of H and extend it so that 
e •.... ~ e" f ., .. ., fp _f is an orthonormal basis of R P. Write E = 
(e , . ...• e, ), F = (I, .... ,1, . • ). Then (E. F) is an orthogonal matrix so that 
I, =(E. F)(E, F)'= EE' + FF and I(E, F)I = 1. Also E'AE = AIE 'E= ,1.,1 •• 
F'F = I • . ~ and F'AE=A ,F'E = O. Thus 

q (A) = IA - All = j(E , F)' IIA - A111(E , F)I 

= I(E . F)'[AEE' + AFF -AEE'-AFF](E.F)I 

= I(A,- A)I, E 'AF 1 

o F'AF- Ai. _. 

=(A , - Aj' q,(A). say, 

using (A.2.3i). Thus the multiplicity of ,I., as a root of q(.I.) is at least r. 

Remarks (1) If A is symmetric then r = k ; see Section A.6.2. However, 
it A is not symmetric. it is possible that r < k. For example. 

A =(~ ~) 



MULTIVARIATE ANALYSJS 468 

has eigenvalue 0 witb multiplicity 2; however, the corresponding eigen
space which is generated by (1,0), only has dimension 1. 

(2) If r = 1, then the eigenspace for A, has dimension 1 and the 
standardized eigenvector for A, is unique (up to sign). 

Now let A(" X p) and B(p x n) be any two matrices and suppose";;' p. 
Then from (A.2.3j) 

I-Ho -A 1= (-A)"-' iBA - H. i=iAB-H. i· 
B I. 

(A.6.8) 

Hence the n eigenvalues of AB equal the p eigenvalues of BA , plus the 
eigenvalue 0, n - p times. The following theorem describes the relation
ship between the eigenvectors. 

Theorem A.6.2 For A (n X p) and B(p x n ). rhe non -zero eige"values of 
AB and BA are rhe same and have the same multiplicity. If " is a 
nOn -trivial eigenvector of AD for an eigenvalue A;< O. Ihen y = Bx is a 
non -lrivial eigenveclor of BA. 

Proof The first part follows from (A.6.8). for the second pan substitut
ing y = Bx in the equation B(ABx) = AB" gives BAy = Ay . The vector x is 
non-trivial if x" O. Since Ay = ABx = Ax;< 0, it follows that y '" 0 
also .• 

Coronary A.6.2.1 For A{n x p), B(q X II), a(px 1). arId b(q x 1). the matrix 
A.b'B liaS rank at most 1. The nOn-zero eigenvalue. If present, equals 
b'BA., WIth eigenvector A • . 

Proof The non -zero eigenvalue of Aab'B equals that of b'BAa, which 
is a scalar. and hence is its own eigenvalue . The fact that Aa is a 
corresponding eigenvector is easily checked. • 

A.6.2 Symmetric matrices 

If A is symmetric, it is possible to give more detailed information about 
its eigenvalues and eigenvectors . 

Tbeore'D A.6.3 All the eigenva/t.es of a symmetric matrix A(p x p) are 
real. 

Proof II possible. let 

",(=1<+iy, A = a +ib, "'( * 0. (A.6.9) 

From (A.6.2), after equating real and imaginary parts, we have 

Ax = ax-by, Ay=b1< + ay. 
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On premultiplyiog by l' and X, respectively, and subtracting, we obtain 
b = O. Hence from (A.6.9), A is real. • 

In the above discussion, we can choose y = 0 so we can assume "'( to be 
real. 

Theorem A.6.4 (Spectral decomposition theorem. or Jordan decomposi
tion theorem) Any symmerric marrix A(p x p) CO" be wrirre" as 

(A.6.10) 

where A is a diagonal matrix of eige/lvalues of A. and r is an OrThogonal 
matrix whose columns are sta"dardized eigenvectors. 

Proof Suppose we can find orthonormal vectors "'(0)' •••• "'(Cp) such that 
A"'(Cil = Ai'Y(i) for some numbers Ai' Then 

Or in matrix form 
r'Ar=A. 

i = i. 
i;< i. 

(A.6.1l) 

Pre- and post-multiplying by rand r' gives (A.6.10). From (A.6.7), A 
and A have the same eigenvalues, so the elements of A are exactly the 
eigenvalues of A witb the same multiplicities. 

Thus we must find an orthonormal basis of eigenvectors . Note that if 
Ai'" Ai are distinct eigenvalues with eigenvectors x+y, respectively, 
then lI.,xy=x'Ay=y'Ax=II.,Yx.. so that y'x = O. Hence for a symmetric 
matrix, eigenvectors corresponding to distincl eigenvah ... are orthogonal to 
one another. 

Suppose there are k distinct eigenvalues of A with corresponding 
eigenspaces H , .. .. , H. of dimensions r" . ..• r •. Let 

• 
r= L ' i ' 

i- I 

Since distinct eigenspaces are orthogonal, there exists an orthonormal set 
o[ vectors e" .. . , e, such that the vectors labelled 

. I . 

't r, + 1 .... , tr, 
i-I i-I 

form a basis for H,. From Theorem A.6.1, ri is less than Or equal to the 
multiplicity of the corresponding eigenvalue. Hence by re-ordering the 
eigenvalues Ai if necessary, we may suppose 

Aei =A,e" ;=1 . ... ,r, 
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and r" p. (If all p eigenvalues are distinct. then we know from Theorem 
A .6.1 that r=p). 

If r = P. set "Y(;) = e, and the proof follows. We shall show that the 
situation r < p leads to a contradiction. and therefore cannot arise . 

Without loss of generality we may suppose that all of the eigenvalues of 
A are strictly positive. (If not. we can replace A by A +al for a suitable 
a. because A and A +al have the same eigenvectors). Set 

B=A- t '\,eie~. 
,- 1 

Then 

trB=trA- t )..(e:e,)= t ).,>0. 
• - 1 i - r.1 

since r < p. Thus B has at least one non-zero eigenvalue. say e. Let x'" 0 
be a corresponding eigenvector. Then for 1 .. j .. r. 

ee;s=e;ax={Aje; - t A,(e;e,)e(}x=o. ,_I 

so that x is orthogonal to e,. i = I ..... r. Therefore. 

9x=B>:= (A -L ).,e,e:),,= Ax- L AJelx)e, = Ax 
so that x is an eigenvector of A also. Thus 0 = A, for some i and x is a 
linear combination of some of the e,. which contradicts the orthogonality 
between x and the e,. • 

CoroUary A.6.4.1 If A is a lion-singular symmelric matrix. tlten for 
an)' integer n, 

A"=diag(A~) and A" = TA"r'. (A.6.12) 

If all the eigenvalues of A are positive then we can define the raiional 
powers 

A m =rA"~r', where A 'it =diag(A.;"), (A.b.13) 

for integers s > 0 and r. If some of the eigenvalues of A are zero. then 
(A.6.12) and (A.6.13) hold if the exponents are restricted to be. non
negative. 

Proof Since 

A' = (r AI"j2 = r AT'r AT' = r A' r ' 

and 

A - I= rA- 1r'. A- I = diag (A;-I). 
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we see that (A.6.12) can be easily proved by induction. To check that 
rational powers make sense note that 

(A" 'Y =rA" ' r ' ... rA" ' r' =rAT' =A'. • 

Motivated by (A.6.13). we can define powers of A for real-valued 
exponents. 

Important special cases of (A.6.13) are 

A 1/2= rA 1/2r', A 112 = diag (). :12) (A.6.14) 

when )., ~ 0 for all i and 

A -H2 = rA-'12r'. (A.6.15) 

when A, > 0 for all i. The decomposition (A.6.14) is called the symmecric 
square root decompositioll of A . 

Corollary A.6.4.2 The rank of A equals the lIumber of IIOIl-zero eigen
values. 

Proof By (A.4.2f). r(A)= rCA). whose rank is easily seen to equal the 
number of non-zero diagonal elements. • 

Remarks (1) Theorem A.6.4 shows that a symmetric matrix A is 
uniquely determined by its eigenvalues and eigenvectors. or more specifi
cally by its distinct eigenvalues and corresponding eigenspaces . 

(2) Since A 1/2 has the same eigenvectors as A and has eigenvalues 
which are given functions of the eigenval ues of A. we see that the 
symmetric square root is uni4uely defined. 

(3) If the A, are all distinct and written in decreasing order say, then r 
is uniquely determined, up to the signs of its columns. 

(4) If A'+I = ... = A. = 0 then (A.6.1O) caD be written more compactly 
as 

• 
A = r )Alr~ = L A' 'Ym'V~i), 

,- I 

where AI =diag (AI •.. .• A, ) and r l=("Y(lI.···. 'Y(k». 
(5) A symmetric matrLx A has rank 1 if and only if 

A = xx' 

for some x. Then the only non-zero eigenvalue of A is given by 
tr A = tr xx' = is 

and the corresponding eigenspace is generated by x. 
(6) Since J = 11' has rank 1 with eigenvalue p and corresponding 

eigenvector 1. we see that the equicorrelation matrix E = (l - p)1 + pJ has 
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eigenvalues A,=l +(p- l)p and A2 = . . . =A,.=I-p, and the same 
eigenvectors as J. For tbe eigenvectors 'Y(2" .. . . 'Y, ... we can select any 
standardized set of vectors orthogonal 10 1 and each other. A possible 
choice for r is the HeImerl matrix of Section A.3.t. Multiplying the 
eigenvalues together yields the formula for lEI given in (A.3 .2c). 

(7) If A is symmetric and idempotent (that is. A = A ' and A 2= A), then 
A; =0 or 1 for all i, because A=A2 implies A=A2. 

(8) If A is symmetric and idempotent then rCA) = tr A. This result 
follows easily from (A.6 .6) and Corollary A.6.4.2 . 

(9) As an example. consider 

A = (~ ~). 
The eigenvalues of A from (A.6.0 are tbe solutions of 

1

1
-

A 
p 1=0 

p I - A ' 

namely, A, =l + p and A2= 1- p. Thus, 

A=diag (l +p. l-p ). 

(A.6.16) 

(A.6.17) 

For p;o' 0, the eigenvector corresponding to A I = 1+ p from (A.6.2) is 

which leads to x I = x" therefore the first standardized eigenvector is 

(1/J2) 
'Y,I) = IIJ2 . 

Similarly, the eigenvector corresponding to A,= I-p is 

Hence, 

( 1/J2) 
'Y",= -l /J2 . 

r=(IIJ2 1/J2) 
IIJ2 -tlJ2 ' 

If p = 0 then A = 1 and any orthonormal basis will do. 

(A.6, 18) 

(10) Formula (A.6.14) suggests a met bod for calculating the symmetric 
square roor of a matrix. For example, (or tbe matrix in (A.6.16) with 
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p" < 1. we find on using A and r from (A.6.1l) and (A.6.14) that 

A 1I> =rA II'r= (: !), 
where 

2a =O+p)II2 +(1_p)'12 , 2b = (1 + P )'1>_ (1 - p)"2. 

*(11) The following methods are commonly used to calculate eigen
values and eigenvectors on computers. For symmetric matrices, the 
Housebolder reduction to tri-diagonal form (i.e. C1;j = 0, for i:;. j + 2 and 
i,,; j - 2) is used followed by the QL algorithm. For non-symmetric 
matrices, reduction to upper Hessenberg form (i.e. a;j =O for i:;. j+2) is 
used followed by the QR algorithm. 

(12) For general matrices A(n x p), we can use the spectral decomposi· 
tion theorem to derive the following result. 

Theorem A,6,S (Singular value decomposition theorem) If A is an 
(0 x p) matrix of rallk r. rhen A can be ",rirrell as 

A=ULV' (A.6 .19) 

where Urn X r) and V(p x r) are column orrhonormal matrices (U'U = 
V'V = I, ) and L is a diagonal matrix wirh posirive elemenrs. 

Proof Since A' A is a symmetric matrix which also has rank r, we can use 
the spectral decomposition theorem to write 

A'A=VAV', (A.6.20) 

where V(p x r) is a column orthonormal matrix of eigenvectors of A' A 
and J\ = diag (A" ... , A,) contains the non-zero eigenvalues. Note that all 
the A; are positive because A; =v;,,A'Avm = IIA"mI12>O. Let 

i = 1 . ... . r, 

and set L = diag (I" .. . ,~) . Define U(n x r) by 

i = I , ...• 1. 

Tben 

Thus U is also a column orthonormal matrix . 

i = j, 

i '" ;. 

(A,6.21) 

(A.6.22) 

Any p-vector " can be written as )(=IQ;v<o +Y where y€oN(A), tbe 
null space of A . Note that N(A)= N(A'A) is the eigenspace of A'A for 
the eigenvalue 0, so that y is orthogonal to tbe eigenvectors v (Il ' Let e, 
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denote the r-vector with 1 in the ith place and 0 elsewhere . Then 

ULV'x= La,ULe,+ O 

= L a,~u(j)+ O 
= L a ,Av", +Ay = As . 

Since this formula holds for all x it follows that ULV = A. • 
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Note that the columns of U are eigenvectors of AA' and the columns of 
V are eigenvectors of A'A . Also, from Theorem A.6.2. the eigenvalues of 
AA ' and A'A are tbe same. 

A.7 Quadratic Forms and Definiteness 

Definition A quadratic form in rhe vector,. is a function of rhe form 

p • 

Q(x)ErA:I= L L a"x,x" (A.7.!) 

where A is a symmerric matrix; that is. 

Q(x)= Qllxi+ ... +appx!+2a12xlx2+ , . . +2Clp_l,,,.%p_IXp. 

Clearly. Q(O) = O. 

Definition (1) Q(x) is called a positive definite (p.d.) quadratic form if 
Q(x) > 0 for all ",., o. 

(2) Q(x) is called a positive semi-definite (p.s.d) quadratic form if 
Q(x);;;.O for all s >' o. 

(3) A symmerric marrix A is called p.d. (p.s.d) if Q(,,) is p.d. (p.s.d.) 
and we wrire A> 0 or A ;;;. 0 for A positive definire or positive semi -definite, 
respecrive/y. 

NegatIVe de(inire and negarive semi-definire quadraric fomls are similarly 
defined. 

For p=2. Q(x)=x~+xi is p.d. while Q(x)=(x,-x,.1' is p.s.d. 

Canonical foml Any quadratic form can be converted into a weighted 
sum of squares without cross-product terms with the help of the following 
theorem. 

Theorem A.7.1 For allY symmerric marrix A. there exisrs all onhogonal 
rraftsformarion 

y=r'x (A.7.2) 
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such rhar 

(A.7.3) 

Proof Consider rhe specrra/ decompositIOn gIVe" in Theorem A.6.4: 

A=rAr' . (A.7.4) 

From (A.7 .2). 

rAx= y'r'Ary = yT'rAr'ry = y'Ay. 

Hence (A.?3) follows. • 

It is imporlant to recall that r has as it. columns the eigenvectors of A 
and that AI •...• A" are the eigenvalues of A. Using this theorem. we can 
deduce the following results for a matrix A> O. 

Theorem A.7.2 If A>O rhen A,>O fnr i=l • ...• p. If A;;;.O. then 
A,;;;' O. 

PlOQf If > O. we have. for all ,.,. O. 

O<x'A:I= AIY~+ . . +A.y;. 

From (A.7.2). ,.,.,0 implies y>'O. Choosing YI=l. y,= _ =y.=O. we 
deduce that A, >0. Similarly A, >0 for all i. If A;;;'O tbe above ine
qualities are weak. • 

Corollary A.7.2.1 Tf A> O. then A is nOIl-singw/ar and \A\ > O. 

Proof Use the determinant of (A.7.4) with A, > O. • 

Corollary A.7.2.2 If A>O. rhl!11 A- '>O. 

Proof From (A.7.3). we have 

x'A-'x= LvNA, . • (A.7.5) 

Corollary A.7.2.3 (Symmetric decomposition) Any Inarrix A;;;'O can 
be written as 

A=B 2
, (A.7.6) 

where B is a symmerric matrix. 

Proof Take B =rA'/2r ' in (A.7.4) . • 

Tbeorem A.7.3 If A;;;'O IS a (pxp) marrix. then for allY (pxn) marrix 
C, C'AC;;;'O. If A>O and C is nOli-singular (so P=II). tlten C'AC>O. 

Proof [f A"'O then for any n-vector x;<O, 

x'C'ACx =(Cxl'A(Cx);;;'O, SO C'AC;;;'O. 
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If A> 0 and C is non-singular, tbe Cx '" 0, so (Cx), A(Cx) > 0, and hence 
C'AC >O . • 

CoroDary A.7.3.1 If A;;. 0 and B > 0 are (p x p) matrices, then all of the 
non-zero eigenvalues of B- 'A are positive. 

Proof Since B>O, B- II' exists and, by Theorem A.6.2. B- JJ2AB-'I2, 
B - 'A, and AB- 1 have the same eigenvalues. By Theorem A .7.3, 
B-'12AB- I12 ;;.O, so all of the non-zero eigenValues are positive. • 

Remark., (1) There are other forms of interest: 

(a) Linear form . • 'x = a,x, + . .. + a"x,. Generally called a linear com
bination. 

(b) Bilinear form . x'Ay = IT ai,x,Yj' 

(2) We have noted in Corollary A.7.2.1 that IAI>O for A >0. In fact, 
IA "I>O for all partitions of A . The proof follows on considering x'Ax>(} 
for aLI x with ><., = . . . = x, = (). The converse is also true . 

(3) For 

~= (~ ~), 
the transformation (A.7.2) is given by (A.6.1S). 

YI = (XI + x2)1..fi, y,= (x,- x, )/..fi. 

Thus, from (A.7.3) and (A.7.S), 

x'Ix= X~+2PXIX2+ xi = (I + p)Yf+(l- p)y ~, 

1 2 2 YT y~ 
,,':1;- 1,,= ( 2) (xl- 2PX , X~+ X2) =--+-- ' 

I - p l+p I -p 

A geometrical interpretation of these results will be found in Section 
A . lO.4. 

(4) Note that the centring matrix H;;.O because x'H,,=[(x,-x)';;.O. 
(5) For any matrix A , AA';;.O and A'A;;.O. Further, r(AA ') = 

r (A'A) = r(A). 

* A.8 Generalized Inverse 

We now consider a metbod of defining an inverse [or any matrix. 

Definition For a matrix A (n X p), A- is called a g-inverse (generalized 
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inverse) of A if 
(A.S.I) 

A generalized inverse always exists although in general it is nOt unique. • 

Method~ of construction 
(1) Using the singular value decomposition theorem. (The.orem A.6.S) 

for A(n X p), write A = ULV'. Then it is easily checked that 

A- = VL- 'U' (A.S.2) 

defines a g·inverse. 
(2) If rCA ) = r, re-arrange the rows and columns of A(n x p) and 

partition A so tbat A ll is an (r X r) non-singular matrix. Then it can be 
verified that 

A -= 11 (A -, 0) 
o 0 

IA.8.3) 

is a g-inverse. 
The result follows on noting that there exist B and C such tbat 

AI2= AlI B, AZI = C Au and A22 =C AIlB. 
(3) If A(p Xp) is non-singular then A- = A- I is uniquely defined. 
(4) ff A(p x p) is symmetric of rank r, then, using Remark 4 after 

Theorem A.o.4. A can be written as A =f,A,n , where f , is a column 
orthonormal matrix of eigenvectors corresponding to the non-zero eigen
values Aj = diag (A" . .. , A,) of A . Then it is easily checked tbat 

(A.R.4) 
is a g-inverse . 

Applications 
(I) Linear equations. A particular solution of the consistent equatIons 

Ax = b. (A.8.S) 

is 
(A.S.O) 

Proof From (A.8. l), 

AA - A1< = Ax ~ A (A -b)= b 

which when compared with (A.8.S) leads to (A.S.o). • 

It can be shown that a general solution of a consistent equation is 

X=AD +(J- G)Z, 

where z is arbitrary and G = A - A . For b = 0, a general solution is (1- G)z. 
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(2) Quadraric forms. Let A(p x p) be a symmetric matrix of rank r~p. 

Then there exists an orthogonal transformation such that for :0: restricted 
to M(A) the subspace spanned by the columns of A , x'A - x can be written 
as 

(A,8.7) 

where A I" .. ,A, are the non-zero eigenvalues of A , 

Proof First note that if x lies in M(A) we can write x=Ay for some y, 
so that 

x'A - x=y'AA - Ay = ,'Ay 

does not depend upon the particular g-inverse chosen. From the spectral 
decomposition of A we see that M(A) is spanned by the eigenvectors of 
A corresponding to non-zero eigenvalues, say by ('Yen, · . . , 'VI") = r ,. 
Then if xE M(A), it can be written as :o:=r,u for some r-vector D, 

Defining A-by (A.SA), we see that (A,S.7) follow, 

Remarks (1) For the equicorrelation matrix E , if 1 +(p-I)p =0, then 
(1-pr l l is a g-inverse of E. 

(2) Under the following conditions A - is defined uniquely: 

AA - and A - A symmetric, 

*(3) For A:;" 0, A - IS normally computed by using Cholesky decompos
ition (see Remark 4, Section A,2 .4.). 

A.9 Matrix DiHel'entiatioD and Maximization ProbJems 

Let us define the derivative of !(X) with respect to X(n x p) as the matrix 

af(X) = (af(X»). 
ax aX" 

We have the following results: 

0..'" (I) -=ll. 
ax 

ax'x ax'Ax ax'Ay 
(11) ~=2x, --a;-=(A + A')x, --a;-=A)'. 

(A,9.t) 

(A.9.2) 

479 APPENDIX A MATRIX ALGEBRA 

(ill) a IXI = x ,; if all elements of X(" x ,,) are distinct 
aX,; 

= {2-;' i=i} if x is symmetric, 
F~j, l:;t. J 

where x,/ is the (i, ilth cofactor of X. 

(IV) a t~:V = Y ' if all elements of Xl" x p) are distinct, 

= Y + Y' - Diag (Y) if X(" x n ) is symmetric. 

aX-' 
(V) --= -X-'J"X- 1 if all elements of X(n x ,,) are distinct axi, 

{
- X - l J" X- I, 

= -X- '(J,, ~ J )X - I I, ,. . 
i = i,} 'f X ' . i"" i I IS symmetnc. 

(A.9.3) 

(A .9A ) 

(A,9,5) 

where J ,; denotes a matrix with a I in the (i. j)th place and zeros 
elsewhere. 

We now consider some applications of these results to some stationary 
value problems. 

Theorem A.9.1 The vector" which mInimizes 

« x) = (y - Ax)'(y- Ax) 

is given by 
A'Ax = A'y , (A.9.6) 

Proof Differentiate f(x) aDd set the derivative equal to 0 , ote Chat the 
second derivative matrix 2A'A :;'0 so that the solution to (A,9.6) will give 
a minimum, Also note that from (A.4.3e), (A.9,6) is a consistent set of 
equations. • 

Theorem A.9.2 Let A and B be rwo symmetric matrices. Suppose that 
B >O. Then the maximum (minimum) of x'Ax given 

"'B,, = I (A.9.7) 

is attained whetl " is the eigenvector of B- 1 A correspotlding to tire largest 
(sm allest) eigenvalue of B - 'A, Thus if AI and A. are the largest atld 
smallest eigenvalues of B - ' A , theil, subject to tlte constraint (A.9.7). 

max x'Ax= AI, min x'Ax = Ar- (A.9 .S) 
a a 

Proof Let B "2 denote the symmetric square root of B. and let y = B 112,. . 
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Then the maximum of x'Ax subject to (A9.?) can be written as 

max y'B-'/2AB' II' y subject to y'y = 1. (A.9.9) 
• 

Let B- '12 AB- ,n = r Ar' be a spectral decomposition of the symmetric 
matrix B- 1I2AB- '12. Let z=r'y. Then z'z=yTr'y=y'y so that (A9.9) 
can be written 

max z' Az = max L A,z ~ subject to z'z= I. . , (A.9.lD) 

If the eigenvalues are written in descending order then (A.9.l0) satisfies 

max LAiZ~~AJ max L Z~=A.I ' 

Further this bound is attained for z = (1,0, . . . , 0)', that is for y = 'Y()). and 
for x =B" r2'Y(1)' By Theorem A.6.2, B- ' A and B- '''AB' '12 bave the 
same eigenvalues and _ = B'1I2y(\) is an eigenvector of B" A correspond· 
ing to A ,. Thus the theorem is proved for maximization. 

The same technique can be applied to prove the minimization 
result. • 

CoroUary A.9.2.l If R(x)=_'Ax/x'Bx rhen, for "pO, 

Ap ".R(x)"'A,. (A9.1I) 

Proof Since R (x) is invariant under changes of scale of x , we can regard 
the problem as maximizing (minimizing) x' Ax given (A.9.7). • 

CoroUary A.9.2.2 The maximum of a 'x subjecr to (A.9.7) is 

(a'8- '8),n . (A.9.12) 

Funher 

max {(a'x)2/(x'Bx)} = .'B" . (A.9.l3) . 
and rhe maximum is attained at x= B" . /(8'B" .)'/2 . 

¥roof Apply Theorem A.9.2 with x'Ax=(a'x),=x'(u')x . • 

Remarks (I) A direct method is sometimes instructive. Consider the 
problem of maximizing the squared distance from the origin 

x 2 +y" 

of a point (x, y) on the ellipse 

(A.9.14) 
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When y2 is eliminated. the problem reduces to finding the maximum of 

x' +b 2(x2/a 2 -1 ), xE[-a. aj. 

Setting the derivative equal to 0 yields the stationary point x = 0 which, 
from (A.9.14). gives y= ±b. Also. at tbe endpoints of the interval (x =±a), 
we get y = D. Hence 

max (x 2+ y2) = max (a ' , b2). 

This solution is not as elegant as the proof of Theorem A .9.2, and does 
not generalize neatly to more complicated quadratic forms. 

(2) The results (A9.1)--{A.9.2) follow by direct substitution, e.g. 

d, a ( ) -ax=- a ,x ,+ ... + a.x" =a , 
dX, ax, 

proves (A.9.l). For (A.9.3) use (A2.3d). 

A.lO Geometrical Ideas 

A.lO.l /I' dimensional geometry 

Let e, denote the vector in R " with 1 in the ith place and zeros elsewhere 
so that (e" ... , e.) forms an orthonormal basis of Rn. In terms of tbis 
basis, vectors x can be represented as x = I xie" and x, is called the ith 
coordinUle axis. A point 8 in R " is represented in terms of these 
coordinates by x, = a .. .. . • x.. = a.. The point 8 can also be interpreted as 
a directed line segment from 0 to a . Some generalizations of various basic 
concepts of two- and three· dimensional analytic Euclidean geometry are 
summarized in Table AlD. l. 

A.tO.2 Orthogonal lransfonnations 

Let r be an orthogonal matrix . Then rei =Y(j) . i = I , ... , n, also form an 
orthonormal basis and points x can be represented in terms of this new 
basis as 

x = L Xie, = L Yi'Y(i) , 

whe.re y, = "( i,x are new coordinates. If ,,(1) and :1m are two points with 
new coordinates y '" and y(2) note that 

(yO) _ y(2»'(y( " _ y(2) = (,,(1\ _ ,,"')'rr' (x'" - x(2) 

= (xtl ) - x(2)),(x'" - x12, ), 
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Table A.lO.l B asic concepts in n-dimensiona1 geometry 

Concept 

Point _ 

Distance between _ and b 

Une passing through • • b 
Line passing through 0, I 
Angle between lines [rom 

OtooandOtob 
Direction cosine vector of a line 

from 0 to • 
Plane P 

Plane through b , • . .. , b, 

Plane through O. b" .. . , b,. 

Hypersphere with centre a 
and radius r 

Ellipsoid 

Description (11xI1 = (L xt)"') 

110- bli ={ L (a, - b.y}'" 
x = Ao + (1- A lb is the equation 
J:=Aa 

6 where cos 6= a'b/Ulall IIbla"". 0,.;6,.;.,,
(cos y" ... , cos y.). cos y, = a,~ioU; 

'Yl = angle between line and i th axis 
. ']( = c is general equation 

x=LA.b .. LA, =I 

X=LA,bi 

('-Il'(s-I)=r' 
(x-o)'A-'(x- I)=c ' . A > O 

so that orthogonal transformations preserve distances. An orthogonal 
transformation represents a rotation of the coordinate axes (plus a 
reflection if Ir l = -1). When It = 2 and Ir l = 1, r can be represented as 

(
COS e -sin e) 
sin e cos e 

and represents a rotation of the coordinate axes counterclockwise through 
an angle e. 

A.10.3 Projections 

Consider a point 8 , in It dimensions (see Figure A.10.l). Tts projection 
onto a plane P (or onto a line) through the origin is the point i at the foot 
of the perpendicular from a to P. The vector i is called the orthogonal 
projection of the vector a onto the plane. 

Let the plane P pass through points 0, b l> .. . , b. so that its equation 
from Table A.lO.l is 

x= LA,bi> 8=(b" . . . , b.J. 

Suppose rank (B) = k so that the plane is a k -dimensional subspace. The 
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G 

Figure A . IO. I i is the. projection of a onto rhe plant P. 

point i. is defined by x= L A,b;, where A" . . . , A. minimize 

~a- I,\, bl ~ 
since i. is the point on the plane closest to a. Using Theorem A.9.1 , we 
deduce the following result. 

Theorem A..I0.1 The point i is giuen by 

i =B(B'B )- 'B '. . • (A.l0.3a) 

Note that 8 (8 '8 )- 'B ' is a symmetric idempotent matrix. 10 fact, any 
symmetric idempotent matrix can be used to represent a projection _ 

A.10.4 EUipsoids 

Let A be a p.d. matrix_ Then 

(x-(lrA -'(x- (l) =c2 (A.l0.4a) 

represen ts an ellipsoid in n dimensions. We note that the centre or the 
ellipsoid is at ,,=a. On shifting the centre to x= 0, the equation becomes 

(A.IO.4h) 

Definition Let" be a point on the ellipsoid defined by (A.IO.4a) and ret 
felt) = I _a1l2 denote the squared distance belllleen a Qltd x. A (ilte through 
Ot and l< for which x is a srarionary point of {(x) is called a principal axis of 
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Ihe ellipsoid. The dis lance IIx - otll is called Ihe lenglh of Ihe principal 
semi-axis. 

Theorem A.10.2 LelA, •...• A,. be 11.e eigenvalues of A salisfying A,> 
A,> . .. > A,. . Suppose Ihal 'Y0l.' .. • 'Y,. , are Ihe corresponding eigenvec
lars. For Ihe ellipsoids (A.10.4a) and (A.IOAb). we have 

(J) The direction cosine vector of Ihe ilh principal axis is 'Y, l)' 
(2) The lenglh of Ihe ilh principal semi -axis is cA."'. 

Proof It is sufficient to prove the result for (A.10.4b). The problem 
reduces to finding the stationary points of fix) = x'x subject to x lying on 
the ellipsoid x'A- 'x=c'. The derivative of "'A- ',, is 2A- '". Thus a point 
y represents a direction tangent to the ellipsoid at " if 2y' A - 'x = O. 

The derivative of fix) is 2 .. so the directional derivative of f ix) in the 
direction y is 2y'x. Then x is a stationary point if and only if for all points 
y representing tangent directions to the ellipsoid at It. we have 2y'" = 0 ; 
that is if 

y 'A- 'x = O => y·x = O. 

This condition is satisfied if and only if A - 'x is proportional to x; that is if 
and only if x is an eigenvector of A - '. 

-, 

~~----------~--------~~ o 

Figure AJO.2 Ellipsoid "'A- ',,= 1. Un .. defined by)" and 12 are the first 
and s.rond principal axes. liall = A!". I = A;". 
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Setting x= f3'Y(1) in (A. IOAb) gives f3 ' /A, = c' , so (3 = c,A"n. Thus. the 
theorem is proved. • 

If we rotate tbe toordinate axes with the transformation y = r ·x. we 
find that (A. lO.4b) reduces 10 

L yfJA, =c'. 

Figure A.I0.2 gives a pictorial representation. 
With A=l. (A.I0.4b) reduces to a hyperspbere with A, = .. . = An = 1 

so that the .\S are not distinct and tbe above theorem fails; that is, the 
position of 'Y(,). i = 1 •...• n, through the sphere is not unique and any 
rotation will suffice; that is. aU the n components are isometric. 

In general. if A, = A, + .. the section of tbe ellipsoid is circular in the 
plane generated by 'Y'i). 'YU.l)' Although we can construct two perpendicu
lar axes for the common root. their position through the circle is not 
unique. If A equals the equicorrelation matrix. there are p -1 isotropic 
principal axes corresponding to the last p -I eigenvalues. 



Appendix B 
Univariate Statistics 

B.l Introduction 

In this appendix, we summarize tbe univariate distributions needed in the 
text, together with some of tbeir simple properties. Note that we do not 
distinguIsh notationally between a random variable x and its p .d.f. fix). 

B.2 Normal Distribution 

If a random variable x has p.d.1. 

fix} = (21T)-I12e-·>12, (8.2.1) 

then x is said to have a standardized normal disrribution, and we write 
x - N(O, I). Its cbaracteristic function (c.f.) is given by 

</>(t) = E(e"') = e- "12 _ (B.2.2) 

Using the formula 

for the rtb moment of x, where r is a positive integer, it is found tbat 

11-2.= 1, 1-'-.=3. 

The p.d.f. of N(,..., u 2
) is given by 

(21TU')- I12 exp (-!(x- I-'-)'Ju'), -00< x <"", 

where u'>O, -00< I-'- <00. lis characteristic function is given by 

exp (il-'-I- ~ t2U'). 

(B.2.3) 
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B.3 Cbi-squared Distribution 

Let x ..... , x" be independent N (O. I) variables and set 

y=xi+"'+x;, (B.3 .tl 

Then y is said to have a chi-squared disrriburion with J1 degrees of 
freedom and we write y - X;. 

The density of y is given by 

f(y )={2./2r(~p>r l . tH e- ,/2, 

Here r(x) is the gamma function defined by 

. 
r(x) = J x"- 'e- - du, 

o 

O<y<oo. (B.3.2) 

x>O. (B .3.3) 

which satisfies tbe relations r(x "' I )=xr(x) for x >0 and nn + 1)=,Ii 
for integer n"" O. 

Note that (B.3.2) is a density for any real p >0; p need not be an 
integer. Using (B.3.3), the moments of y are easily calculated as 

E(y') =2T(~p + r)!r(~p). 

for any real number r for which r > -!p. Using r = 1. 2. we get 

E(y)=p, V(y) = 2p. 

Also, if p >2, taking r =-l in (B.3.4), we get 

E(l /y)= 1/(p-2). 

B.4 F and Beta Variables 

Let u - X~ independently of v - X~. and set 

ul p 
x =-. 

vlq 

(B.3.4) 

(B.3.5) 

(8.3.6) 

(B.4.1) 

Then x is said to have an F disrributiolt with degrees of freedom p and q. 
We write x - F •.•. 

Using the same notation. set 

y = ,,/(14 +v). (B.4.2) 

Then y is said to bave a beta distriburiolt (sometimes called tbe bela type I 
dislriburioll ) with parameters!p and iq. We write y - BGp. !q). Its density 
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is given by 

f(y) = [r(i p + ~q )I(r(~p )r(~q))]}'.I2-I (1 - y)<U2- ' , 

488 

O<y < L 
(B.4.3) 

The beta type II disrribution is proportional to the F distribution and is 
defined in the above notation by 

w = pxlq = ulv. 

The F and beta type I distributions are related by the one-to-one 
transformation 

y = pxl(q + px ), (B.4.4) 

or, equivalently, 

x = qyl{ p(1- y)}. (B.4.5) 

The following theorem shows an important relationship between the 
beta and chi-squared distributions. 

Theorem B.4.1 Let u - K~ independently of v - K;. Then 2 = u + v - K! •• 
independently of y = ul( u + v)-B Gp, }q). 

Proof Transform the variables (u. v) to (z. y) where u = zy and v = 
z(l-y). The p.d.f. of (u. v ) is known from (B.3.2), and simplifying yields 
the desired result. • 

B.S I Distribution 

Let x - N(O, 1) independently of u - K;. Then 

r = X{(ul p)'{2 (B.S.1) 

is said to have a r dislribulion with p degrees of freedom. We write I - t". 
Its p .d.!. is given by 

[rGp +!)I{(".".)''' f(}p)}](l + t'/ p)-<, >I){2 , -00< 1<00. 

From (B.3.1) and (B.4.1), DOle that if t - t", then 

t'l _ F l.p. (B.S.2) 

The mean and variance of tbe I distribution can be calculated from 
(B.2.3) and (B.3.6) to be 

E(I) = 0, V (I) = p/(p - 2), (B.S.3) 

provided p> 1 and p> 2, respectively. 

Appendix C 
Tables 
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Tabl. C.I Upper percentage points of the x;-discributiant Table C2 Upper percentage points of the r. distributiont 

I-a 
I-a . 

v 0.90 0.95 0.975 0.99 0.995 0.999 " 0.90 0.95 0.975 0.99 0.995 

1 2.71 3.84 5.02 6.63 7.88 10.83 1 3.0777 6.3138 12.706 31.821 63.657 

2 4 .61 5.99 7.38 9.21 10.60 13.8 1 2 1.8856 2.9200 4.3027 6.9646 9.9248 

3 6.25 7.81 9.35 11.34 12.84 16.27 3 1.6377 2.3534 3.1824 4.5407 5.8409 

4 7.78 9.49 11.14 13.28 14.86 18.47 4 1.5332 2.\3 18 2.7764 3.7469 4.6041 

5 9.24 11.07 12.83 15.09 16.75 20.52 5 1.4759 2.0150 2.5706 3.3649 4.0321 

6 10.64 12.59 14.45 16.81 18.55 22.46 Ii 1.4398 1.9432 2.4469 3.1427 3.7074 

7 12.02 14.07 16.01 18.48 20.28 24.32 7 1.4149 1.8946 2.3646 2.9980 3.4995 

8 13.36 15.51 17.53 20.09 21.95 26.12 8 1.3968 1.8595 2.3060 2.8965 3.3554 

9 14.68 16.92 19.02 21.67 23.59 27.88 9 1.3830 1.8331 2.2b22 2.8214 3.2498 

10 15.99 18.31 20.48 23.21 25.19 29.59 10 1.3722 1.8-125 2.228 1 2.7638 3.1693 

11 17.28 19.68 21.92 24.73 26.76 31.26 11 1.3634 1.7959 2.2010 2.7181 3.1058 

12 18.55 21.03 23.34 26.22 28.30 32.91 12 1.3562 1.7823 2.1788 2.6810 3.0545 

J3 19.8 1 '22.36 24 .74 27 .69 29.82 34.53 13 1.3502 1.7709 2.1604 2.6-03 3.0123 

14 21.06 23.68 26.12 29.14 31.32 36.12 14 1.3450 1.7613 2.1448 2.6245 2.9768 

15 22.31 25 .00 27.49 30.58 32.80 37.70 15 1.3406 1.7531 2.1314 2.6025 2.9467 

16 23.54 26.30 28.83 32.00 34.27 39.25 16 l.3368 1.7459 2.1199 2.5 35 2.9208 

17 24.77 27.59 30.19 33.41 35.72 40.79 17 1.3334 1.7396 2.1098 2.5669 2.8982 

18 25.99 28.87 31.53 34.81 37.16 42.31 18 1.3304 1.7341 2.1009 2.5524 2.8784 

19 27.20 30.14 32.85 36.19 38.58 43.82 19 1.3277 1.7291 2.0930 2.5395 2.8609 

20 28.41 31.41 34.17 35.57 40.00 45 .31 20 1.3253 1.7247 2.0860 2.5280 2.8453 

21 29.62 32.67 35.48 38.93 41.40 46.80 21 1.3232 1.7207 2.0796 2.5176 2.8314 

22 30.81 33.92 36.78 40.29 42.80 48.27 22 1.3212 1.7171 2.0739 2.5083 2.8 188 

23 32.01 35.17 38.08 41.64 44.18 49.73 23 1.3195 1.7139 2.0687 2.4999 2.8073 

24 33.20 36.42 39.36 42 .98 45.56 51.18 24 1.3178 J.7 t09 2.0639 2.4922 2.7969 

25 34.38 37.65 40.65 44.31 46.93 52.62 25 1.3163 1.708 1 2.0595 2.4851 2.7874 

26 35.56 38.89 41.92 45.64 48.29 54.05 26 1.3150 1.7056 2.0555 2.4786 2.7787 

27 36.74 40.1 I 43.19 46.96 49.64 55.48 27 1.3137 1.7033 2.0518 2.4727 2.7707 

28 37.92 41.34 44.46 48.28 50.99 56.89 28 1.3125 1.70 I I 2.0484 2,4671 2.7633 

29 39.09 42.56 45.72 49.59 52.34 58.30 29 1.3114 1.6991 2.0452 2.4620 2.7564 

30 40.26 43.77 46.98 50.89 53.67 59.70 30 1.3104 1.6973 2.0423 2.4573 2.7500 

40 51.81 55 .76 59.34 63.69 66.77 73.40 31 1.3095 1.6955 2.0395 2.4528 2.7440 

50 63.17 67.50 71.42 76.15 79.49 86.66 32 1.3086 1.6939 2.0369 2.4487 2.7385 

60 74.40 79.08 83.30 88.38 91.95 99.61 33 1.3077 1.6924 2.0345 2.4448 2.7333 • 
70 85.53 90.53 95.02 100,4 104.2 112.3 34 1.3070 1.6909 2.0322 2.4411 2.7284 

80 96.58 101.9 106.6 112.3 116.3 124.8 35 1.3062 1.6896 2.0301 2.4377 2.7238 

90 107.6 \13.1 118.1 124.1 128.3 \37.2 36 1.3055 1.6883 2.0281 2.4345 2.7195 

100 118.5 124.3 129.6 135.8 140.2 149.4 37 1.3049 1.6871 2.0262 2.4314 2.7154 
38 1.3042 1.6860 2.0244 2.4286 2.7116 
39 1.3036 1.6849 2.0227 2.4258 2.7079 

For v> 100. J'ix;-N(J2.-I.I) 40 1.3031 1.6839 2.0211 2.4233 2.7045 
60 1.2958 1.6706 2.0003 2.3901 2.6603 

Abridged from Catherine M. Thompson: Tables of percentage points of the X.L distribution. 120 1.2886 1.6577 1.9799 2.3578 2.6174 

Biometrika. vot. 32 (194 t), pp. 187-191, and published nere with the kind permission of the '" 1.2816 1.6449 1.9600 2.3263 2.5758 

author and the editor of Bjom~'rika. 

Al I' _~. I. tends to N(O. 1). Further . t; "'" F, .... 

t Taken [rom Table 2 of K. V Mardia and P. J. Zemroc.b (1978). 
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Tabl. C.4 Upper percen,age points 8. of 8(p, v" v,), 'he largest eigenvalue of IB - 8(W + 8 )1 ~ 0 for p - 2.1 v, - hypo.hesls 3: c 
degrees of freedom ; IIt :::O: error degrees or freedom ~ 

v, ~ , 
-, I - ~ 2 3 5 7 9 II 13 IS 17 19, 21 

0.90 0.7950 0.8463 0.8968 0.9221 0.9374 0.9476 0.9550 0.9605 0,9649 0.9683 0.9712 ~ 
~ 5 0.95 0.8577 U.8943 0.9296 0.9471 0.9576 0.9645 0.9696 0.9733 0.9763 0 .9787 0.9806 -< 

0.99 0.9377 0.9542 0.9698 0.9774 0.9R 19 0.9850 0.9872 0.9888 0.9900 0.9910 0 .9918 Iii 
0.90 0.6628 () .7307 0.8058 0,8474 0.8741 0.8928 0.9066 0.9'73 0.9257 0.9326 0.9383 

7 0.95 11 .7370 0.7919 0.8514 0,$839 0.9045 0.9189 0.9295 0.9376 0.9440 0.9493 0,9536 
0.99 0.8498 0.8826 0.9173 0.9358 0.9475 0,9556 0.9615 0.966(1 0.9695 0.9724 0,9748 

C).90 0.5632 0.6366 0.7244 0.7768 0.8120 0.8374 0.8567 0.8720 0.8842 0.8943 0.9027 
9 0.95 0 .6383 0.7017 0.776 1 0.8197 0.8487 0.8696 U.R853 0.8976 0.9076 0.915 7 0.9225 

0.99 0.7635 0.8074 0.8575 0.8862 0.9051 0.9185 0.9286 0.9364 0.9427 0 .9478 0.9521 

0.90 0.4880 0.5617 0.6551 0.7138 0.7548 0.7854 0.8089 0.8278 0.8433 0.8561 08670 
II 0.95 0.5603 0.6267 0.7091 0.7600 0.7952 0.8212 0.8413 0 .8573 0.8702 0.8810 0,8902 

0 .99 0 .6878 0.7381 0.7989 0.8357 0.8607 0.8790 0.8929 0.9039 0.9128 0.9202 0 .9265 

0.90 0.4298 0.50 16 0.5965 0.6587 0.7035 0.7375 0.7644 0.7862 0.8042 0.8194 0.8324 
13 0.95 0.498 1 0.5646 0.6507 0.7063 0.7459 0.7757 0.7992 0.8 181 0.8337 0.8468 0.8580 

0.99 0.6233 0.67711 0.7446 0.7872 0.8 171 0.8394 0.8568 0.8706 0.8821 0.8915 0.8997 

0.90 0.3837 0.4527 0.5468 0.6106 0.6577 0.6942 0.7235 0.7475 0.7675 0.7847 0.7993 
15 0.95 0.4478 0.5130 0.6003 0.6584 0.7011 0.7338 0.7598 0.7810 0.7989 0.8138 0.8268 

0.99 0.5687 0.6237 0.6954 0.7422 0.775~ 0.R013 0.8216 0 .8378 0.8512 0.8629 0.8726 

0.90 0.3463 0.4122 0.5043 0.5685 0.6169 0.6550 0.6860 0.7116 0.7334 0.7519 0.7681 
17 0.95 0.4065 0.4697 0.5564 0.6160 0.6605 0.6951 0,7232 0.7464 0.7659 0.7825 0.7969 

0.99 0.5222 0.5773 0.6512 0.7008 0.7373 0.7652 0 .7875 0.8061 0.8212 0.8346 0.8458 

0.90 0.3155 0.3782 0.4677 0.5315 0.5805 0.6196 0.6517 0.6786 0.7016 0.7214 0.7387 

19 0.95 0.3119 0.4327 0.5182 0.5782 0.6238 0.6599 0.6894 0.7139 0.7349 0.7528 0.7684 ~ 

0.99 0.4823 0.5369 0.6 116 0.6630 0.70 14 0.7313 0.7555 0.7156 0.7926 0.807 1 0.8198 '<> 
~ 

Ci.9!J 0.2697 0.3493 0.4358 il.4988 0.5479 0.5875 0.6204 0.6482 0.6721 0.6929 0.7' 12 
21 (1 .95 0.3427 0.4012 0.4847 0.5445 0.5906 0.6277 0 .6581 0.6R38 0.7058 0.7248 0.7415 ~ 

'" n.99 0.4479 0.50 14 0.5762 0.6285 0.6685 0.6997 0.7254 0.7469 0.7652 0 .78\0 0.7946 OJ> 

0.90 11.2677 0.3244 0.4080 0.4699 0.5185 0.5584 0 .5918 0.6202 0.6448 0 .6663 0.6853 

23 (\.95 0.3 177 0.3131 0 .4551 0.5 143 0.5606 0.5981 CI.6294 0.6558 0.6787 0.6986 0.7160 
0.99 0.4179 0.4701 0.5443 0.5971 06380 0,6703 0.6970 0.7197 0.7391 0.7558 0.7705 

0.90 0.2488 0.3027 0.3834 0.4439 0.4921 0.5319 0.5655 0.5944 0.6194 0.6415 0.66 10 
25 0.95 0.2960 (1.3498 0.4287 1).4872 0 .5333 0.57 10 0.6027 0.6298 11.6533 0.6738 0.6920 

0.99 0.3915 0.4424 0.5 155 0.5685 0.6096 0.6429 0.6708 0.694 , 0.7143 (1.73 19 0.7474 

11 .90 0.2324 0.2839 0 .36 16 0.4206 0.4682 0.5077 (1.5413 0.57114 0. 595~ 0.6183 0.6383 
27 0.95 0.217 1 0.3286 0.4052 0.4626 11.5084 (1.5462 0 .5781 0.6056 0.6296 0.6506 0.6693 

0.99 0.3682 0.4176 0.4895 0.5422 0.5837 0.6175 {I.6458 0.6700 0.690'1 0.7092 (1 .7254 

0.90 0.2180 0.2672 0.3420 0.3996 0.446:1 0.4855 0.5191 (1.5482 0.5738 0.5966 0.6170 
29 0.95 0.2604 0.3l199 0.3840 11.44(14 0.4855 05232 0.5553 0.5830 0.6074 0.6288 0.6480 

0.99 (1.3475 0.3954 11.4659 11.5182 0.5597 0.5938 (J,622S 0.6472 0.6687 0.6876 (I. 7M3 

090 (1.205:1 0.2523 0.3246 n.3S05 U.4264 1).41,5 1 11.4985 0.5277 11.5534 11.5763 05969 
31 0.95 11.2457 0.2931 0.3650 0.4200 11.4641 11.5022 0.5342 11 .5620 0.5866 0.6082 0.6278 

n 99 0.3290 0.3754 0.4444 11.4%1 0.5374 11,57 17 0.60118 11 .6258 n.M77 0.6671 0.6843 

0.9(1 0. 194(1 (1.2389 0.3087 (1.3632 11 .41181 11 .4464 0.4794 0.5084 0.5342 0.5572 0.5781 

33 0.95 0.2124 0.2781 0.3478 0.411 15 0.4455 04825 0.5145 0.5424 0.567 ( 0.5890 0.6088 
(1.99 0.3123 11 .3573 0.4247 11.4751 11.5 168 11.5511 0.5 803 0.6057 0.6279 0.6476 0.6653 

11.90 0.1838 0.2270 0 .2943 0,3473 0.3913 0.4290 04617 0.4906 0.5163 U.s394 0.5603 

35 0 .95 0.2206 0.2645 03320 0.3845 0.4277 0.4644 0.4962 0.5240 0 .5487 0.5708 0.5907 
0.99 0.2972 0.3408 0.4066 0.4569 0.4974 11.5318 0.56\2 0.5867 0.6091 0.6292 0.6471 

0.90 0.1747 0.2161 11.2~ 1 2 0.3328 0.3759 OA I29 0.4453 0.4739 0.4995 11.5226 0.5434 > 
~ 

37 0.95 (1.209~ n.2521 ~: . ~~~~ 0.36K9 0.4113 (1.4475 0.479 1 0.5068 0.53 15 0 .5536 0.5737 
~ n.99 0.2834 0.3257 0.4394 11.4797 (1.5138 0.5430 0.5688 0.5915 O .~ 1 11 0.6299 

(1.90 O.16M fI 2062 0.2691 U.3194 0.3616 0.3980 0.4299 0.4583 0.4837 11.5(1(,7 11.5277 x 
39 O. 9~ 0.200 1 0.2408 0.3044 0 .3544 11 .3961 0.4319 11.4631 0.4906 0.5 152 0.5375 11.5576 

,., 
... 

f1.99 0.2709 0.3 119 0.3747 0.4232 0.4631 11,4969 11 .. 12611 0.5517 0.5747 0.5950 0.6134 ;. 

'" II 911 0 1589 11 .1972 0.2582 0.3070 0.3483 0.384(\ 0.4 155 0.443(, 0.4689 0.4918 0.5127 ~ 41 (195 n 1912 0.2306 0.2922 0.34 1 I (UR I9 (lAI72 0.4480 0.4754 0.4999 0.5221 0.5423 
0.99 11 .2594 112993 0.3605 11.41179 0.4412 0.4812 n . ~ 1110 0.5358 0.5585 11.5792 0.5977 
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union intersection test. 349 
apple tree data, 241-2 
applicant data. 271-3 
archaeology data, 238-9 

correspondence analysis. 238-9 
seriation , 238-9, 409-11 
similarity coefficients. 383 

asymptotic distributions 
Bartlett's approximation, 84 
canonical correlat ion. 298 
centraJ limit Iheorem. S 1-2 
likelihood ratio statistic. 124 

B 

Bartlett's approximation. 84 
Banletfs factor score, 274-5 
Bayesian inferem."e. 109-11 

duster analysis, 366 
discriminant analysis. 304-8.316-7, 

329 
regression. 180 

Behrens-Fisher problem. 142-4 
beta distribution (types I and 10, 487-8 

matrix (types 1 and 0), 86 
Bhattacharyya distance, 378-81 . 393 
Bingham distribution. 433-5 

entropy 447 

estimation 444. 45. 
blood group data, 3 O. <121 

C 

canonical coordinates 341 , 343 
canonical correlation analysis. 5.281-

99 
contingency table, 290-3. 2Y9 
discriminant analysis. 320. 330 
prediction, 289-90 
ridge tecbnique. 298 
score. 289-90 

canonical correlation coefficient , 283 
canonical correlation variable, 283 
canonical correlation veClor, 283 
canonical mean. 343. 386, 419-20 
canOnical variate , 

cluster analysis, 385-7 
discriminant analysis, 320, 330 
multidimensional scaling, 419-20 
test of dimenslonality, 338-50 

cat dala. 22-3, 107-8 
Cauchy distribution. muHi .. 'ariale, 43 

density, 57 
discrimination. 326-7 
stable 49 

central limit theorem, 51-2 
centring malrix H , 10. 461-2 
characteristic function. 33-4 

directional data. 435-6 
multlnormal distribution, 39-41, 6 1-

2 
chi-squared distribution, 487, 490 
cluster analysis, 5, 360-93 

distances and similarities, 375-84 
graphical mel hods, 385-7 
hierarchical methods, 369-75 
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probabilistic methods, 361-9 
Cochran's theorem. 68-9, 90. 93 

one-way classification, 139 
cofactor, 456-7 
comet data, 445 
COmmOn factor. 256 
communality. 257 
complele linka&\, (furtbest neighbour) 

cluster analysis , 374-5 
complex multinormal distribution. 85 
conditional dislribution, 27 

multi normal distribution, 63-4, 66. 
87 

consistency 102 
instrumental variables, J87 
regression. 174-5, 184, 204 
simultaneous equation systems. 208 
two-stage least squares, 191 

contingency table, 290-3. 299 
contrast 167. 337-8 
convergence in probability. 52 
cork deposit data, 11-12. 15-16 

graphical representation. 17-20 
hypothesis lesting. 133. 152-3 
simultaneous confidence intervals, 

145-6 
lest for normality, 149, 156 

correlation see also canonical correla-
tion analysis 

between veClors 170-171. 183 
discriminant analysis 324-5 
multiple, J 67-9 

discarding of variables, 175 
population, 182 
sample. 167-9 

parllal, 169-70. 183 
populalion, 30 
l'IampJe, Ll 

correspondence analysis. 237-9. 252 
covariance matrix. . 

population. 29-30 
multinormal. 37. 61-2 

sample, 10,66,69, 90,91 
distribution under multinormality, 

66 
unbiased, 11. 140 

Craig's theorem, 69-70. 90. 93, 139 
one-way classification, 139 

Cramer-Rao lower bound, 99-100. 
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Cramer-Wold theorem. 34. 60 
cumulative distribution function. 26 

o 
data matrix , 8 

multi normal distribution. 64-5 
dendrogram, 372-5, 390 
design matrix, 157 

degenerate rank, 164-7 
determinant, 456-8 
detenninant correlation. 171 , 183 
diagonal matrix. 454-5 
directional data, 5, 424-51 

basic dislributions. 428-35 
descriptive measures , 426-8 
distribulion theory, 435-7 
estimation, 437-9 
hypothesis testing, 439-45 
principal component analysis . 443--5 

Dirichlet distribution. 44 
di~carding of components, 223-5 
discarding o( variables, 

dependence analysis, 175-8. 246 
discriminant analysis. 322-4, 33 J 
interdependence analysis, 179- 80. 

242-3 
discrete random vector . 26-7 
discriminant analysis, 5, 300-32 

Bayesian. 304-8. 316-7. 329 
discarding of variables. 322- 4 
estimated parameters, 309-17 
Fisher's rule. 318-20 
known parameters. 301-8 
misclassification probabilities, 320-2 

discriminant (unction, 304 
discriminant rule. 300 

Bayesian, 304-5, 3 16-7, 329 
fisher'S, 318-20 
likelihood ratio. 316 
maximum likelihood. 30 l, 309-15. 

320 
distance 

cluster analysis. 369-75. 389- QO 
multidimensional scaling, 395 
types, 375-81 

E 

econometrics, 185-212 
simultaneous equation systems, 191-

208 
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single~equation esrjmation. 199-
203 

system estimation. 203-R 
techniques. 186--191 

efficient score-see score 
eigenvalue. 214,466--74 
eigenvector. 466-74 
ellipsoid. 38-9. 482-3 
endogenous variable. 185-6. 191.210 
entropy. 46. 447 
equicorrelalion matrix. 461-2 

conditional distribution, 64 
discriminant analysis. 325-6 
estimation. 118. 230 
Mahalanobis distance, 54 
principal components, 2 J 6 
principal factor analysis, 278 

estimable linear combinations. 165 
estimation. 96--119 

Bayesian. 109-11 
maximum likelihood. 102-8 
robust . 111-3 

"euor in equation", l89 
"errors in variables", 189. 221 
Euclidean distance-see distance 
exact identity, 192 
exactly identified, 195-7,210 
examination data of Hull University 

students, 293-5 
exogenous variable. 185-6. 191. 210 
expectation. 28 
exponential distribution. multivariate 

Marshall and Olkin. 45. 56 
Weinman, 45, 102-3. 155 

exponential family . 45-6, 113-4 
extended 47 
simple 46 

F 

F distribution, 487-S 
relationsbip to Hotelling T", 74-5 
relationship to Wilks' A, S3-4 
lables, 492-3 

factor analysis, 5, 255-S0 
goodness of fit, 267-S 
maximum likelihood. 263-7 
model. 256--61 
principal,261-3 
relationship wilh principal compo

nent analysis 275-6 

rotalion, 257-S. 26S-73 
seores, 273-5 
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Fisher information matri=<, 98. L t4 
Cramer-Rao lower bound, 99-100 
transformation, 116 
vague prior. 109-10 

Fisher's discriminant rule. 318-20 
Hea-beelle data. 32S-9 
fowl bone measuremenl data. 252-3 
Frechet inequali ties, 54 
Fret's head dala-see head length and 

breadlh data 
Crog dala , 153 
full information maximum likelihood 

(FTML), 207-8 
comparison with other estimatOrs. 

20S, 212 
functional relationship, 222 

G 

gamma distribution , multivariate, 45 
Gauss-Markov theorem, 172. 184. 204 
general linear hypothesis, 161-4 
general linear model , 151 
generalized (g-) inverse, 459, 476--8 
generalized least squares (GlS) 

consistency. 174-5. 184 
regression, 172-3 
seemingly unrelated regressions. 

204,211-2 
generalized variance. 13 
geological dala, 150-1 
geometrical ideas. 481-5 
graphical techniques 17-20 

bivariate scatters, 19-20 
canonical variates. 385-7 
discriminant analysis, 310-311, 312 
factoT loadings, 271 
harmonic curves. 20. 385-7 
principal componenls, 227-8 
univariate scatters. 17-9 

greatest root statistic, 84--5 
tables. 494-6 
union intersection test, 139-40, 163-

4.348-50 

H 

harmonic curves, 20, 385-7 
head length and breadth data. 120-3 
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canonical correlations. 287-8 
independence of brothers. 136--7 
sphericity. 134-5 
tests on covariances. 127 
tests on means. 124-5, 126 

Heimerl transformation. 461 
"Heywood case". 261, 265. 277 
hierarchical methods. 369-75, 384-5 
homoscedastic. 32 
horseshoe effect, 412-3 
Hotelling T" distribulion, 73-5 

matrix T,86 
non-central. 93 
one·sample Slatistic. 125. 130. 144-5 
relationship to F distribution. 74-5 
simultaneous confidence intervals. 

144-6 
two-sample statistics. 76--7. 139-40. 

146 
hypothesis of linear constraints, 132 
hypothesis testing, 120-56-5.. also 

likelihood ratio test , union in· 
tersection test and non
paramelric test 

idempotent . 461 
identification problem. 164-5 

econometrics. 194--5, 210 
regression, 164--5 

identity matrix. 454 
incidence matrix, 383 
inconsis tency of ordinary lea')t squares, 

186--7, 208-9 
independence. 28 

multinonnal distribution. 62-3 
hypothesis testing, 135 
linear forms. 65 
of sample mean and cO\13riance 

matrix, 66. 69. 90, 91 
quadratic form . 69-70, 90-1 

indirect least squares (ILS), 196.211 
informauve prior, 110 
inner product, 463 
instrumental variables. 186-96 
invariant prior-see Jeffreys' invariant 

prior 
inverse . 458-9 
inverted Wishart distribution. 85 

Baye ian inference. 110. I 19 
iris data, 5-7 
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cluster analYSIS, 360, 363-4 
discrimjnant analysis. 309-12, 327 

discarding of variables. 323-4 
misclassification probabilities, 

321-2 
multivariate analysis of variance. 

344--5, 350 
robust estimation, 1l2-3 

isOtTOPY lesl. 235. 251 

jack.knifing, 322 
Jacobian. 35 

J 

Jeffers' data-see pine pitprop data 
Jeflreys ' invariant prior, 109-10. IIS-9 

discriminant analysis. 317 

K 
Karl Pearson distance, 3771 38l 
Kronecker product, 8S, 459-60 
kurtosis-, multivariate-see skewness 

and kurtosis , multivariate 

L 
least squares estimation-see also 

under specific headings 
generalized 172-3 
indirect 196 
ordinary 171-2 
three·stage 205-7 
Iwo-stage 190-1. 199-200 

likel ihood, 96--108 
likelihood ratio discriminant rule. 316 
likelihood ratio le't, 120-4 

asymptotic distribution. 124 
comparison with union inter eetlOn 

test. 147-S 
directional data, 439-45 
mult'inorrnal data, 

Behrens-Fisher problem. 142-3 
canonical correlation analy~i~. 

2S8-9 
cluster analysis, 366 
factor analysis, 267-8 
isotropy, 235. 251 
multi-sample tests, 138-42, .134-8 
one-sample tests on co\ariances, 

126--7, 133-8 
one-sample tests on means. 124-6. 

131-3 
regression, 16l-3, 181 
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test of dimensionality. 338-48 
limited information maximum likeli . 

hood (LIML). 200-3 
comparison with other estimators. 

208.211.212 
linear equation, 465 , 47 7 
li.near transformation. 2-5 , 465-6 

Jacobian. 35 
multinormal distribution. 62--6 
sample . 13-4 

logit model, 46 
log-normal. multivariate, 43 

M 

magnetism data from Icelandic lava 
flows, 427-8 

MahaJanobis distance, 17. 3 J 
cluster analysis. 368. 377, 381 

multinomial da ta. 378-9, 393 
decomposition. 78-9 
dependence on dimension. 154-5 
discriminant analysis. 303. 323 
re lat ion to HotcHing two ·sample r-

tat istk. 76-7 
Mahalanobis transformation , 14-5. 23 

cluster analysis, 365 
marginal distribution , 27 
matrix. 452 
matrix algebra. 452-85 
matrix differentiation, 478- 9 
matrix maximization. 479-8 t 
matrix T distribution. 86 
maximum likelihood estimation, 102-8 

direct ional data, 437-9. 449, 451 
exponential. 102-3 
exponential family, 114 
multinormal , 103-8 

cluster analysis. 36l-9. 386-9 
factor analysis. 263-8. 280 
full information. 207-8 
limited information, 200-3 
principal components. 229-30 
regression, 158-60 

mean direction , 426. 441 -3 
mean vector. 

population, 29 
multinormal 37, 6J-2 

sample. 9-10 
distribution under multinormality , 

66, 69. 90, 91 

meteorological data, 247-8 
metric, 376 
metric methods. 394-404 
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mixture of normals. 55, 388-9 
Morriso n rar data-see cat data 
Morse code data. 394-5. 403-4 
multidimensional scaling, 5, 394-423 

classical solution, 397-404 
mulLi-sample problem. 419-20 
non-metric methods, 396. 413-15 
optimality properties, 406-9 
principal coordinate analysis. 404-6 
seriation,409-13 . 

multinomial distribution. 44. 57 
cluster analysis. 377-81. 392 
discriminant analysis , 313, 327-8 
estimation. 100, 1l4, 115 
limit theorem. 52-3 

mu ltinormal distribution on se:e also 
maximum likelihood estimation, 
likelihood ratio test and union 
intersection test 

basic properties. 36-41, 59-60 
Bayesian inference. 109-1 J 

central limit theorem. 51 - 1 
characterization, 60--2 
condi tional. 63-4, 66 , 87 
data matrix, ·n. 64 
exponent ial family. 46 
likelihood, 96-7 
maximum likelihood estimation. 

103-9 
mixture. 55. 388-9 
singular. 41-3. 63 

di criminant analysis, 304 
principal component analysis. 220 

stable, 49 
transformations 62-6 

multiple correlation-set: correlation 
multiple regression. 158 
multipl icity, 467 
multi-sample hypot hesis. 138-42 

cluster analysis, 361, 367- 9 
mult idimensional ~caling. 4 I 9-20 
multivariate analysis of variance. 

333-59 
multivariate analysis of variance 

(MAN OVA). 276. 333-59 
one-way cJas ification, t 3R-9. 333-

50 
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discriminant analySiS , 318 
profile analysis, 348 
regression, 165-7 , 1 2 
test of dimensionality, 33S--48 

two-way classification 350-6 
multivariate normal-see multinormal 

distribution 
multivariate regression model, 157, 

204 

non-cen tral Hotelling To:! distribution, 
93 

non-central Wishart distribution. 85 
non·informative prior-see Jeffreys' in· 

va.rian t prior 
non-metric methods. 396, 413-15 
non-normality, 148-9 
non-parametric test. 149-51 
non-singular matrix , 457 . .+58 
norm, 463 
normal distribution. 486-see also 

muhinormal distribution 
null space. 464 

o 
open/closed book data. 2-4 

canonical correlation analysis . 281-2 
prediction, 290 
scores, 298 

factor analysis 
goodness 01 fit , 268 
maxim um likelihood , 266-7 
principal, 262-3 
rotation, 270-1 

principal compone nts 213 
confidence intervals, 234 
correlation malrix, 2J9-20 
covariance matrix. 218 
graphical representations. 227, 228 
ignoring components. 223-4-
scores. 249 

order in probability. (0.0 and 0.('». 
52 

ordinary least squares. (OLS) 
Gauss·Markov theorem , t 72 
inconsistency, 186-7, 20S--9 
regression, 171- 2, 173-4 
seemingly unrelated regressions. 

204. 211 
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orthogonal matrix, 460- 1 
orthogonal transformations, 48 1-2 
over-identified, 195-7.210 

P 

Pareto diStribution, multivariate , 44. 
53. 56-7 

estimation. 118 
partial correlation-see: correlation 
partitioned maLrix, 454, 457. 459 
Pearson distance-see Karl Pearson 

distance 
peeling. 111-2 
Perron-Frobenius theorem, 252 
pine pitprop daLa . 176-8 

principal component analysis 
discarding of components, 225- 7 
discarding of variables, 242-3 
regression. 245-6 

regression analysis. discarding of var· 
iables, 176-80 

Possion distribution. multivariate:: . 45. 
56 

polar coordinates. 35-6 , 424-6 
spherical symmetry, 48 

positive definite (p.d .), 46 1. 474- 6 
posirjve semi-definite (p.s.d.), ~61, 

474-{) 
principal axis , 483-4 
principal component analysis. 5. 213-

54 
allometry 239-42. 252-3 
correspondence analysis , 237-9, 252 
directional data. 443-5 
discarding 01 components. 223-7 
discarding of variables, 242-3 
"errors in variables", 221-2 
graphical representations, 227. 228 
hypothesis tests, 233-7 
non-scale-invariance, 219-20, 249 
population. 214-6 
principal coordinates, 404-6, 420- 1 
properties, 214-22 
regression. 244-6 
relationship to factor analysis. 275-6 
sample, 217-8 
sampling properties, 229--33 

principal component transformation 
population. 38, 214, 275 
sample, 15.217 

, 
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principal coordinate analysis, 404-6. 
42(}-1 

principal (actor analysis. 26l-3, 278 
probability density (unctIon (p.d.!.), 26 
Procrustes rotation, 416-9 
profile analysis, 348 
projection, 482 

Q 

Q-techniques, 16 
quadratic form l 474-6, 478 
qualitative data. 

c,anonical correlation analysis. 290-5 
cluster analysis. 382-4 
discriminant analysis. 313 

quantitative data 
cluster analysis, 383-4 

R 

R. techniqoes. l6 
random sample , 49. 64-5 
random walk, 436. 448 
rank. 463-5, 47 I 
rat data. 353-6 
Rayleigh test, 439-41 
reduced correlatjon rnalrix. 26l-3 
reduced (orm. 193-4 
Reeve ant·eater data-se£ ani-eater 

data 
regression , 2, 157-184 

multiple. 158 
canonical correlation, 290. 296-7 
discarding of variables, 175-80 
(east squares estimation. 17l-5 
principal components, 244-6 
ridge, 253-4 

multivariate 
design matrix 157, 164-7 
estimation, 158--61 
hypothesis tests. 161-4 
measures of correlation. 167-71 
simultaneous confidence intervals . 

164 
seemingly unrelated, 203-5, 211 

regression-like models, 185-6. 191-4 
errors in variables. 189, 221-2 

resubstitution method, 321-2 
resuhant length, 427-8 
resullant vector. 427 
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ridge techniques, 
canonical correlation. 29 
regression. 253-4 

road distance data, 394-5 
classical solution, 409-10 
figure, 410 
non-metric solution, 413. 418-9 

robustness, 111-3, 20S 
rotation o( (actors. 268-73 

s 
scale invariance, 

canonical correlation analysis. 286 
(actor analysis, 257 
lack of in principal component 

analysis. 219. 249 
scaling transformation. 14 
scedastic curve, 32 
score 

canonical correlation analysis. 289-
90,298 

efficient , 97-8. I 14 
(actor analysis, 273-5 
principaJ component analysis. 217, 

249 
seemingly unrelated regressions. 203-

5, 2 I I 
seriation. 238-9. 396-7. 409-13 
shape , 

discrimmant analYSIS. 326 
principal component analysis, 216. 

24(}-1 
Shepard-Kruskal so lution . 413-5 
sbrew data 

cluster analysis 
complete linkage, 375 
graphical, 385-7 
probabilistic. 368-9 
single linkage. 372-3 

test of dimensionality, 345-8. 358-9 
similarity, 381-4. 392-3 

multidimensional scaling, 394, 402-4 
..imultaneous confidence interval, 

144-5 
multivariate analysis of variance. 

349-50,355 
one-sample, 144-6 
regressiol), 164 
two·sample, 146-7 

simu ltaneous equation system, 191-4 
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single-equation estImation. 199-203 
singular matrix. 457 
singular multinormal- see multinormal 

distribution 
singular value decomposition theorem, 

473-~ 

size 
discriminant analysis. 326 
principal component analysis, 216, 

240-1 
kewness and kurtosis, multivariate 

populalion. 31 
mu1tinormal. 41 

sarople, 2(}-2, 57-8 
distribution under muhinormality , 

148-9, J56 
social mobility data. 290-3 
specific (actor. 256 
specific variance, 257 
spectral decomposition theorem. 469-

70 
spherical >-ymmelry . ~7-9, 57, 134-5 
sphericity test, 134-5 
stable distribution. ~9 
standard lrans(ormatiM, 402 
standardized linear (.'Ombination (SLC) 

213 
slress-. 414 
structural (orm. 191-3 
st!uctural relationship. 222. 277 
Student I distribution 

univariate . 488 
lables, 491 

multivariate. 43. 57. llO 
sufficiency. 10(}-1 
sum o( squares and products (SSP) 

matrix 
one-way classification, 138-9, 334 

disl.Timinanl analysis 318-9 
regression 167. J82 

regression analysis , 159 
two·way classification, 350-3 

symmetric matrix. 454 
system estimation. 203-8 

T 

t distTibution-see Student , distribu· 
lion 

r ' distribution-see Hotelling T' dis
tribution 
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tes table hypothesis, 165, 182 
three-stage least squares (3SLS), 205-7 

comparison with other estimators. 
208.212 

threshold 
cluster analysis. 370 
principal component analysis. 243 

Thompson's factor score. 274-5 
total variation, 13 

principal component analysis, 218-9, 
224. 250 

hypothesis test 233-4 
Irace, 456 
trace correlation. 171. 183 
transpose. 453. 455-6 
triangular matrix. 454 
turtle data, 141,236 
Iwo-stage leasl squares (2SLS), I 9(}-1, 

209 
single equation estimation. 199-200 

comparison with' other estjmaton. 
20~, 212 

sYStem estimation 206 

u 
U method-see jack-knifing 
ultrametric distance. 391 
ultrametric inequality, 374 
under-identified, 195-7. 2l0 
uniform distribution, 429. 435-7 

hypothesis test, 439-41 
uniform score. 150, 446 
union intersect jon test, 120.127-31 

comparison with likelihood ratio test 
147-8 

muhinormal data 
Behrens-Fisher problem, 143-4 
mUlti-sample tests, 139-40 
multivariate analysis of vanancc. 

348-50 
one-sample tests on covariance-s, 

130-1, 136-7 
one-sample tests on means. 127-

30. 132-3 
regression. 163-4 

simultaneous confidence intervals. 
144-7 

unique factor. 256 
unique variance. 257 
unit matrix. 454 



SUBJECT INDEX 

v 
vague prior-see Jeffreys! invariant 

prior 
varimax Totation, 269 
vector a1ienation ooefficient. 171 
von ~ses-Fisher distribution, 429-33 

"",ai, 434 
bimodal, 434 
entTOpy, 447 
estimation, 437-9, 448-9 
hypothesis tests, 441-3, 449-50 
relationship to multinormal distribu-

tion, 448 

W 

W~ks' J\ distribution, 81-5 
WlSban distribution. 43, 66-73 

inverted, 85 
moments. 66. 92 
non-central, 85 
partitioned. 70-3 
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relation to chi-squared distribution~ 
67-8,89 

statistics based on, 80--5 

Z 
Zellner's two-stage estimator, 204--5 1 
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